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Abstract

The criterion issue of spectral test in a linear congruential random number generator is

considered. In this paper, we report on four variants of the normalized spectral test, measured both

relative to either a theoretical or exact lower bound and aggregative to either a worst-case or

average-case method. Computer exhaustive searches are conducted to evaluate and compare their

statistical behaviors. It is shown that the spectral test with both theoretical lower bound and

average-case aggregation criterion outperforms.
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1. Introduction

The problem of generating a sequence of indepen-

dent and uniform random numbers (RNs) often arises in

varied applications. Since the publication of Lehmer’s

paper in 1951 [1], various approaches have been pro-

posed for the RN generation problem. These approaches

can be classified into four categories: kth-order multiple

recursive generator (MRG), generalized feedback shift

register generator, inverse generator, and combined gen-

erator. Three extensive surveys of the theory, implemen-

tation and applications of various approaches are given

by Fishman [2], Knuth [3], and Niederreiter [4]. A kth-

order MRG has been a useful and popular methodology

for generating near-ideal RNs in a wide variety of RN

generation approaches. An interesting special case is

when the order is one. Such MRG is the well-known lin-

ear congruential generator (LCG) [5] of the form

(1)

where m is the prime modulus, a is the constant multi-

plier, and R0 is the constant seed. The theory of LCG is

one of the oldest parts of RN generation as well as one

particularly rich in applications, so it has been by far the

most extensively studied and developed.

Full period, randomness and efficient implementa-

tion are three prerequisite criteria for an ideal RN gener-

ator. The number of the maximum period of a RN gener-

ator is large enough so that such generators are easy to

find. For a full period RN generator, the computer simu-

lation practitioners and researchers place large emphasis

on obtaining a sequence of independent and uniform

RNs in the t-dimensional hypercube (0,1)t, where t is a

positive integer. Let Tt be the set of all possible overlap-

ping t-tuples of successive RNs plus the zero-vector. The

periodic continuation of Tt with period m forms a lattice

Lt. Two evaluations of a lattice Lt have evolved in the li-

terature: theoretical and empirical evaluations. For the

empirical evaluation, a large amount of statistical tests

have been suggested in the literature. These tests can be

categorized to be of two basic types: (1) those that exam-

ine its independent behavior, (2) those that examine its

uniform behavior. However, the main disadvantage of

these statistical tests is that the computational cost re-

quired to find good RN generators via an exhaustive
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search would take years for computation. We now con-

sider an alternative method, known as the theoretical

evaluation. Several theoretical evaluations to assess the

global randomness in a lattice Lt. They include: (1) max-

imal distance between adjacent parallel hyperplanes

(spectral test); (2) ratio of lengths of longest and shortest

minimal basis vectors (lattice test); (3) the maximal dif-

ference between the volumes of regions in the t-dimen-

sional unit hypercube and in numerical integration (dis-

crepancy); (4) minimal number of parallel hyperplanes;

(5) minimal distance between points. Of which the spec-

tral test [5] and lattice test [6] are two statistical powerful

and computational efficient tests for evaluating random-

ness. To rate various dimensions and generators for the

spectral test, Fishman and Moore [5] normalized be-

tween zero and one by a theoretical lower bound, and

adopted the worst-case performance measure. Tang [7]

conducted a comprehensive empirical comparison of the

worst-case normalized spectral test and lattice test for the

full period LCGs with unrestricted multipliers and full

period second-order MRGs with restricted multipliers

for modulus m = 231 � 1. It reveals that the spectral test is

the most efficient way of finding good MRGs. Tang [8]

performed an exhaustive search for the best worst-case

normalized spectral test in a full period LCG with both

the largest prime modulus smaller than 2b, for bit sizes b

= 8, 9, …, 31 and the three types of restrictions on multi-

pliers. All of literature [5�8] adopted the theoretical

lower bound and worst-case performance measure for

the spectral test. Although consideration of the theoreti-

cal lower bound and worst-case performance measure is

intuitively appealing, another choice is the exact lower

bound and average-case performance measure, respec-

tively. It follows that there are four variants of the nor-

malized spectral test. For each variant, this paper con-

ducts an exhaustive search for good MRGs, and analyzes

their results by a comprehensive range of statistical tests.

Since the possible number of MRGs with order larger

than one is extremely huge, an exhaustive analysis

would take years for computation. As an illustration, the

LCG with modulus 231 � 1 is studied in this paper.

This paper is organized as follows. We first describe

the four variants of the normalized spectral test of a full

period LCG. We then give detailed statistical tests and

comparisons. Finally, some concluding remarks are

made.

2. Criterion of Spectral Test

Before discussing the four variants of the normalized

spectral test, we first provide a concise review of the full

period and spectral test of an LCG. The maximum period

of an LCG with prime modulus m is (m � 1). An LCG

with maximum period is called a full period LCG. A

necessary and sufficient condition of obtaining a full

period is that multiplier a is a primitive root modulo m.

For 32-bit computers, the largest prime modulus repre-

sentable as an ordinary integer is m = 231 � 1. For such

modulus, four properties of the primitive root are de-

scribed here: (1) 5.346E8 multipliers are primitive roots,

(2) the minimal primitive root is 7, (3) 7b(modm) is a

primitive root for every integer b relatively prime to m �

1 = 2 � 32 � � � �� � �� � ��� � ���, and (4) 7b(modm) is

a primitive root if and only if 7m-1-b(modm) is a primitive

root.

The spectral test method, proposed by Coveyou and

MacPherson [9], is one of the most useful and powerful

tools in practice. We adopt the state-of-the-art algorithm

proposed by Fincke and Pohst [10] to calculate the maxi-

mum distance dt between adjacent parallel hyperplanes

in Lt.

Two lower bounds on dt are considered: theoretical

and exact lower bounds. From the geometry of number, a

theoretical lower bound on dt is known exactly for t � 8

[11]

(2)

where �t takes the respective values (4/3)1/4, 21/6, 21/4,

23/10, (64/3)1/12, 23/7, and 21/2 for t = 2, 3, 4, 5, 6, 7, and 8.

Secondly, since the discrete nature of the lattice struc-

ture, these lower bound values d Tt

* ( ) cannot be attained

by an LCG. The exact lower bounds d Et

* ( ) on dt found

from an exhaustive search [11] are 1
2478955520

,

1
2091014

, 1
64281

, 1
7365

, 1
1798

, 1
675

,

and 1
355

for t = 2, 3, 4, 5, 6, 7, and 8, respectively.

In addition to defining the lower bound on dt, the

second issue is to specify the performance measure for

the different dimension t. We can adopt those dimensions
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which have the smallest spectral values to aggregate dif-

ferent dimensions. Thus, a worst-case performance mea-

sure min ( ) /*

2 8� �t
t td T d is adopted for the theoretical lower

bound, and min ( ) /*

2 8� �t
t td E d for the exact lower bound. It

would also be possible to use an average-case perfor-

mance measure. An average-case performance measure

is
1

7 2

8

d T dt t

t

* ( ) /
	


 for the theoretical lower bound, and

1

7 2

8

d E dt t

t

* ( ) /
	


 for the exact lower bound. These four

performance measures are always between zero and one.

The larger the performance measure is, the smaller em-

pty slice in Lt is and vice versa. Consequently, we seek

generators with these four performance measures close

to one.

3. Computational Experience

We evaluate and compare four variants of the nor-

malized spectral test for a full period LCG. The criterion

of spectral test is denoted by S(L, M), where L dictates the

lower bound on dt and M dictates the aggregation mea-

sure for different dimension t. We restrict our attention to

L � {T, E}, where T is the theoretical lower bound and E

is the exact lower bound. Also, M � {W, A}, where W is a

worst-case performance measure and A is an average-

case performance measure. Specifically, S(T, W) =

min ( )*

2 8� �t
td T / dt, S T A d T dt t

t

( , ) ( ) /*	
	



1

7 2

8

, S(E, W) =

min ( ) /*

2 8� �t
t td E d , and S E A d E dt t

t

( , ) ( ) /*	
	



1

7 2

8

.

Since the computational times of the four variants of

the spectral test with maximum S(L, M) criterion are al-

most same, we adopt a statistical analysis to evaluate and

compare their effectiveness. The number of LCGs that

pass all the statistical tests can serve as a judging crite-

rion for effectiveness. For the statistical tests, runs and

auto-correlation of lags one, two and three statistics are

chosen for testing statistical independence, while the

chi-square and serial of dimensions two and three statis-

tics for testing uniformity. In order to increase the power

of statistical tests, we adopt a two-level procedure of

L’Ecuyer [12]. More precisely, each statistical test is ap-

plied one thousand times on consecutive subsequences

of 221 RNs, then the empirical distribution of these one

thousand statistics is compared to the theoretical dis-

tribution via the Kolmogorov-Smirnov test. Therefore,

seven two-level statistical tests are applied to compare

the effectiveness of these four variants of the spectral test

with maximum S(L, M) criterion. In order to compare

fairly, each two-level statistical test is conducted by us-

ing the same seed that has been randomly chosen.

To study the influence of criterion S(L, M) on spec-

tral test, an LCG with modulus m = 231 � 1 is conducted.

The independent variables are the lower bound (theory

or exactness) and the method of aggregation (worst-case

or average-case). The sole dependent variable is the best

twenty LCGs found by an exhaustive search for full pe-

riod LCGs with maximum S(L, M) criterion. For each

spectral test with maximum S(L, M) criterion, the twenty

good multipliers are shown in Table 1. Since there exists

a pair of multipliers (a, a�1 modm) with the same spectral

test, we only present the one multiplier in the Table 1. To

our surprise, the twenty good LCGs found by S(T, A) and

S(E, A) are all same, while those of S(T, W) and S(E, W)

are all different. At the 0.05 significant level, the num-

bers of LCGs that pass the two-level statistical tests are

summarized in Table 2, where ARi denotes the auto-

correlation test of lag i, CS the chi-square test, and Serial

i the serial test of dimension i. Detailed p-values are

available from authors. The first salient feature is that the

two methods which use an average-case performance

measure yield better than their counterpart in which a

worst-case performance is adopted. The second salient

feature is that both S(T, A) and S(E, A) provide equally

good performance, whereas for the worst-case perfor-

mance measure, S(T, W) and S(E, W), the latter which

uses the exact lower bound to be superior. Hence the evi-

dence listed in Table 2 suggests that the spectral test with

maximum S(T, A) or S(E, A) outperforms. However, the

exact lower bound requires extra computational time to

obtain. Therefore, the practical consideration may indi-

cate that the spectral test with maximum S(T, A) criterion

is a good way of obtaining an ideal LCG.

4. Conclusion

This paper empirically analyzes the criterion of spec-

tral test for a full period LCG. According to the lower

bound of dt and the aggregation measure of dimension t,
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four performance measures of spectral test S(T, W), S(T,

A), S(E, W), and S(E, A) are proposed. For each perfor-

mance measure, an exhaustive search for the best twenty

full period LCGs is conducted. Results are evaluated and

compared using the number of LCGs that pass all the

two-level statistical tests. The number of LCGs that pass

all the two-level statistical tests is affected more by the

aggregation measure than that of the lower bound, indi-

cating that it is a reason to exert more effort to use aver-

age-case performance measure. Among the average-case

performance measure, the theoretical lower bound out-

performs with respect to the applicability. Therefore, the

spectral test with both theoretical lower bound and aver-

age-case criterion can be applied to find ideal LCGs.
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