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Abstract

This work analyzes hyperbolic heat conduction problems using the differential quadrature

method. Numerical results are compared with published results to assess the efficiency and systematic

procedure of this novel approach to solving hyperbolic heat conduction problems. The computed

solutions to the hyperbolic heat conduction problems correlate well with published data. Two examples

are analyzed using the proposed method. The effects of the relaxation time B on the temperature

distribution are investigated. Hyperbolic heat conduction problems are solved efficiently using the

differential quadrature method.
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1. Introduction

Hyperbolic heat conduction has many engineering
applications. Hyperbolic heat conduction equations have
received considerable interest. Solutions to hyperbolic
heat conduction problems can be found in a number of
publications [1-29]. Yang [1] introduced the sequential
method for determining boundary conditions in inverse
hyperbolic heat conduction problems. Lor and Chu [2]
presented the effect of interface thermal resistance on
heat transfer in a composite medium using the thermal
wave model. Antaki [3] investigated non-Fourier heat
conduction in solid-phase reactions. Chen [4] proposed a
new hybrid method and applied it to investigate the ef-
fect of the surface curvature of a solid body on hyper-
bolic heat condition. Sanderson et al. [5] investigated hy-
perbolic heat equations in laser generated ultrasound
models. Liu et al. [6] discussed non-Fourier effects on
the transient temperature response in a semitransparent
medium caused by a laser pulse. Mullis [7,8] presented
the rapid solidification and the propagation of heat at a
finite velocity. Sahoo and Roetzel [9] proposed the hy-
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perbolic axial dispersion model for heat exchangers.
Roetzel et al. [10,11] analyzed the hyperbolic axial dis-
persion model and its application to a plate heat ex-
changer. Lin [12] studied the non-Fourier effect on fin
performance under periodically varying thermal condi-
tions. Abdel-Hamid [13] modeled non-Fourier heat con-
duction with a periodic thermal oscillation using the fi-
nite integral transform. Tang and Araki [14] investigated
non-Fourier heat conduction in a finite medium under a
periodic thermal disturbance of the surface. Tan and
Yang [15,16] studied the propagation of thermal waves
in transient heat conduction in a thin film. Weber [17]
used a second-order explicit difference equation to ana-
lyze the ill-posed inverse heat conduction problem. Al-
Khalidy [18,19] presented the solution to parabolic and
hyperbolic inverse heat conduction problems. Chen et al.
[20] used a second-order explicit difference equation to
analyze hyperbolic inverse heat conduction problems.
Beck et al. [21] proposed a sequential method, combined
with a concept of future time, to solve the ill-posed in-
verse heat conduction problem. Yang [22,23] determined
temperature-dependent thermo physical properties from
measured temperature responses and boundary condi-
tions of the medium. Carey and Tsai [24] investigated
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hyperbolic heat transfer with reflection. Glass et al. [25]
and Yeung and Tung [26] studied the numerical solution
of the hyperbolic heat conduction problem and eluci-
dated the effect of the surface radiation on thermal wave
propagation in a one-dimensional slab. Anderson et al.
[27] applied computational fluid mechanics and eluci-
dated heat transfer using various numerical methods.
Tamma and Raildar [28] proposed an tailored trans-fi-
nite-element formulation for hyperbolic heat conduction,
incorporating non-Fourier effects. Yang [29] analyzed
the two-dimensional hyperbolic heat conduction using a
high-resolution numerical method. Chen and Lin [30,31]
solved two-dimensional hyperbolic heat conduction pro-
blems using the hybrid numerical scheme.

This work attempts to solve hyperbolic heat conduc-
tion problems using the proposed differential quadrature
method. To our knowledge, this work is the first to solve
hyperbolic heat conduction problems using this method.
The Chebyshev-Gauss-Lobatto point distribution is uti-
lized. The integrity and computational accuracy of the
differential quadrature method in solving this problem
are demonstrated through various case studies.

2. Differential Quadrature Method

Differential quadrature was originally developed by
simple analogy with integral quadrature, which is de-
rived using the interpolation function [32—-34]. Currently,
many engineers apply numerical techniques to solve sets
of linear algebraic equations. They include the Ray-
leigh-Ritz method, the Galerkin method, the finite ele-
ment method, the boundary element method and others,
which are applied to solve differential equations. Bell-
man et al. [32,33] first introduced the differential quadra-
ture method. His work has been applied in diverse areas
of computational mechanics and many researchers have
claimed that the differential quadrature approach is a
highly accurate scheme that requires minimal computa-
tional efforts. Differential quadrature has been shown to
be a powerful tool for solving initial and boundary value
problems, and has thus has become an alternative to ex-
isting methods. Bert et al. [34—46], who investigated the
static and free vibration of beams and rectangular plates
using the differential quadrature method, proposed the &
technique that can be applied to the double boundary
conditions of plate and beam problems. In this approach,

boundary points are chosen at a small distance. How-
ever, & must be small to ensure the accuracy of the solu-
tion, but solutions oscillate when & is excessively small.
Bert et al. [34—46] incorporated boundary conditions us-
ing weighted coefficients. In the formulation of the dif-
ferential quadrature approach, multiple boundary condi-
tions are directly applied to the weighted coefficients
and unlike in the d-interval method, no point need be se-
lected. The accuracy of calculated results will be inde-
pendent of the d-interval. Liew et al. [47-50], who an-
alyzed rectangular plates at rest on Winkler foundations
using the differential quadrature method, also presented
a static analysis of laminated composite plates subjected
to transverse loads using the differential quadrature met-
hod. The efficiency and accuracy of the Rayleigh-Ritz
method depend on the number and accuracy of selected
comparison functions. However, the differential quadra-
ture method does not generate such difficulties when ap-
propriate comparison functions are used. The differential
quadrature method is a continuous function that can be
approximated by a high-order polynomial in the overall
domain, and a derivative of a function at a sample point
can be approximated as a weighted linear summation of
functional values at all sample points in the overall do-
main of that variable. Using this approximation, the dif-
ferential equation is then transformed into a set of alge-
braic equations. The number of equations depends on the
number of sample points selected. As for any polynomial
approach, increasing the number of sample points in-
creases the accuracy of the solution. Numerical interpo-
lation schemes can be used to eliminate potential oscilla-
tions in numerical results that are associated with high-
order polynomials. For a function, f(x, #), the differential
quadrature method approximation for the m"” order de-
rivative at the i sample point is given as follows [47—
50].

ACT) VAC)
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where f(x;, ¢) is the functional value at grid point x;, and
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D;.’") is the weighting coefficient of the m™ order differ-
entiation of these functional values. The most conve-
nient technique is to choose equally spaced grid points,
but the numerical results were inaccurate in this work
when equally spaced points were selected. This finding
demonstrates that the choice of a grid point distribution
and the test functions markedly influence the efficiency
and accuracy of the results in some cases. The selection
of grid points always importantly affects solution accu-
racy. Unequally spaced sample points on each domain
have the following Chebyshev-Gauss-Lobatto distribu-
tion in the present computation [47-50].

2 N

] for i=1,2,..,N 2)
The differential quadrature weighted coefficients can
be derived using numerous techniques. To overcome the
numerically poor conditions in determining the weighted
. (m) . . .
coefficients, D;”, the following Lagrangian interpola-
tion polynomial is introduced [47-50].
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where
M(x)=H(x—xj)

N
M (x;)= H (x,—x;) for i=12,.,N
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Substituting Eq. (3) into Eq. (1) yields the following
equations [47-50].

M, (x;
D;” __ M&) for i,j=12,.,N and i#j
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Once the grid points are selected, the coefficients of

the weighted matrix can be acquired using Egs. (4) and
(5). Notably, the numbers of test functions exceed the
highest order of the derivative in the governing equa-
tions. High-order derivatives of weighted coefficients
can also be acquired using matrix multiplication [47—
50], as follows.

N

D =3 DYDY for i,j=12,.,N (6)
k=1
N

DY =Y DYDY for i,j=12,.,N (7
k=1
N

D" =>"DPDY for i,j=12,.,N (8)

k=1

3. Analysis

Consider a finite slab and a dimensionless formula-
tion; the hyperbolic equation for a one-dimensional pro-
blem has the form [1]

2 2
0 T(f’t) +26T(x,t) _9 T(f’t) =0 at r>0, O<x</
ot ot ox
)
with the initial condition,
T(x,0)=0 (10)
OT(x,1) (an
ot
and the boundary conditions,
T(0,0)=1 (12)
or(Ln _ 0 (13)
ox

where T represents the temperature field 7 (x, 7). The
differential quadrature method is applied and Eq. (1) is
substituted into Eq. (9). The equation discretizes the
sample points as,

[]{a T(x,, } []{GT(x,,t)}

-(Dy? DY DY NI (x,,0)} = {0}
for i=1,2,---,N and j=1,2,---,N

(14)
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Equation (12) can be rewritten as

[ 0 O 0 OHT(x;,0)}={1}

for j=1,2,---,N (5)

According to the differential quadrature method, Eq.
(13) takes the following discrete forms;

Dy Dy Dy
for j=1,2,---,N

}{T(x,,t)} ={0}
(16)

Many inner and boundary points in the computa-
tional domain contribute directly to the calculation of the
derivatives and the state variables, due to the global na-
ture of the differential quadrature method. Many inner
and boundary points in the computational domain con-
tribute directly to the calculation of the derivatives and
the state variables due to the global nature of the differ-
ential quadrature method. Figures 1-3 plot the tempera-
ture distributions at = 0.5, 1.0 and 1.5, respectively. The
numerical results calculated using the differential quad-
rature method are very consistent with the results in the
literature [1] for t=0.5, 1.0 and 1.5. Consider a slab with
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Figure 1. Temperature distribution at 1= 0.5.
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Figure 2. Temperature distribution at £ = 1.0.

thickness / and constant thermal properties. This slab
originally has a uniform temperature distribution [1]. The
adiabatic condition is applied to x = 0. At a specific time ¢
= 0, a heat flux ¢ (¢) is applied to x = /. A mathematical
formation of the problem is as follows [1].

2 2
0 T(;c,t)erC@T(x,t)ika T(x,0) _

C 0

e ot ot ox? (17)

at t>0, O<x</

The initial conductions are,

T(x,0)=T, 0<x</ (18)

OT&D _o at r=0, 0<x<! (19)
ot

and the boundary conditions are,

ATED _o gt x=0, t>0 (20)
ox

plaet) pOTCst) | i n=0 at x=1, 150 (1)

ot ox

where T represents the temperature field 7' (x, ), k is the
thermal conductivity, p is the density, C is the specific
heat, pC is the heat capacity per unit volume, and B is
the relaxation time, which is nonnegative. The differen-
tial quadrature method is applied and Eq. (1) is substi-
tuted into Eq. (17). The equation discretizes the sample
points as

O’T(x,,1) T (x;,1)
W"”{T}*[PC]{T}

Oof B kD
—[k o b = }{T<x,.,t>}={0}

for i=1,2,---,N and j=12,---,N

(22)
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Figure 3. Temperature distribution at £ = 1.5.



Differential Quadrature Method for Solving Hyperbolic Heat Conduction Problems 335

Equation (20) can be rewritten as

Dl(ll) DI(IZ) Dl(l?:) Dl(l]zll Dl“]{’
e e AR B
T T ; 7[R Gl =10k

for j=1,2,---,N

(23)
In the differential quadrature method, Eq. (21) takes the

following discrete forms:

= O
{T(x;,0}+{q(xy,0)} = {0} for j=1,2,--,N

(6] OT (x,,1) g g : Dy kD)
(24)

Many inner and boundary points in the computa-
tional domain are used directly in the calculation of the
derivatives and the state variables due to the global na-
ture of the differential quadrature method. Consider a
slab with thickness / = 0.035 m and constant thermal
properties k =50 W/m* and k/pC = 0.0001327 m*/sec [1].
Figure 4 polts the input heat flux [1]. A time-varying heat
flux is applied at the side x = [ between time steps 200
and 230 and the magnitude of the heat flux varies at each
time step. Figures 5—9 depict the direct solution when 3
=0, 1, 10, 100, and 1000. The values of /, £, p and C are
set to unity in Eq. (17). The strength of the heat source is
presented as a time-varying function. Figures 5-9 plot
the numerical results between time steps 200 to 230. The
curvature increases and reduces the temperature, de-
pending on the relaxation time (. The speed of heat pro-
pagation varies with the relaxation time . The magni-
tude of the thermal properties significantly affects the
analysis of the temperature distribution. The numerical
results show that the temperature wave is sensitive to the
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Figure 4. Time-varying heat flux is applied at the side x =/
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1000.

relaxation time. The first investigation yields good re-
sults concerning the use of the differential quadrature
method for solving hyperbolic heat conduction problems.

4. Conclusion

This work proposes the differential quadrature met-
hod for solving hyperbolic heat conduction problems.
The partial differential equation is reduced to a set of al-
gebraic equations using the differential quadrature met-
hod. The considered examples demonstrate that the pre-
sent method is in good agreement with solutions taken
from the literature [1]. Simulation results verify that the
differential quadrature method yields accurate results
with relatively little computational and modeling effort.

The magnitude of the thermal properties significantly in-
fluences the temperature distribution. The relaxation
time P affects the temperature distribution. The demon-
strated simplicity and accuracy of this formulation makes
it a good candidate for modeling various problems in sci-
ence and engineering.
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