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This paper presents a novel control approach based on input-to-state stability (ISS) for a single-phase voltage
source inverter (VSI). The ISS-based adaptive controller is capable of mitigating the adverse effects of load
disturbances that commonly arise in sliding mode control (SMC) schemes, while delivering superior output
control performance. However, the application of ISS theory to controller design has not been extensively
investigated, mainly due to the difficulty in selecting an appropriate ISS-Lyapunov function (ISS-LF). Therefore,
in addition to detailing the controller design procedure, this paper also presents the theoretical basis for ISS-LF
selection by combining the Backstepping method with adaptive control. The proposed approach is validated
through simulations and experiment. The results demonstrate that the proposed control strategy achieves good
performance for the considered system, including fast dynamic response, absence of transient error, global
stability, and low THD of the output voltage.
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1. Introduction

With the rapid development of renewable energy sources,
inverter-related research has attracted significant attention
in recent years. Among various inverter topologies, the
single-phase voltage source inverter (VSI) has been widely
employed in numerous applications such as uninterrupt-
ible power supplies (UPS), microgrids, and other automa-
tion systems [1–3]. To meet the increasingly stringent re-
quirements on output voltage quality such as low voltage
sag, low total harmonic distortion (THD), and satisfactory
operation under both linear and nonlinear loads-the devel-
opment of advanced control strategies for VSIs has become
a widely studied research topic.

A variety of control methods have been proposed for
VSI systems, including conventional linear control ap-

proaches such as PID control [4, 5], PR control [6, 7]. How-
ever, these methods suffer from inherent limitations. PID
controllers are not well suited for the regulation of alter-
nating signals, while PR controllers, although addressing
this drawback, still share the common limitations of linear
control schemes. In particular, their performance degrades
under nonlinear load conditions, often resulting in unsat-
isfactory THD levels and voltage fluctuations during load
variations [8]. These issues mainly arise because distur-
bance terms are commonly neglected during the modeling
stage to simplify controller design, leading to unmodeled
disturbances that adversely affect voltage quality. Distur-
bance observer-based (DOB) ap- proaches have been in-
troduced to address this problem, but their effectiveness
remains limited [9, 10].
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The design of nonlinear controllers is commonly asso-
ciated with stability criteria, among which Lyapunov sta-
bility is the most widely used, either in sliding mode con-
trol (SMC) applications or directly as a basis for controller
synthesis. Reference [11] presents an adaptive Lyapunov-
based control design; however, this controller suffers from
mathematical limitations because it still depends on load-
related terms. As a result, the reported simulation results
are valid only for purely resistive loads. Moreover, the
control signal generated by this approach lacks sufficient
accuracy, which prevents its practical implementation and
experimental validation. Reference [12] presents an alterna-
tive transformation approach for constructing a Lyapunov-
based controller; however, it still fails to overcome the issue
of dependence on load-related terms.

SMC is a robust nonlinear control approach that has
been widely investigated. SMC is designed to completely
reject disturbances through appropriate selection of the
sliding surface and control law, thereby achieving desir-
able control performance [13, 14]. Nevertheless, chattering
caused by highfrequency oscillations around the sliding
surface remains a major drawback of SMC. This issue has
been alleviated by various reaching law designs, such as
Gao’s reaching law, the single-power reaching law, and
the exponential-based bi-power reaching law,... [15–17]
Although these approaches have demonstrated good per-
formance in both simulations and experiments, they still ex-
hibit limitations in terms of mathematical rigor when load
disturbances are present, resulting in incomplete analyti-
cal treatment. Disturbance compensation and estimation
techniques based on DOB have been proposed as potential
solutions [18], however, they do not completely eliminate
disturbance terms in the mathematical derivations.

An alternative approach that has the potential to over-
come the limitations of SMC, yet has not been widely
applied to VSI control design, is based on the input-to-
state stability (ISS) framework [19–23]. ISS has emerged
as one of the most widely used frameworks for analyzing
robust stability in the presence of external disturbances
and modeling uncertainties. A broad range of ISS condi-
tions has been established for various classes of dynami-
cal systems, and these conditions are often expressed in
terms of Lyapunov functions (LFs). Such functions are
required to satisfy global properties, including positive def-
initeness, differentiability, and radial unboundedness, as
well as appropriate conditions on their time derivatives
along the trajectories of the nonlinear system, such as neg-
ative definiteness. The main challenge of this approach
lies in constructing a Lyapunov function that fulfills all
these requirements for a given system. The construction

of a Lyapunov function for ISS analysis is generally more
demanding than that for asymptotic stability in the absence
of disturbances. In particular, a Lyapunov function that is
suitable for the unperturbed system may fail to satisfy the
additional conditions required for robustness analysis [24].

In this study, an ISS-based adaptive control design for a
single-phase VSI is proposed by integrating the Backstep-
ping technique [25–28] with the nonlinear damping theory
presented in [29, 30], because Backstepping is typically ap-
plied to controller design for systems without uncertainties
or with known uncertainties; therefore, it is necessary to
combine it with nonlinear damping. Based on this frame-
work, the control input for the VSI can be systematically
derived, leading to an adaptive controller that guarantees
Lyapunov stability. Simulation and experimental results
demonstrate that the proposed ISS-based adaptive con-
troller achieves performance comparable to SMC, while
providing a more rigorous mathematical formulation due
to the absence of explicit load disturbance terms in the
control law.

In summary, the main contributions of this paper are as
follows:

1. A comprehensive integration of ISS theory, nonlinear
damping, and Backstepping to propose a new novel
ISS-based adaptive control design methodology.

2. A new systematic procedure for constructing an ISS-
Lyapunov function and applying it to VSI control, ef-
fectively eliminating the influence of uncertainties.

3. The proposed method is validated through both sim-
ulation and experimental studies. In simulation, two
design approaches based on the Lyapunov stability cri-
terion are compared with other methods to draw clear
conclusions about the advantages and disadvantages
of the proposed method.

2. Method

2.1. Preliminaries

The controller design problem based on the Lyapunov sta-
bility criterion, which incorporates disturbance rejection,
was previously addressed in was addressed in, This ap-
proach utilizes an indirect adaptive method to mitigate
the impact of disturbances by substituting the unknown
disturbance terms with identifiable state variables through
an estimation law. Indirect adaptive methods differ from
direct adaptive methods. In direct adaptive, the control
parameters are updated directly, or the disturbances are
explicitly estimated. In contrast, indirect adaptive asso-
ciates the estimated value with a function related to the
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Fig. 1. Proposed ISS-based adaptive controller

state variable in the model and adjusts the control parame-
ters, specifically the control law in [11] until this variable
converges to zero. As a result, the estimate obtained via in-
direct adaptive does not necessarily match the actual value
it represents.

According to the proposed ISS-based adaptive control
structure shown in Fig. 1, the indirect adaptive control
is implemented following a similar principle; the distur-
bance part in this case is Z , which is also called actual load
impedance.

Although the control law is designed to eliminate the
effect of the uncertain load, one of the conditions required
for the Dual-loop Lyapunov-based controller to satisfy the
Lyapunov stability criterion is not satisfied for all values of
Z. When Z is a resistive load, the inequality is guaranteed.
However, when Z includes inductive or capacitive compo-
nents, its mathematical representation inherently involves
a complex term of the form jω, making it no longer valid
in this case. This limitation is also evident in [11], where
the RL load scenario was not considered in the simulation
study. When this controller is simulated with an RL load,
the output voltage vo becomes unstable. The corresponding
results are presented and discussed in Section 3.

This demonstrates the significant consequences of in-
sufficient mathematical rigor in the analysis. Similarly, the
SMC controller presented in [16] is also subject to a similar
issue. It can be observed that the load impedance Z still ex-
plicitly appears in model, undermining mathematical rigor
in the parameter derivation. Although the experiment re-
sults in the study are not significantly affected, this issue
may reduce the overall validity and theoretical consistency
of the analysis.

The issue associated with the presence of an unknown

disturbance term, as previously discussed, also arises in
control strategies such as Backstepping. To address this
limitation, the authors propose a controller design based
on the ISS Lyapunov framework, which is specifically in-
tended to handle systems with uncertain disturbances such
as Z. Compared with existing ISS-based design approaches
in [19, 23], proposed method enhances the conventional
approach by synergizing the ISS framework with Backstep-
ping, while employing control parameters optimized for
the specific system. This combination enhances design flex-
ibility and ensures that the necessary stability conditions
are satisfied. As a result, the method achieves comparable
control performance while maintaining robustness against
disturbances. The detailed design procedure is presented
below.

Consider the nonlinear system:

dx
dt

= f (x, u, d), ∀x(0) = x0 (1)

First, consider system with d = 0. Definition 3 in [20]
introduces the fundamental concepts related to ISS, includ-
ing the definition of an ISS system, the notion of local ISS,
and the concept of a nonlinear asymptotic gain. Based on
the conditions under which system Eq. (1) is ISS if ∀t ≥ 0
we have:

∥x (t, x0, d)∥ ≤ β (∥x0∥ , t) + γ
(
∥d∥[0,t]

)
(2)

By combining this with the condition in [19]:
limt→∞ x (t, x0, d) ≤ γ

(
∥d∥[0,t]

)
the definition of an attrac-

tor can be derived as follows: x (t, x0, d) is bounded and
arbitrarily close to a sphere whose radius is proportional.
This set, referred to as the Attractor, is illustrated in Fig. 2.

Fig. 2. Asymptotic gain property

The Attractor is defined in [29] according to the Lya-
punov criterion. For ISS, the concept of the region of At-
tractor also exhibits similar properties. Inequality Eq. (2)
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can be derived from the concept of the region of attraction
as presented in Definition 4.7 in [31]. Specifically, if there
exists a Lyapunov function V(x), then its time derivative
must be negative outside the attractor. This result plays
an important role in determining the region of attraction,
and establishing the global asymptotic stability of the ISS
system for trajectories on or outside the attractor. After
introducing the notion of ISS stability in Definition 3, Defi-
nition 6 [20] provides the framework for the ISSLyapunov
function (ISS-LF) including its definition and the conditions
under which a smooth function V : Rn → R+is called ISS-
LF for the system Eq. (1) if there are γ1, γ2, γ3 ∈ K∞ and
θ ∈ K such that:

γ1(∥x∥) ≤ V(x) ≤ γ2(∥x∥), (3)

∂V(x)
∂x

f (x, d) ≤ θ(∥d∥)− γ3(∥x∥) (4)

By combining Definition 3 and Definition 6, the result
stated in Theorem 2 [20] can be obtained.

The foregoing definitions and theorems are introduced
to establish the fundamental concepts and conditions re-
quired for ISS. These theoretical results provide the math-
ematical foundation for the stability analysis of the con-
troller design developed in the subsequent sections. Build-
ing upon this framework, the proposed control strat-
egy is derived by integrating Sontag’s approach with a
Backstepping-based design methodology, while incorpo-
rating nonlinear damping techniques in design ISS-based
adaptive controller to effectively attenuate disturbance ef-
fects.

Theorem 1 [21] makes a significant contribution to con-
troller design. In particular, its proof establishes the con-
ditions under which the system is stable when there ex-
ists a smooth control Lyapunov function (CLF) V, thereby
guaranteeing the existence of a smooth stabilizer k. The
combination of this theorem with Backstepping controller
design theory constitutes the main novelty of the proposed
method. The theoretical foundations of the Backstepping
approach are presented in detail in Assumption 2.7 [29]
and Lemma 2.8 [29].

At this stage, the design is completed only for system
Eq. (1) in the absence of uncertainties. The objective is
to develop a controller for the system: dx

dt = f (x, u, d)
with d(t) is uncertain nonlinearities. The requirement
of the ISS-based adaptive control problem is to design
a controller u = r(x), such that the closed-loop system
dx
dt = f (x, r(x), d) exhibits ISS-stable state trajectories.

To achieve this objective, it is necessary to further incor-
porate the nonlinear damping theory presented in Lemma

5.6 [29]. This lemma provides the key idea for designing
an ISS-based adaptive controller for systems with uncer-
tainties, and addresses the uncertainty by employing the
concept of Attractor. By synthesizing the aforementioned
theoretical results, an ISS-based adaptive controller design
methodology can be formulated as follows:

Consider the system:

dx
dt

= f (x) + H(x)u + G(x)d(t) (5)

with d(t) is uncertain nonlinearities, ∥d∥ ≤ ∥d∥∞ and:
H(x) = (h1(x), . . . , hn(x)) ; G(x) =

(
g

1
(x), . . . , g

m
(x)
)

Theorem 1: System Eq. (5) has a controller that ensures
global asymptotic stability (GAS), given as follows (with
k, p ≥ 0 ):

u =

r(x)− kp |c(x)|p
|α(x)|2 α(x), x /∈ Z

0, x ∈ Z

Proof: Assume that V(x) is CLF of dx
dt = f (x)+ H(x)u,

which means V(x) is positive define, according to Lya-
punov stability we have:

γ1(∥x∥) ≤ V(x) ≤ γ2(∥x∥), γ1, γ2 ∈ K∞

∂V
∂x

[ f (x) + H(x)r(x)] ≤ −W(x)

ρ1(∥x∥) ≤ W(x) ≤ ρ2(∥x∥), ρ1, ρ2 ∈ K

(6)

The above condition is utilized in the subsequent sta-
bility proof, in conjunction with Young’s and Hölder’s
inequalities. By applying the Backstepping method, we
obtain CLF V(x) = V1(x) + 1

2 [ξ− r1(x)]2. Following the
Backstepping design principle and in combination with
Theorem 1 [21], the statefeedback controller r(x) is derived
as:

r(x) =


−c (ξ − r1(x))− ∂V1(x)

∂x · H(x)

+ ∂r1(x)
∂x [ f (x) + H(x)ξ] for x /∈ Z

0, for x ∈ Z
(7)

with c > 0, r1(x) is the controller of subsystem with CLF
V1(x), ξ is the virtual control input of subsystem, ξ = r1(x).

As presented above, the controller in Eq. (8) is con-
structed based on Sontag’s Theorem, and the authors
combine it with the Backstepping approach. To arrive at
this result, it is necessary to establish and prove the re-
lationship between Sontag’s Theorem and Backstepping.
First, Sontag considers a system of the following form:
dx
dt = f (x) + h(x)u and assume that V is a CLF for this
system.
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Let: a(x) := ∂V
∂x · f (x), b(x) := ∂V

∂x · h(x)
The condition that V is a CLF is equivalent to requiring
that:

b(x) = 0 ⇒ a(x) < 0 (8)

For every nonzero state x, this implication ensures that
(a(x), b(x)) is stabilizable when interpreted as a linear sys-
tem with a single scalar input. As a result, a control law
u = k(x) can be constructed for the original nonlinear
system such that V remains a CLF for the correspond-
ing closed-loop dynamics. Hence, the theory guarantees
that, given a CLF V, when b(x) = 0 system is stabiliz-
able, when b(x) ̸= 0, a feedback law u = k(x) can be
designed to achieve stability. The control law selected by
Sontag, given by u = − a+

√
a2+b2

b satisfied the condition
dV
dt = −

√
a2 + b2 < 0. Based on this result, the relation-

ship between Sontag’s theorem and Backstepping can be
established.

According to the Backstepping theory [29], function V
that is a CLF for system : dx

dt = f (x) + h(x)u which means
it satisfied dV/dt < 0 for all b(x). This conclusion can also
be explained by Sontag’s theorem: when b(x) = 0 system
is stabilizable, and when b(x) ̸= 0, the control law derived
via Backstepping can stabilize the system. This shows a cor-
respondence between Sontag’s Theorem and Backstepping.
Therefore, these two theories can be integrated, leading to
the derivation of Equation Eq. (8).

Notation:

c(x) =
(

Lg
1
V, Lg

2
V, . . . , Lg

m
V
)T

(9)

with c(x) is defined as the Lie derivative of the Lya-
punov function V with respect to the disturbance vector
fields. Thus, if there exists a constant p > 1 such that for
all x ∈ Z we have:

L f V +
1
p
|c(x)|p ≤ −ρ(∥x∥ (10)

with ρ satisfied ∥ρ∥∞ > 1
q ∥d∥q

∞,q, q =
p

p−1 . The conditions
defined in Inequality Eq. (10) are selected to satisfy the ISS
criteria, as demonstrated in the proof below. Then V(x)
is an ISS-LF and the corresponding ISS-based adaptive
controller is:

u =

r(x)− kp |c(x)|p
|α(x)|2 p α(x), x /∈ Z

0, x ∈ Z
(11)

where α(x) =
(

Lh1
V, Lh2

V, . . . , Lhn
V
)T

, Z = {x ∈
Rn||α(x) |= 0} , k > 0 and α(x) is defined as the Lie deriva-
tive of the Lyapunov function along the control vector

fields. Equation Eq. (11) is a corresponding ISSbased adap-
tive controller.

Next, we determine the region of attraction of the above
controller. Assume that x ∈ Z, then along the state trajecto-
ries of the closed-loop system, we have:

dV
dt

=
∂V
∂x

[ f (x) + H(x)u + G(x)d]

= L f V + cTd ≤ L f V + ∥c∥∥d∥

⇔ dV
dt

≤ L f V +
1
p
|c|p + 1

q
|d|q

(Young’s inequality)

≤ −ρ(∥x∥) + 1
q
∥d∥q

∞ (12)

Similarly, when x /∈ Z :

u(x) = r(x)− |c(x)|pkp

|α(x)|2 p
α(x)

we also have:

dV
dt

=
∂V
∂x

[ f (x) + H(x)u + G(x)d]

=
∂V
∂x

( f (x) + H(x)r) + cTd − kp

p
|c|p

⇒ dV
dt

≤ −W(x) + cTd − kp

p
|c|p

≤ −W(x) +
kp

p
|c|p + 1

kqq
∥d∥q − kp

p
|c|p

≤ −W(x) +
1

kqq
∥d∥q

∞

(13)

Clearly, according to Definition 3 [20], both Inequal-
ities Eq. (12) and Eq. (13) confirm the ISS stability of the
closed-loop system consisting of plant Eq. (5) and controller
Eq. (11) for all x ∈ Rn.

To determine the attractor D, we start from:

dV
dt

≥ 0 ⇒ ∥d∥q
∞ ≥ max {ρ(∥x∥)q, W(x)kqq}

and arrive to the sufficient condition:

∥d∥q
∞ ≥ max {ρ(∥x∥)q, ρ2(∥x∥)kqq}

∥x∥ ≤ max

{
ρ−1

(
∥d∥q

∞
q

)
, ρ−1

2

(
∥d∥q

∞
kqq

)}

We specify the condition dV
dt ≥ 0 for regions of Attrac-

tor because, as previously discussed, the system exhibits
stability for all states outside the Attractor, implying that
dV
dt < 0 in that region. By imposing the condition dV

dt ≥ 0,
within a specific domain, we can effectively constrain the
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attractor’s boundary and systematically reduce its size rel-
ative to the state variables. This process continues until the
ideal equilibrium is reached, where the attractor eventually
contracts to the origin. Then, we obtained the attractor D
as follows:

D = {x ∈ Rn | ∥x∥ ≤ max {S1, S2}}

with S1 = ρ−1

(
∥d∥q

∞
q

)
S2 = ρ−1

2

(
∥d∥q

∞
kqq

)

2.2. Design of the ISS-Based Adaptive Controller

The single-phase VSI under study is illustrated in Fig. 1.
Inverter employs an H-bridge topology with an LC output
filter, while the resistance of the inductor is neglected. The
DC-link voltage is denoted by Vdc. In this paper, the load
is treated as an uncertainty of the system.

The mathematical model of the VSI is obtained as fol-
lows: {

L diL
dt = uVdc − vC

C dvC
dt = iC

(14)

where u is the control signal, vc is the output voltage,
io is the output current, and iL, iC are the currents through
the inductor and capacitor, respectively.

By defined
{

e1 = vC − vCref
e2 = iC − iCref

, e = (e1
e2
) , the differen-

tial relationship of tracking errors with capacitor voltage
and the capacitor current is expressed as:{ de1

dt = e2
C

de2
dt = −e1

L + uVdc
L +

(LCω2−1)vre f
L − i0

(15)

With H(e) =
(

0 Vdc
L

)T
, G(e) =

(
0 −1

)T , and

f (e) =

(
e2
C − e1

L +
(LCω2−1)vref

L

)T
are three components

of the system Eq. (15), as defined in Eq. (5).
During operation, the output current i0 varies continu-

ously, which adversely affects the performance of nonlinear
controllers due to its presence in the parameter computa-
tion equations [16]. To address this issue, an ISS-based
adaptive controller is employed. The complete ISS-based
adaptive control design procedure for system Eq. (14) is
summarized below.

Step 1: Consider e2 as a virtual control input for the
subsystem de1

dt = e2
C . Following the Lyapunov framework

in [20], a candidate Lyapunov function is selected as:

V1 =
1
2

Ce2
1 (16)

Clearly, V1 is positive define. Its time derivative is given
by:

dV1
dt

= Ce1
de1
dt

= e1e2 (17)

To ensure GAS, the derivative dV1
dt must be negative def-

inite. Accordingly, the virtual control input e2 is designed
as:

e2 = r1 (e1) = − k1C
k2L

e1, k1, k2 > 0 (18)

with k1, k2 is the ISS-based adaptive controller parame-
ters. By combining Equation Eq. (17) with Equation Eq. (18),
it can be observed that dV1

dt = − k1C
k2 L e2

1 < 0. Therefore, Equa-
tion Eq. (16) is positive definite and serves as a Lyapunov
function, function de1

dt = e2
C is GAS under the virtual control

law defined in Eq. (18).
Step 2: From the controller for system de1

dt = e2
C to

achieve a GAS, the feedback system Eq. (15) also have
a candidate Lyapunov function is selected as:

V =
1
2

Ce2
1 +

1
2
(e2 − r1 (e1))

2 =
1
2

Ce2
1 +

1
2

(
e2 +

k1C
k2L

e1

)2

(19)
From Eq. (19), clearly V is positive define. The time

derivate of V is:

dV
dt

= Ce1
de1
dt

+

(
e2 +

k1C
k2L

e1

)(
de2
dt

+
k1C
k2L

de1
dt

)
(20)

dV
dt

= − k1C
k2L

e2
1 +

(
e2 +

k1C
k2L

e1

)
(e1 + S3)

S3 =

(
−e1 +

(
LCω2 − 1

)
vre f + uVdc

)
+ k1e2

k2L

(21)

For all e1 we have − k1C
k2 L e2

1 < 0. To achieve GAS, dV
dt

must be negative definite. Therefore, we can choose as
follows:

e1 + S3 = −α

(
e2 +

k1C
k2L

e1

)
, α > 0 (22)

Combine Equation Eq. (21) and Eq. (22), it can observed:
dV
dt = − k1C

k2 L e2
1 − α

(
e2 +

k1C
k2 L e1

)2
< 0. Thus, the positive

definite function V is chosen as the Lyapunov function.
By simplifying Equation Eq. (22), the control law r(e) is
obtained, which ensures GAS for system Eq. (15):

r(e) =
1

k2Vdc
[+e1 (−k2L + k2 − αk1C)

+
(

1 − LCω2
)

vre f + e2 (−αk2L − k1)
] (23)

Step 3: : From Equation Eq. (19), the derivative of V
with respect to e is given by:
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∂V
∂e

=

(
∂V
∂e1

;
∂V
∂e2

)
=

(
Ce1 +

k1C
k2L

(
e2 +

k1C
k2L

e1

)
; e2 +

k1C
k2L

e1

) (24)

Next, the controller design is finalized for the system
considering external disturbances. To facilitate the deriva-
tion, the essential variables and parameters are defined
based on the framework established in Section 2 as follows:

L f V =
∂V
∂e

f (e)

=

(
Ce1 +

k1C
k2L

× S4; S4

)
×
(

e2/C
−e1/L + (LCω2 − 1) vre f /L

) (25)

With S4 = e2 +
k1C
k2 L e1

LhV =
∂V
∂e

H(e) =
(

e2 +
k1C
k2L

e1

)
Vdc
L

= α(e) (26)

LgV =
∂V
∂e

G(e) = −
(

e2 +
k1C
k2L

e1

)
= c(e) (27)

Define Z = {e ∈ Rn||α(e) |= 0} as in Equation Eq. (11)
and from Equation Eq. (26), it can be seen that:

Z =

{
e ∈ Rn

∣∣∣∣ e2 = − k1C
k2L

e1

}
. (28)

The condition must be satisfied for p = 2 because since
e ∈ Z :

L f V = − k1C
k2L

e2
1, LgV = 0

→ L f V +
1
p
|c(e)|p ≤ − k1C

k2L
e2

1 ≤ 0
(29)

is negative define. Thus V also serves as an ISS-LF for orig-
inal system, which can be controlled using the following
controller, which satisfies ISS criteria:

u(e) =

r(e)−
(

e2+
k1C
k2 L e1

)
L

2Vdc
, e /∈ Z

0, e ∈ Z
(30)

with p = 2, k = 1.
The Attractor can be defined as follows:

L f V +
1
p
|c(e)|p ≤ −ρ(|e|) → ρ(|e|) = k1C

k2L
e2

1 (31)

Under the following condition:

−W(e) = − k1C
k2L

e2
1 − α

(
e2 +

k1C
k2L

e1

)2
(32)

and in conjunction with Attractor’s defined method in Sec-
tion 2.1, it can be inferred that the disturbance term d is
bounded as follows:

∥d∥q
∞ ≥ max {ρ(|e|)q, W(e)kq}

∥d∥2
∞ ≥

{
2

k1C
k2L

e2
1, 2

(
k1C
k2L

e2
1 + α

(
e2 +

k1C
k2L

e1

)2
)}

(33)

The Attractor D is determined as:

D = {e ∈ Rn | ∥e∥ ≤ max

{
ρ−1

(
∥d∥q

∞
q

)
,

ρ−1
2

(
∥d∥q

∞
kqq

)}}

Fig. 3. Simulated Attractor of ISS-based adaptive
controller

From Inequality Eq. (32) it can be observed that if
e1 = e2 = 0, then the region of attraction has a radius
of zero. In this case, the system becomes asymptotically sta-
ble at the equilibrium point e = 0. This condition does not
guarantee that the designed controller will ensure GAS at
the origin; it only indicates the potential to achieve GAS. In
the case where e ̸= 0, from the selected Lyapunov function

V = 1
2 Ce2

1 +
1
2

(
e2 +

k1C
k2 L e1

)2
, it can be observed that the re-

gion of attraction is characterized by a family of concentric
ellipses centered at the origin. The maximum distance is
determined by the above expression. When plotting the
Attractor to validate the theoretical analysis, the results in
Fig. 3 are obtained.

Attractor can be represented in a manner equivalent to
a phase portrait. As discussed in Section 2.1, if there exists
a Lyapunov function V(x), then its time derivative must
be negative outside the Attractor. This result supports the
previously stated conclusion, particularly in the case where
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e1 = e2 = 0, the region of attraction has a radius of zero,
and the Lyapunov function’s time derivative is negative
outside, which means the system becomes asymptotically
stable. If e ̸= 0, as illustrated in the Fig. 3, the system
achieved GAS outside the Attractor. From Fig. 3 it can
be observed that, at the initial state x0, the trajectory lies
outside Attractor, then after a certain period of time, it
converges back into the Attractor around the origin. It also
shows the bounderness of e, with e1 is bounded within
the interval (-0.5, 0.5), while e2 is (-0.25, 0.25). A limitation
of the ISS-based adaptive controller is evident along the
attractor, where driving the state variable e to 0 according to
the theory becomes difficult. As a result, a residual steady-
state error with respect to the reference value persists.

3. Result and discusstion

3.1. Simulation Result

MATLAB/Simulink is used to simulate the ISS-based adap-
tive control for VSI. In addition, simulations of the Dual-
loop adaptive Lyapunov controller are conducted to pro-
vide a direct comparison between the two control strate-
gies, thus demonstrating the advantages of the proposed
controller, particularly in terms of disturbance rejection ca-
pability compared to the previously developed approach.
Simulation parameters of ISS-based adaptive controller are
listed in Table 1, the components are assumed to be ideal.

Table 1. Simulation parameters

Parameter Description Value
Udc DC bus voltage (V) 400
L f Filter inductance (mH) 1.3

Vref Voltage reference (V) 311
C f Filter capacitor ( µF ) 20
k1 ISS-based adaptive controller 40
k2 parameter 9
α ISS Backstepping coefficient 7000

The first scenario uses an RL load to validate the con-
clusion from Section 2 regarding the lack of a Lyapunov
stability guarantee in the previously controller.

The results shown in Fig. 4 indicate that the output volt-
age regulated by the ISS-based adaptive controller closely
follows the voltage reference Vref , whereas the Dual-loop
Lyapunov-based controller exhibits unstable behavior. This
contrast indicates that the Lyapunov stability claims re-
ported in [11] are not guaranteed. Moreover, these results
highlight the necessity of accounting for model uncertain-
ties to ensure reliable stability and control performance.

The validation is further extended to a purely resistive
R load, where a load step change at t = 0.45s to assess

Fig. 4. Output voltage of the ISS-based adaptive controller
and dual-loop Lyapunov control with RL

Fig. 5. Simulation results of ISS-based adaptive controller
and Dual-loop Lyapunov controller [11] with R load

transient stability. The corresponding results are presented
in Fig. 5. Both controllers maintain stable operation under
this scenario. However, the Dual-loop Lyapunov-based
controller exhibits a little overshoot during the transient
period to 320.5V and undershoot to 290.3V. In contrast, the
proposed ISSbased controller experiences an undershoot to
290.1V, which remains within the permissible voltage devi-
ation range. Moreover, the ISS-based adaptive controller
shows a immediate settling response, whereas the Dual-
loop Lyapunov controller requires approximately 0.003s
to reach steady state. These results highlight the superior
transient stability performance of the proposed controller.

The next scenario uses a nonlinear bridge-rectifier load
to assess controller performance and compare the distur-
bance rejection capabilities of the two methods. The results
are shown in Fig. 6. Both controllers keep the output volt-
age amplitude close to the reference value, however, the
Dual-loop Lyapunov controller shows larger voltage oscil-
lations, ranging from 308V to 311V, while the ISS controller
exhibits a narrower range from 307V to 308.5V. At steady
state, THD for the two controllers is 1.31% and 1.4%.

A scenario is conducted to evaluate the stability of the
two controllers under DC-link voltage fluctuations, where
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(a) (b)

Fig. 6. Simulation results of ISS-based adaptive controller
and Dual-loop Lyapunov controller [11] with nonlinear
load with THD of (a) ISS-based adaptive (b) Dual-loop

Lyapunov [11].

the DC-link voltage decreases from 400V to 350 V and then
returns to its nominal value.

Fig. 7. Output voltage of ISS and dual-loop Lyapunov
controller [11] under DC-link fluctuations.

The simulation results are presented in Fig. 7. It can
be observed that at t = 0.45 s, the output voltage of the
ISS controller remains almost unchanged and continues to
accurately track vCref . In contrast, the Dual-loop Lyapunov
controller exhibits a slight voltage drop of approximately
2.3 V before recovering and maintaining stable operation
as the DC-link voltage returns to it’s initial value.

These results show that both controllers are capable
of operating stably under DC-link voltage fluctuations.
Furthermore, the ISS controller exhibits superior distur-
bance rejection capability compared with the Dual-loop
Lyapunov controller, as evidenced by its ability to main-
tain a more stable output voltage throughout the DC-link
voltage variation process.

The results above demonstrate that the ISS-based adap-
tive controller performs effectively under both linear and
nonlinear load conditions. In both scenarios, the output
voltage exhibits a fast dynamic response, and the voltage

THD meets the IEC 620403 standard (THD < 3% for lin-
ear loads, THD < 5% for nonlinear loads). Specifically, in
the linear load scenario, the output voltage THD is 0.16%,
while for the nonlinear load described above, the output
voltage THD is 1.31%. Furthermore, no transient error is
observed in the voltage at the moment of load change and
DC-link voltage fluctuations.

Another important aspect to consider is the modula-
tion index of the two methods. During the discretization
process for experimental implementation, the modulation
index of the Dual-loop Lyapunov controller exhibits the
waveform shown in Fig. 9, which is clearly impractical and
not physically realizable. In contrast, the ISS controller pro-
duces a consistent and valid control signal. Consequently,
the experimental validation in this study is conducted ex-
clusively for the ISS controller.

3.2. Experiment Results

The experimental findings are showcased to assess the dy-
namic response of the system and the quality of the output
voltage under both linear and nonlinear loading condi-
tions. The experimental configuration, depicted in Fig. 8,
comprises a signal processing unit, the controller, and a
PWM generation module implemented on a LAUNCHXL-
F28379D platform from Texas Instruments. The parameters
for the singlephase inverter and ISS-based adaptive con-
troller are detailed in Table 2.

Table 2. Experiment parameters

Parameter Description Value
Udc DC bus voltage (V) 100
Vref Reference voltage (V) 50
L f Filter inductance (mH) 1.3
C f Filter capacitor ( µF ) 20
fsw Switching frequency (kHz) 10
Ts Sampling cycle ( µs ) 50

The first experimental scenario is conducted to verify
the stability of the proposed system under load variations.
At first, the system operates with a 50Ω resistive load, and
then the load resistance is reduced to 25Ω, with the results
presented in Fig. 10. At the load transition instants, the
output voltage exhibits transient oscillations; and stable op-
eration is maintained after 1.2s. Before the load change, the
output voltage reaches approximately 50.3V. After the load
is increased, the voltage decreases to 49.1 V , mainly due to
the instantaneous drop in the DC-link voltage during the
load transition. Once the DC-link voltage is restored to its
nominal value, the output voltage correspondingly returns
to 50.3V .

Fig. 11a presents the experimental results of the ISS-
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Fig. 8. Experimental system setup

(a) (b)

Fig. 9. Modulation index of: (a) ISS-based adaptive
controller; (b) Dual-loop Lyapunov controller [11]

Fig. 10. Modulation index of: (a) ISS-based adaptive
controller; (b) Dual-loop Lyapunov controller [11]

(a)

(b)

Fig. 11. Experimental results of ISS controller under load
variation

based adaptive controller with a linear resistive load of
R = 50Ω. The measured output RMS voltage is 49.73V,
corresponding to an error of 0.54%, and the output voltage
THD is 1.896%, which is below 3% and thus satisfies the
IEC 62040-3 standard. Fig. 11b shows the results for an
RL load, which similarly meet the specified performance
criteria.
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Table 3. Comparison of Inverter characteristics

Parameter [16] [11] This work [12]
VDC( V) 750 100 100 400
VAC( V) 380 50 50 325

Controller SMC Dual-loop Lyapunov ISS-based adaptive Lyapunov + PR
fsw (kHz) 9 10 10 12.5

Ts(µ s) - 50 50 -
THD (R Load) 0.7% - 1.896% 1.1%

THD 1.0% - 1.324% 1.3%
(Nonlinear) ttrans (ms) 0.3 - 1.2 -

Fig. 12. Experimental results of ISS controller on the
inverter with nonlinear load

Fig. 12 shows the experimental results of the ISS con-
troller with a nonlinear load having a crest factor CF = 2.
The measured output RMS voltage is 50.27V, correspond-
ing to an error of 0.54% relative to the reference voltage,
and the output voltage THD is 2.631%, which is below 5%
and thus meets the IEC 62040-3 standard.

The comparative results are summarized in Table 3 In
addition to the two above methods, the SMC scheme [16]
and a Lyapunov with PR scheme [12] are included for fur-
ther comparison.

4. Conclusions

This paper proposed an ISS-based adaptive control strat-
egy for a single-phase voltage source inverter through the
integration of Backstepping design and nonlinear damping
theory. The developed approach aimed to improve output-
voltage regulation and disturbance rejection performance
under both linear and nonlinear loading conditions while
maintaining a rigorous Lyapunov-based stability frame-
work. By systematically constructing an ISS-Lyapunov
function, the influence of load disturbances was effectively
attenuated without requiring explicit knowledge of un-
certain load parameters. Compared to conventional non-
linear approaches, particularly sliding mode control, the
proposed strategy provides a mathematically consistent
formulation while reducing chattering-related effects. The

effectiveness of the controller was verified through both
simulation and experimental studies, demonstrating sta-
ble inverter operation, low output-voltage distortion, and
satisfactory transient response under load variations and
nonlinear disturbances. Nevertheless, due to the attractor
property of the ISS framework, the associated state variable
may not converge exactly to zero, resulting in a small resid-
ual steady-state tracking error. Future work will focus on
improving steady-state performance under more complex
and uncertain operating conditions.
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