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Abstract

Chaos is acomplicated phenomenon in nonlinear dynamical systems. A dynamic controller,

based on the stability transformation method (STM), has been used to stabilize both multiple fixed

points and unknown unstable periodic orbits (UPOs) in dynamical systems. However, in these methods,

there is not any unified algorithm in order to stabilize the fixed points. Here, we present a universal and

simple chaos control algorithm called method of selecting an unstable fixed point (SUFP), which is

able to stabilize unstable selected fixed points, by generating a stability matrix. Although this algorithm

modifies a system by applying an input feedback, the designed feedback does not relocate the positions

of fixed points but changes their stabilities. Results show that all tested chaotic trajectories are attracted

to selected points, independent of initial values.

Key Words: Stability Matrix, Chaotic System, Fixed Point, Selecting Unstable Fixed Point, SUFP,

Eigenvalue, Algorithm, Lorenz Model

1. Introduction

Chaos is a naturally complex phenomenon in deter-

ministic nonlinear dynamical systems. Chaotic behav-

ior has been found in most model systems in biology,

physics, chemistry, ecology, etc. Moreover, engineer-

ing applications of chaos are rapidly growing in several

areas, such as laser technologies, mechanical and che-

mical engineering, neural networks and telecommuni-

cations, etc. Recently, the field of controlling chaotic

systems has been under elaborate investigation. The E.

Ott, C. Grebogi and J. A. Yorke (OGY) method [1�4] is

a good example of a great feedback control strategy.

This model is implemented in order to control the cha-

otic behavior of practical systems with almost no ana-

lytic knowledge about a system; however, its sensitivity

with respect to noise [5] is high. Actually, the disadvan-

tages of this method are the weak isolation of the Po-

incaré section and calculation of the precise perturba-

tions [6,7]. Another useful method is the Pyragas’s one

[8], which is called the time-delay (DFC) method. This

optional feedback control method improves noise issues,

but time delay evaluation is required for implementing

the method.

Kittel et al. [5] proposed feeding the varying time de-

lay to the feedback controller for an autonomous system,

where the calculation of discretized delayed time is diffi-

cult. Later, Rezaie et al. [9] proposed a simple adaptive

algorithm with a continuously varying time delay. In these

algorithms, it is not necessary to know how UPOs are

controlled. Although the main target of chaos control is

to locate and stabilize the UPOs in a chaotic attractor, in

some cases, the stabilizations of unstable fixed points are

given higher priority. Classical control theory, including

state vector feedback control [10,11] and speed feedback

control [10,12,13], is commonly used to control unstable

equilibrium points of autonomous chaotic systems. How-

ever, for a complicated chaotic system, it is difficult to

select a single feedback variable to control several unsta-

ble fixed points. In order to solve this problem, dislocated

feedback control and raised feedback control are intro-

duced [14�16].
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Here, we propose a SUFP method, which is effec-

tive and applicable in controlling the chaotic behavior

of unstable systems. This method stabilizes the equilib-

rium points of a chaotic system by introducing a stabil-

ity matrix, which is derived according to the character-

istics of the unstable equilibrium point. Then, in simu-

lation and result section we implement the method to

stabilize the Lorenz model and a new 3D autonomous

model.

2. Method of Chaos Control

The trajectory of continuous chaotic systems cross-

ing between collections of saddle fixed points and the

collection of these fixed points are unstable [17]. Pro-

vided that applying feedback stables one of the points,

the trajectory of the continuous chaotic system will be at-

tracted to that point and the chaotic behavior of system

will be controlled. In order to control the chaotic behav-

ior of a system using our proposed algorithm, five steps

are introduced:

1. Finding fixed points.

2. Analyzing stability of selected fixed points by linear-

ization.

3. Selecting one unstable fixed point.

4. Generating a stability matrix (C) according to the se-

lected unstable fixed point.

5. Generating input feedback according to the stability

matrix. Consequently, �X = Cf (X) will be a controlled

version of �X = f (X), and both systems have the same

fixed points. Notice that input feedback is U = (C � I)

f (X) where I is the unit matrix.

Each step is explained as follows:

2.1 Finding Fixed Points

Suppose the following system of equations:

(1)

where X1, X2, ..., Xn � Rn. The fixed points of systems

are acquired by solving:

(2)

2.2 Linearization

By linearizing the stable points, the Jacobian matrix

is calculated as:

(3)

where the sign of the eigenvalues determines the stabil-

ity of the points:

(4)

2.3 Selecting One Unstable Fixed Point

When at least one eigenvalue of the selected fixed

point is positive, then that point is unstable [17]. In this

step it is better to select an unstable fixed point that is

closer to the initial point.

2.4 Generating Stability Matrix

After finding fixed points, linearization and select-

ing an unstable fixed point, the Jacobian matrix related

to the selected fixed point (matrix A) can be formed. Ac-

cording to the structure of matrix A, matrix C is gener-

ated.

In this section, we prove the existence of the stability

matrix (matrix C), then we explain how this matrix is ob-

tained.

Theorem 1. Consider an arbitrary and non-singular

n � n matrix with negative or positive eigenvalues, called

A. Thus, at least there is a n � n matrix, C, whose eigen-

values of matrix product CA, have the same magnitudes

as the eigenvalues of matrix A, while the signs of eigen-

values of matrix product CA are negative.

Proof. Assuming an arbitrary and non-singular ma-

trix A, where �11, �22, ..., �nn are its eigenvalues and, V1,
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V2, ..., Vn are its eigenvectors. The Jordan form of A is:

(5)

where �11, �22, ..., �nn can be equal or not.

First a matrix is designed (matrix K) that the signs of

eigenvalues of matrix K� are negative.

(6)

Obviously, it is always possible to determine the k12, k13, ...,

k(n�1)n so that eigenvalues of K� are all negative. By naming

the matrix VKV�1 as matrix C and considering A = V�V�1:

(7)

Due to the similarity between the product of CA and

K�(CA��K�), there is a matrix such as C where CA has

negative eigenvalues. Thus, by knowing A and K matri-

ces, C matrix is generated.

The matrix structure K is given as below:

(8)

where the values of elements of matrix K are obtained

according to the sign and repeatability of eigenvalues of

matrix �.

Eqs. 9 and 10 indicate how the elements of matrix K

are defined.

(9)

and

(10)

where R is a constant showing the number of repetitive

eigenvalues and L is a constant showing the row where

the first repetitive eigenvalue begins in matrix �. In or-

der to clarify the method, an example is considered.

Example:

Assume:

(11)

The Jordan form of Eq. 11 is:

(12)

and the eigenvectors of matrix A are:

(13)
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Now, our goal is to find the matrix C whereas matrix

product CA has negative eigenvalues. K matrix is gener-

ated by using Eq. 8

(14)

Since �11 is positive, distinct element (R = 1) and there is

in the first row (L = 1), the fourth condition of 10 is sat-

isfied and k12 = k13 = k14 = 0. Also, since �22 is a repeti-

tive element (R = 3) and the first repetitive eigenvalue

begins in the second row (L = 2), the fifth condition of

10 is established and k23 = k34 = 1 and k24 = �1. There-

fore, matrix K� is obtained as follows:

(15)

Finally, according to Eq. 7, matrix C is generated:

(16)

where the eigenvalues of matrix CA have the identical

magnitude to the eigenvalues of matrix A, but the signs

of matrix CA are all negative (�11 = -1, �22 = -2, �33 = -2,

�44 = -2).

2.5 Generating Input Feedback

The input feedback is simply calculated as:

(17)

It should be reminded that (C) f (X1, X2, ..., Xn) is the sta-

bilized version of f (X1, X2, ..., Xn).

3. Simulations and Discussion

In order to assess the efficiency of the proposed algo-

rithm and further understanding of how it works, the

SUFP algorithm was applied to two chaos models. Then,

results of stabilization algorithm on these two models are

presented and interpreted separately.

3.1 The Lorenz Model

The Lorenz model which a nonlinear, non-periodic,

three-dimensional and deterministic [18], is defined in

the form of a system of differential equations (18). The

model suggests that atmosphere, as an example of a non-

linear system, exhibits regime-like structures that are, al-

though quite deterministic, subject to sudden and appar-

ently erratic change. Describing details of the Lorenz mo-

del is beyond than the scope of this study, thus we only

try to introduce the model mathematically and leave it

further meteorology interpretation to the readers. This

famous model indicates the unpredictable behavior of the

weather [19] as:

(18)

where �X 1 and �X 2 and �X 3 are derivatives of system states,

X1, X2, and X3 � R, with respect to time. Behavior of the

original system (Eq. 18) is chaotic for system parame-

ters � = 10, 	 = 8/3, and 
 = 28 as depicted in Figure 1.

The fixed points of the Lorenz system have been shown

in the left column of Table 1. According to the proposed

the algorithm, three stability matrices are generated for

the three unstable fixed points of the system. The third

and forth columns of Table 1 respectively show the ei-

genvalues of the system before and after applying the

stability algorithm. To clarify the algorithm, let us con-

sider that the point (0, 0, 0) is selected to be stabilized,

then:

(19)
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By assuming controllable variables, the input feedback

is obtained:

(20)

Thus, eigenvalues of the new system will be �11 = -22.83,

�22 = -11.83 and �33 = -2.67. A 2D representation of X1,

X2 and X3 states exhibiting chaotic behavior vs. time is

shown in Figure 1a and 1b, which respectively repre-

sent 2D and 3D portraits of X1, X2 and X3 when the ini-

tial point is (10, 5, 3). In the Lorenz chaotic model, the

trajectory is a function of time and it can be imagined as

a roller coaster tracing an invisible object [20]. Figure 2

shows the behavior of the system after stabilization, in

2D and 3D portraits. To validate the algorithm with re-

spect to different initial conditions, two more simula-

tions were run (Figure 3). The results illustrated that the

chaos control algorithm is independent of initial condi-

tions.

Lyapunov exponents of the Lorenz system before and

after applying feedback have been shown in Figure 4.

According to [21,22], the chaotic system has at least one

positive Lyapunov exponent (Figure 4a). In Figure 4b

the chaotic behavior of the system is controlled and all

Lyapunov exponents are negative.

4.2 A 3D Autonomous Chaotic System

In 2010, Dadras et al. [23] introduced a 3D smooth

quadratic autonomous system having five real equilibrium
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Table 1. Fixed points, C matrices, and eigenvalues of the Lorenz system before and after applying feedback. The

feedback changes signs of all positive eigenvalues to negative and consequently stabilizes the system for each

selected fixed point

Fixed point Matrix C Eigenvalues of f (X1, X2, X3) Eigenvalues of Cf (X1, X2, X3)

(0, 0, 0)

0.2597 0.5771 0

1.6159 0.2597 0

0 0 1

�� �

 �� �
 �

 �� �

�1 = -22.83

�2 = 11.83

�3 = -2.67

�1 = -22.83

�2 = -11.83

�3 = -2.67

(8.49, 8.49, 27)

0.4461 0.7496 0.5685

0.5574 0.711 0.2192

0.674 0.3494 0.735

� �� �

 �� �
 �

 �� �� �

�1 = -17.65

�2 = -11.31

�3 = 7.22

�1 = -17.65

�2 = -11.31

�3 = -7.22

(-8.49, -8.49, 27)

0.4461 0.7496 0.5685

0.5574 0.711 0.2192

0.674 0.3494 0.735

�� �

 �� � �
 �

 �� �� �

�1 = -13.85

�2 = 0.09

�3 = 0.09

�1 = -13.85

�2 = -0.09

�3 = -0.09

Figure 1. The chaotic behavior of the Lorenz system with initial point (10, 5, 3). (a) x1, x2 and x3 are unstable vs. time. (b) The tra-
jectory attract to none of fixed points. This system has three fixed points as listed in Table 1.

(a) (b)



points. This system is able to generate one-to four-wing

chaotic attractors and, periodic motion with the variation

of only one parameter. The following differential equa-

tions define the 3D autonomous chaotic system:

(21)

where �X 1 and �X 2 and �X 3 are derivatives of system states

X1, X2 and X3 � R, a, b, c, d �R+ and h � R. By setting a

= 2.9, b = 3, c = 8, d = 11 and h = 0.5 the system makes a

chaotic attractor with two wings (Figure 5). For each

unstable fixed point, a matrix C, and its corresponding

eigenvalues were estimated and listed in Table 2. The

behavior of the system before applying the feedback is

shown in Figure 5.
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Figure 2. The trajectory behavior of the Lorenz system with initial point (10, 5, 3) after applying feedback. (a) x1, x2 and x3 are
stable vs. time. (b) The trajectory is attracted to fixed points (0, 0, 0) when the initial point is (10, 5, 3).

(a) (b)

Figure 3. All trajectories of the Lorenz system attract to the
fixed point (0, 0, 0), when the initial pointis (1):
(10, 5, 3), (2): (-10, 5, 20) or (3): (-3, 0, 28).

Figure 4. The behavior of the Lorenz system with (-3, 2, 5) as the initial condition. (a) Lyapunov exponents of the Lorenz system
before applying feedback. �1 is positive and the system has chaotic behavior. (b) Lyapunov exponents of the Lorenz
system after applying feedback. �1, �2, �3 are negative and the system has not chaotic behavior.

(a) (b)



Figure 5a illustrates the chaotic states of three vari-

ables for the original 3D autonomous system vs. time.

Since representing the five fixed points of the system and

behavior of the trajectory was messy and vague, the 3D

portraits are shown from the top (Figure 5c), side (Figure

5d) and front (Figure 5e) views.

Table 2 represents characteristics and parameters of the

stability matrices for each fixed point. Signs of positive

eigenvalues were converted to negative by applying the pro-

posed algorithm which stabilized the selected fixed point.

Figure 6a-e depicted 2D and 3D portraits of the sta-

bilized system when the initial point was (10, 5, 3) and

the stabilized point was (0, 0, 0). In this case, according

to Table 2, the matrix C is as follow:

(22)

and the input feedback is obtained as follow:

(23)
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Table 2. Fixed points, C matrices, and eigenvalues of the 3D autonomous system before and after applying feedback.
The feedback changes signs of all positive eigenvalues to negative and consequently stabilizes the system for
each selected fixed point

Fixed point Matrix C Eigenvalues of f (X1, X2, X3) Eigenvalues of Cf (X1, X2, X3)

(0, 0, 0)

1 0.34 0

0 1 0

0 0 1

�� �

 ��
 �

 ��� �

�1 = -11.00

�2 = 3.00

�3 = -2.90

�1 = -2.90

�2 = -3.00

�3 = -11.00

(1.98, -2.30, -3.49)

0.38 0.20 0.31

0.20 1.06 0.10

2.8 0.90 0.44

� �� �

 ��
 �

 ��� �

�1 = -14.31

�2 = 1.71

�3 = 1.71

�1 = -14.31

�2 = -1.71

�3 = -1.71

(2.11, 1.75, 2.49)

0.45 0.28 0.36

0.24 1.12 0.16

2.38 1.21 0.57

� �� �

 �� �
 �

 �� �� �

�1 = -12.03

�2 = 0.56

�3 = 0.56

�1 = -12.03

�2 = -0.56

�3 = -0.56

(-1.98, 2.30, -3.49)

0.38 0.20 0.31

0.20 1.06 0.10

2.8 0.90 0.44

� � �� �

 �� �
 �

 ��� �

�1 = -14.31

�2 = 1.71

�3 = 1.71

�1 = -14.31

�2 = -1.71

�3 = -1.71

(-2.11, -1.75, 2.49)

0.45 0.28 0.36

0.24 1.12 0.16

2.38 1.21 0.57

�� �

 �� � �
 �

 �� �

�1 = -12.03

�2 = 0.56

�3 = 0.56

�1 = -12.03

�2 = -0.56

�3 = -0.56

Figure 5. The chaotic behavior of the 3D autonomous system
with (-3, 2, 5) as the initial condition. (a) The states
of x1, x2 and x3 are unstable vs. time. (b) The trajec-
tory behaves like a roller coaster around the five
fixed points. To clearly show the 3D portrait of the
system with five fixed points, above (c), side (d)
and front (e) views were added. This system has
five fixed points as shown in Table 2.

(a)

(b) (c)

(d) (e)



Likewise, Figure 7a and b indicate that the stabiliza-

tion algorithm is independent of the selected fixed point.

The chaotic system and the controlled system are shown

in Figure 8a and Figure 8b.

4. Conclusion

This paper proposes a simple controlling design me-

thod for the continuous chaotic nonlinear systems, by in-

troducing a new stability matrix and corresponding feed-

back. Although this algorithm modifies a system by ap-

plying an input feedback, the designed feedback does not

relocate the positions of the fixed points, but it changes

their stabilities. We indicated that by applying the pro-

posed feedback for a selected unstable fixed point, the

trajectory is attracted to this point, independent of its ini-

tial conditions. The algorithm was successfully tested on

several chaotic systems; however, only the results of the

tests on the Lorenz and 3D autonomous model were pre-

sented here. Since by considering the model limitations,

the algorithm is independent of the model structures, it

can be postulated that this algorithm works properly for

almost all chaotic models which all states are controllable.

202 Behnam Babaei and Masoud Shafiee

Figure 6. The behavior of the 3D autonomous system with
(10, 5, 3) as the initial condition, after applying feed-
back control. (a) The states of x1, x2 and x3 are stable
vs. time. (b) The trajectory smoothly is attracted to
(0, 0, 0). Above (c), side (d) and front (e) view.

(a)

(b) (c)

(d) (e)

Figure 7. The behavior of the stabilized 3D autonomous sys-
tem when initial condition are (a) (-10, 5, 20) and
(b) (-3, 0, 28).

(a) (b)

Figure 8. The behavior of the 3D autonomous system with (10, 5, 3) as the initial condition. (a) Lyapunov exponents of the 3D au-
tonomous system before applying feedback. �1 is positive and the system has chaotic behavior. (b) Lyapunov exponents of
the 3D autonomous system after applying feedback. �1, �2, �3 are negative and the system has not chaotic behavior.

(a) (b)
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