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This paper mainly studies how to control the flexible manipulator effectively, which can drive the flexible manip-
ulator to reach the angular and restrain the vibration of the manipulator simultaneously. Firstly, two disturbance

observers based on partial differential equations (PDEs) model are improved to ensure its convergence in finite
time. Then, on the basis of the disturbance observer, two active boundary controllers are proposed to achieve
the control objective. Finally, the stability and effectiveness of the designed controller are verified by theoretical

analysis and simulation.
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1. Introduction

Nowadays, increasing research interest has been given to
flexible manipulators. Compared to traditional rigid robots,
flexible manipulators have the advantages of lightweight,
high speed, less cost, and safe to operate. Therefore, flex-
ible manipulators have wide range of applications, such
as deep space exploration, industrial /factory automation,
manufacturing, emergency rescue system, etc [1-3]. How-
ever, these benefits come at the cost of flexibility in links or
joints. The flexible nature of the robotics results in vibra-
tions on the end effector, which is quite difficult to control.
The excess vibrations would lead to the degradation of the
system performance, the damage of flexible manipulators,
and even serious hazards. Therefore, it is essential to sup-
press the excessive vibrations of flexible manipulators in
practical engineering. This will allow the researchers to
design an efficient an effective control method for flexible
manipulators.

Compared with the rigid robotic systems that are mod-
eled by ordinary differential equations (ODEs) [4-6], a
number of challenges are imposed in research for flexi-
ble manipulators that are modeled by PDEs [7-9], includ-

ing modeling dynamics analysis, PDE control design, sys-
tem optimization, and sensing. Conventional control ap-
proaches for flexible manipulator are based on the ODE dy-
namic models that have been proposed via assumed mode
method (AMM) [10, 11], finite difference method (FDM)
[12], lumped and finite element method (FEM) [13, 14]. So
far, various control methods have been proposed in the
control of the rigid robotic systems, such as the neural net-
works control, sliding mode control, fuzzy logic control
and many other control methods. However, these methods
can not be directly used in the control of FMS based on
PDE model. Therefore, reliable control methods should be
attained for vibration control of flexible manipulators.

The model based on PDE can accurately describe the
infinite dimensional dynamic characteristics of the flexible
manipulator system (FMS) and effectively avoid spillover
effects. In [15], based on PDEs-ODEs, the dynamic model
of flexible two-link manipulator are built and the control
objectives (tracking target angle and suppress vibration)
are realized through boundary control method. In [16], iter-
ative learning control is developed for flexible manipulator
described by PDE model with input constraint. However,
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the influence of disturbance was not considered in litera-
ture [15, 16]. The flexible manipulator is easy to be inter-
fered by the outside in the actual work, which makes the
system produce mechanical vibration. In order to evaluate
the influence of unknown interference on the FMS, scholars
have made a lot of research on how to compensate for the
influence of external interference. In [17], authors studied
the vibration suppression of the flexible beam with non-
linear gap input. On the basis of dynamic PDE model of
the flexible beam, boundary controllers with disturbance
observer are developed to restrain the vibration of the sys-
tem and compensate the influence of nonlinear gap. In [18],
the active boundary control problem of a kind of axially
moving flexible systems is studied. In order to reduce the
influence of unknown disturbance on the system, a high
order state observer is used to estimate the unmeasurable
state variables.

Although the corresponding disturbance observer is pro-
posed to deal with the disturbance in [17, 18], some issues
have not been solved yet, and effective controls of are still to
be developed. Finite-time convergence is a newly concep-
tion as opposed to asymptotic convergence of conventional
control. However, the control problem of finite-time con-
vergence are studied usually in ODE systems. There is little
research for PDE control problem of flexible manipulators
with finite-time convergence. In this paper, we will design
two PDE control laws for a FMS with two finite-time dis-
turbance observers. The FMS is modeled as a DPS with
infinite dimension. With the proposed controllers, the vi-
bration can be suppressed and the disturbance observer
can be converged in finite time. No matter how the external
disturbance changes, the disturbance observation error can
converge in a finite time and has strong robustness.

2. Dynamic modeling and observer design

2.1. Dynamic modeling

Fig. 1 shows a simple schematic of the FMS in this
study. The dynamic analysis of the system is carried
out in the XOY global inertial coordinate system. Set
y(x,t) = w(x, t) + x6(x, t), where y(x, ) denotes the abso-
lute displacement of the FMS, 6(x, t) represents the elastic
vibration of FMS, and 6(t) is the angular displacement of
FMS.

In this study, the FMS is simplified to Euler-Bernoulli
beam structure. Then establish a follow-up coordinate
system with the center point of the center hub as the origin.
Based on this coordinate system, the following expressions
of kinetic energy, potential energy, and total virtual work
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Fig. 1. Structural drawing of FMS.

are listed.

B(t) = JLI0OP + 2o [ 1y(e 0 dx+ ML

1)
7EI/ w” (x, )2 2dx + = T/ )22dx (2)
W(t) = 0W,(t) + W (1) ®3)

SWy(t) = dy (1)00(t) + da(H)dy (L, £) + /0 F(x, 1)oy(x, t)dx
' @
Fi(t)o0(t) + F2(t)dy(L, 1) @)

The above equations (1)-(5) are substituted into the

SWy(t) =

Hamilton principle, and the main control equation of FMS
can be obtained by variational operation.

Bl (x,) + 03, 1) + T (x,6) = f(x,t)  (6)

where p is the mass of the unit length of the EMS, f(x, f)
denotes unknown time-varying disturbance, EI stands for
the bending stiffness, T is the tension. And the boundary
conditions as follows:

w(0,t) = w'(0,t) = w”(L,t) =0 7)

Mij(L,t) — Elw” (L, t) + Tw'(L,t) = Fi(t) +di(t) (8)

I,6(t) — EIw”(0,t) — Tw(L,t) = Ex(t) +da(t)  (9)

Where d (t), dy(t) are time variant boundary disturbances
added to tip payload and joint respectively, I, denotes the
inertia of the center hub, L represents the length of the
manipulator, M is the mass of the payload, F; () and F(t)
are control inputs for tip payload and joint respectively.

Remark 1: To simplify the formula, the following nota-
tions are used:

8y = %) = 50" = 5807 =

. 0s R ds2 7 0s3 7
*(A /i (A /% 9°(A
as<4 (8) = %,(A) = at(z

Assumption 1: We assume that the unknown distur-
bances f(x, t), d1(t) and dy(t) are all bounded, and satisfy-
ing | (x, )] < £,d (D] < dy da(t)] < d, where f,di, d
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are positive numbers. The energy contained in the un-
known disturbance of the flexible manipulator’s working
environment is limited, so it is reasonable to make the
above assumptions.

Lemma 1: [19, 20] For a continuous positive definite
function V (t), if the following inequality is true:

V() < —kiV (1) — ko V(1) (10)

Then the function V() will converge to the equilibrium
point within a finite time Tf, which is defined as:
1 KivV1=k(0) + ky

<
Ty < 0 —F) In % (11)

where k1 > 0,K; > 0,0 < k3 < 1, all are uncertain num-
bers.

2.2. Disturbance observer design

In this part, two disturbance observers are designed and
the observers can converge in a finite time, which means
that the influence of external disturbance can be eliminated
in a finite time. First, the forms of the auxiliary functions
¢1(t) and &, (¢) are given as:

m(t) = My(L,t) — &1 (t) (12)

& = Elw” (L,t) — Tw'(L,t) + Fy (t)
2myy —myp (13)
k111 (t) + kaasign[ni ()] + kizny, ™

m2(t) = I,0(t) — &a(t) (14)

& = Elw”(0,t) — Tw' (L, t) + F>(t)
211 — 793 (15)
o2 (t) + kaosign[ina (1)) + kasm, ™

where ki1 — k13 and kp; — kp3 are unknown normal num-

bers, 7111 — 712 and 711 — 72 are unknown positive odd
numbers, and satisfies 71,7 < 7 < 271;1,i =1,2.

Then two disturbance observers ¢ (t) and ¢(t) are
designed to estimate boundary disturbances. be

271y —1p

@1 = ki (8) + kupsignlny ()] + ki, ™ (8) - (16)

2mp1 — 12

P2 = koo (1) + kapsignlya ()] + kazp, ™= (£)  (17)

According to Assumption 1 and Lemma 1, the above

two disturbance observers satisfy the following properties:
Property 1: Letky, z > O0and ky, 7 > 0, the proposed
disturbance observers ¢ (t) and ¢, () can converge in #; >
Tryand t; > T, respectively. Ty, T, satisfie the following
inequality:
T2 et
4st) g d FuVa ™ (0) +272 ki

Th < B
U= 2k (10 — 711 270 kys

(18)

271

k21Vb 2 (0)-&-2”72]{23

)
T < In
2= 2ky (2 — 1121)

21

272 ka3

(19)
where V,(0), V},(0) is the initial value of V,(t), V}(t), and
Va(t), Vp () will be derived from the proof in Appendix.

Proof: See Appendix A.

Remark 2: From property 1, the designed disturbance
observers 1 () and () can estimate the boundary dis-
turbances di(t) and dp(t) when t; > Tg(i = 1,2). In
addition, according to literature [21, 22], the disturbance
error satifies |@(t) = w(t) — @(t)| < E when Vte[0, T¢].
Combined with Property 1, the time range of this conclu-
sion can be extended to Vte[0, o), |@(t)| < E, E denotes a

positive number.

3. Controller design and stability analysis

3.1. Boundary controller design

The control objective is to develop controllers to achieve
the purpose of suppressing the vibration of the flexible
manipulator during operation and achieving precise an-
gular tracking. In order to get the controller equation, the
following Lyapunov function are constructed firstly,

V(t) = Vi(t) + Va(t) + Va(t) (20)
where the V; (t), V() and V3(t) are given as:

Vi(t) = 3o [ ly(x, £)2dx + YEI [ [w” (x, t)]dx

+%Tf0L [ (x,£)]?dx @)

Val) = IME() + (k)P (@)
L

Vs(t) = txp/o xa' (x,t)y(x, t)dx (23)

where &, 8 are normal numbers, u,(t) = y(L,t) +w'(L, t) —
w'”(L,t), 04 denotes the angular value to be tracked, and
e(t) = 0(t) — 6 represents the error of angular tracking.

In order to stabilize the FMS, boundary controller equa-
tions are designed as follows:

Fi(t) = —Elw”'(L,t) + Tw' (L, t) — M/ (L, t)
+Maw” (L, t) — kquga(t) — ¢1(t)

2(t) = —koe(t) — —ksze(t)p2(t) (25)

where k; k3 are the positive gain values of the controller.

(24)

3.2. Analysis of system stability

Lemma 2: The Lyapunov function represented by (20) has
upper bound and lower bound as:

0 < M[Vi(t) +Va(t)] < V(E) < A[Vi(t) + Va(E)] (26)
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where A and A; represent two positive numbers.
Lemma 3: The first time partial derivative of satisfies the
inequality as follows:

V(t) < —AV(H) +C 27)

where A and C represent two positive numbers.

Proof: See Appendix B.

By synthesizing Lemma 2, Lemma 3, Lyapunov direct
method and two designed boundary controllers (24)-(25),
we can get the following boundedness theorems about
FMS.

Theorem 1: In the case of the boundary controllers and
the disturbance observers are used in the control of FMS,
we can make the following conclusions: 1) The elastic vibra-
tion w(x, t) and angular error e(t) of the FMS will converge
to the set ()11 and Qq5:

0Oy = {w(x,t)eR| |w(x, )] < 7%av(()),fm& + %,
Vte[0, L]x[0, o)

(28)
O1a 1= {e(t)eR] le(t)] < Va2 VO £ 5),
Vte[0, c0)
(29)

2) The output states will eventually converge to the small
neighborhood of 0:

Oy := {a}(x,t)eR|tlino1cJ |w(x, t)] < 7%/ilc/\,Vxe[O,L)}
(30)
Oy := < e(t)eR] lim |e(t)] < L,Vxe[O,L)
2 300 (k1 — k2)A1A
(31)

Proof: See Appendix C.

4. Numerical simulations

This part will use the FDM to simulate the output state of
the system to verify the effect of the controllers.

The value of parameters L, M, T, EI, I, p, 6,; are choosen
as 0.8m, 2kg, 3N, 0.8Nm?, O.Zkgmz, 1kg/m, 7t/6 rad re-
spectively. In addition to the above parameters, the initial
conditions w(x,0), w(x,0),6(0),0(0) of the system are all
set to zero, and the flexible manipulator vibrates under the
action of external disturbance. The external disturbance
f(x,t) and dq(t), d(t) are defined as

f(x, t) = [15sin(107txt) 4 3cos(307rxt)]x /10
dq(t) = 1.5sin(207tt) + 0.5cos (27tt) (32)
dy(t) = sin(157t) + 1.5cos(7tt)

This simulation will respectively complete the following

two case: 1) The FMS is only affected by external distur-
bance, setting F; () = F,(t) = 0. 2) Boundary controllers

with disturbance observers designed in the previous sec-
tion are applied to compare the states of the system without
applying the controller. The Simulation output state di-
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agram of case 1 can be seen in Figs. 2, 4, 6. From Figs.
2, 4, 5, the results show that w(x,t) and y(x,t) of FMS
exhibit periodic vibration under the action of external dis-
turbance, while 6(t) increases in vibration, which exceeds
the expected tracking angular at the end of the manipula-
tor. The movement of the whole FMS is very disordered,
which can neither reach the desired angular nor be stable.
This situation will affect the normal operation of the FMS.

Next, add the boundary controller (24), (25), first select
the controller gain as k1 = 120, ky = 15, k3 = 110, set the
disturbance observer parameters as k11 = 65, k;p = 125,
k13 =90, k21 =70, kzz =110, k23 = 80, m1 = 5, T = 7,
7y = 5, My = 7, and then run the simulation program.
Figures 3, 5, 7 show the overall vibration, overall motion
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and angular tracking of the flexible manipulator under the
boundary controllers. It can be seen that the chaotic motion
of the system has been greatly improved. In Fig. 7, the
elastic vibration w(x, t) can be quickly suppressed by con-
trollers. As can be seen in Fig. 7, the displacement y(x, t)
converges quickly. Fig. 3 shows that the FMS reaches the
target angle 6; in about 5 seconds, and the system is in a
relatively stable state.

In general, the designed boundary controllers can ef-
fectively achieve the control purpose of the FMS, and can
drive the manipulator to reach the desired angular while
suppressing its own elastic vibration.

5. Conclusion

In this paper, the boundary controllers have been proposed
to reduce the vibration and track the angular displacement.
In addition, two disturbance observers which can converge
in finite time are designed to compensate the influence of
boundary disturbance. Moreover, the controlled system
has been proved to be convergent and stable. Finally, the
effectiveness of the constructed boundary control laws with
finite-time disturbance observers have been verified by the

numerical simulations.
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Appendix A: Proof of property 1

Proof: Two positive definite functions are given in the fol-
lowing forms:

1
Va(t) = Smi(t), Vo (t) = 5’7%0‘) (33)
Then we can get V,(t) and V;(t):

Vo =m(t)n(t)
=m(H)[My(L,t) — &1 (t)]

= m(D[Elw” (L t) — Tw' (L, t) + Fy(t) + d1(t);§1ﬂg )
= 11 (8)dy (t) = kg (1) — kaa [ (8)] — k13771(t)111r’:122 ()
< —kn3(t) — (knia — D1) [ (1)) 1’5}?1}2(”’71 ()
< —knni(t) —kism (O, ™ (1)
—2k11 V,(t) — Z%klﬁiva% ()
(34)

V= m2(t)n2(t)
= 1m(H)[My(L, t) — &2(t)]
= m(t)[Elw” (L, t) = Tw' (L, t) + Fp(t) 4 da(t) — &a(t)]

= (s (6) ko BE) —kan o) ksl 2 (1)
< o (0) — (k2 = D2) ba(0)] ~ sty = (1)
< k() ~ ks, 2 (1)
2k Vp(t) — kzsvﬂg( )

(35)

Therefore, according to Lemma 1, V,(¢) and V}(t) will con-
verge to equilibrium points in T¢; and T, respectively. Let
kip —dy > 0and kyp — dy > 0, we can get the following
equation:
Va(t) =0,Vt > Tpy
Vy(t) =0,Vt > Tp,

Then we can obtain 771 (t) = 712(t) = 0 when t > Tf; and

(36)

t > Tpp. The disturbance observation error is ¢i(t) =
¢1(t) — ¢1(t), by substituting the disturbance observer (16)
into the disturbance error, we can get

@1(t) = @1(t) — g1(t)

= My(L,t) — Elw” (L, t) + Tw'(L,t) — Fy (t) — ¢1(t)
= My(L,t) ~ Elw" (L 1) + Tw' (L, 1) = Fy(t) — kipsign[y (1)]
_k13771 e (t)
= My(L,t) — &1 (t) = n1(t)
(37)

According to the above derivation, we can get the following
conclusion: under the condition of satisfying Assumption
1 and kiy — dq > 0, the disturbance observation error can
converge to zero when t > Typ. In order to solve the in-
equality (34), the following differential equations need to
be obtained:

sy

Vo = —2k1 Va(t) — 27 ki3 V™ (38)

By solving this differential equation, we can get the follow-
ing inequalities about Ty;.

myp—mll

™
U knVe ™ (0) +272ki3
T In =
n# 2ky1 (12 — 7111) 27 kys
(39)
Similarly, Ty, can be obtained as follows:
Tpp — 721 o1
72 Ty
Tp, # T2 1 3 kaVa 7220) + 272 ka3
2k11 (722 — 721) 27 kos

(40)
Appendix B: Proof of lemma 2
Proof: We can obtain the following inequality from V3(t),

Va(t) < *Fesh [y(x, P + [ (.0

dx < a1 Vy(t)where a1 = #PLT), and « satisfy 0 < a <
%, then we can get 0 < a7 < 1. Set ap, a3 satisfy

0<ay=1—-a; <1laz3 =14 a3 > 1respectively, and
then the following expressions can be obtained:

0 <apVi(t) < Va(t) + Va(t) < azVi(t) (42)
Further, the following inequalities can be obtained:
0<MmVi(t) +Va(H)] < V(E) < A[Va(t) + Va(t)]  (43)

where Ay = min(ay,1), Ay = min(as, 1) are two positive
numbers. Differentiating V (¢) in terms of time, bringing in
(6) - (9) and combining Remark 2 and Assumption 1, we

have:
V() < —(3 ap—l—apLle fo (x,t)]?dx
( aT — aLd3) fo (x, t)]zdx
SaEI fo (x,1)]?dx — (ky — . SET = 64)ul(t) — [ksds
+k3 — 0 + %}eZ(t)
—§é2(t) = (JEI — (T — ED)&; — JapL)[y(L, )2
—(3EI = EL — EI(1 - aL)ds — JaTL)[w! (L, 1))2

-} o 7’”(1 al) [ ”’(L H2+ LB
+5 E2 + fo f2dx
< /\3[V1( ) +V2( )N+¢C
(44)
Among them, the positive number must meet the following
conditions when selecting:

%zprrzxpLél 6 >0
0y = 2aT+4xpL(53 >0
o3 =k — JEI -6, >0
0y = k3ds + ks — b+ 55 >0 (45)
os3El— (T — EI)Jy——/XpL>O
T—EI
6_2151 B EI(1—aL)ss — § >0
- EI(l al)
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. 2(71 2(72 20’3 20’4 2k3 }
A3 =min4 —, —,30, —, —, ———— 46
’ { p’ T M’ Iy " os5(ky —k3) o
1 1 1 al,. =
C 54 1+56 2+(52+53)f ( )
Define A = A./Ap, we can obtain
Vi) < —(t)+C (48)

Appendix C: Proof of theorem 1

Proof: Multiplying (48) by e, we can obtain the following
integral result of the obtained results.

e M4+ & <V(0)e M+ SeLoo(49)which indicates that V()
is bounded. Combined with V; (t), we have

Flw(x )P < § [o e’ (x, £)Pdx < Vi(t) < Vi(1)
(¢

- 50
+Va(t) < YWel,, (50)
In the same way, we can have
L Bom v <vw < Wee e
1

Combining (3-66)-(3-68), we can obtain the upper bounds
of w(x, t) and e(t):

lw(x, b)] < \/ 2L yioyen 4 %,V(x,t)e[o, 1[0, o0)

LA
2)

e()] < \/ ﬁ(vmw* +9),9(x )ef0,00)
(53)

When the time ¢ tends to infinity, the following inequality
can be obtained

2LC
) < [?LC
tlirgo\w(x, B < e ,Vxel0, L] (54)

. 2C
limle(t)] < /25 55)

V(x,)e(0,L)x[0, ),V (x,t)e[0, %)
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