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A theory is constructed of the temperature dependence of quantum oscillation phenomena in narrow-gap
electronic semiconductors, taking into account the thermal smearing of Landau levels. Oscillations of longi-
tudinal electrical conductivity in narrow-gap electronic semiconductors at various temperatures are studied.
An integral expression is obtained for the longitudinal conductivity in narrow-gap electronic semiconductors,
taking into account the diffuse broadening of the Landau levels. A formula is obtained for the dependence
of the oscillations of longitudinal electrical conductivity on the band gap of narrow-gap semiconductors. The
calculation results are compared with experimental data.
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1. Introduction

It known that, using quantum oscillation phenomena it is
possible to determine the basic physical quantities (longitu-
dinal conductivity, magnetic susceptibility, thermoelectric
power and other transport phenomena) in electronic and
nanoscale semiconductors. In particular, oscillations of
longitudinal electrical conductivity and oscillations of mag-
netic susceptibility provide valuable information on the
energy spectra of free electrons in electronic semiconduc-
tor structures. In a strong magnetic field, the longitudinal
conductivity is determined using the following expression
[1]:

σzz = − e2

2π2m h̄ωc ∑N
∫ ∞

h̄ωc/2 kZ2τN(E) ∂ f0(E)
∂E dkZ

= − (2m)
1
2 e2

π2 h̄3 hωc
∫ ∞

h̄ωc/2

∑N

[
E−

(
N + 1

2

)
h̄ωc

]1/2
τN(E) ∂ f0(E)

∂E dE

(1)

Here, N – is the number of Landau levels, ωc - is the
cyclotron frequency, τN(E) - relaxation time, E - is the en-
ergy of a free electron in a quantizing magnetic field. ∂ f0(E)

∂E
- the energy derivative of the Fermi-Dirac function, takes
on the character of a delta function at low temperatures.

From formula 1 it is seen that the effective mass is a con-
stant, so this expression is applicable only for the parabolic
dispersion law. However, if the dispersion law is non-
parabolic (Kane’s dispersion law), then the effective mass
is strongly dependent on energy (m ∗ (E)). It is known that,
just in narrow-gap electronic semiconductors, the effec-
tive mass depends on the energy (m ∗ (E)) [2–4]. Recently,
many experiments performed on oscillations of longitu-
dinal electrical conductivity and oscillations of magnetic
susceptibility in narrow electron gap semiconductors [5–8].
In these works, quantum oscillation phenomena at a con-
stant temperature studied. However, until now, the theory
of temperature dependence has not been developed for
these processes in narrow-gap electronic semiconductors.
The study of quantum oscillation phenomena associated
with equilibrium and nonequilibrium quantities allows us
to identify new properties of massive, low-dimensional,
and electronic semiconductors. Such values include lon-
gitudinal magnetic susceptibility, electronic heat capacity,
thermodynamic potential, electrical conductivity, and oth-
ers. In a quantizing magnetic field and at low tempera-
tures, such quantities oscillate. All quantum oscillation
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phenomena depend on the spectral density of energy states
in semiconductors. The spectral density of states in semi-
conductors determined by the energy spectrum of elec-
trons and holes. As experiments show, the density of states
depends on temperature. The temperature dependence
explained by thermal broadening of discrete levels in the
sample. As shown in [9, 10], the density of states at low
temperatures from a continuous spectrum turns into a dis-
crete one. This is because at low temperatures the thermal
broadening of the discrete levels decreases, disappears,
and the continuous spectrum turns into discrete levels. The
temperature dependence of the spectral density of states
in a quantizing magnetic field was considered in [9, 10]. It
is shown that with increasing temperature, the density of
states in a strong field turns into a continuous spectrum of
the density of states of electrons in the absence of a mag-
netic field. In this case, with increasing temperature, in
the collision of electrons, the thermal motion smears the
discrete Landau levels and turns them into a continuous
spectrum of density of states. Oscillations of the longitu-
dinal magnetic susceptibility have observed in wide-gap
and narrow-gap semiconductors at constant temperatures
in works [11–14]. Also, in these works the temperature
dependence of the oscillation amplitude of the longitudinal
magnetic susceptibility was considered in a strong mag-
netic field. However, in the above works, a concrete theory
of oscillations of the longitudinal magnetic susceptibility in
narrow-gap semiconductors, taking into account the tem-
perature dependence of the spectral density of states, was
not constructed.

The aim of this work is to construct a theory of the
temperature dependence of the oscillations of longitudinal
electric conductivity and oscillations of the magnetic sus-
ceptibility in narrow-gap electron semiconductors, taking
into account the thermal broadening of the Landau levels.

2. Determination of the Temperature Dependence
of the Shubnikov-de Haas Oscillations in
Narrow-gap Semiconductors

2.1. Dependence of Oscillations of Longitudinal Electri-
cal Conductivity on the Band Gap in Narrow-gap
Electronic Semiconductors

Let us consider oscillations of longitudinal electrical con-
ductivity in narrow-gap semiconductors. In a quantizing
magnetic field, the electron energy of the conduction band
is determined by the following expression [1]:

EN± = − Eg
2 +

1
2

√
E2

g + 4Eg

[
(N + 1

2 )h̄ωc +
h̄2

k
2

z2mn ± g0µB H
2

] (2)

Where EN - is the electron energy of the conduction band in
a quantizing magnetic field with a nonparabolic dispersion
law. Eg - is the band gap of narrow-gap semiconductors.
We define kz from formula 2, excluding spin. From here,
we find k2

z :

k2
z =

2m
h̄2

[
E2

N
Eg

+ EN −
(

N +
1
2

)
h̄ωc

]
(3)

From 3, we determine the wave function along the Z axis
with the nonparabolic dispersion law:

kz =

√
2m

h̄2

√√√√[E2
N

Eg
+ EN −

(
N +

1
2

)
h̄ωc

]
(4)

Differentiating formula 4 we obtain the following expres-
sion:

dkz =

√
2m

h̄2

2EN
Eg

+ 1

2
√[

E2
N

Eg
+ EN −

(
N + 1

2

)
h̄ωc

] (5)

Substituting 3 and 5 into 1, we determine the expression
for the longitudinal conductivity in narrow-gap electronic
semiconductors:

σzz = − (2m) 1
2 )e

2

π2 h̄3 .h̄ωc.∫ ∞
h̄ωc/2 ∑N( 2EN

Eg
+ 1)

[
E2

N
Eg

+ EN −
(

N + 1
2

)
h̄ωc

]1/2

τN(E) ∂ f0(E)
∂E dE

(6)

As can be seen from formula 6, if Eg → ∞ then 2EN
Eg
→ 0

and E2
N

Eg
→ 0 , then formula 6 goes over to 1. Now, let

us analyse the longitudinal conductivity oscillations for
various narrow-gap electronic semiconductors with a non-
parabolic dispersion law. Formula 6 allows you to graphi-
cally analyse the dependence of σzz(E, H, T, Eg) . In Figure
1 is shows the dependence of the oscillation longitudinal
conductivity on the strong magnetic field in InSb. Here,
T=1 K, Eg = 0.234eV [15] and the number of Landau lev-
els in the conduction band is N=10. As can be seen from
this figure, with increasing magnetic field induction, the
amplitudes of oscillations of the longitudinal conductivity
increase. It can also be seen from the figure that the ampli-
tude of the conductivity oscillation is 10. Each oscillation of
the amplitude of the longitudinal conductivity corresponds
to one discrete Landau level.

With the help of formula 6, we compare the oscillations
of the longitudinal electrical conductivity for various val-
ues of the band gap. In Figure 2 oscillation phenomena
are presented for InSb and InAs at a constant temperature.
Here, =4 K, Eg=0.234 eV [15] for InSb, Eg=0.414 eV [15] for
InAs and the number of Landau levels in the conduction
band is equal to N=12. As can be seen from this figure, with
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an increase in the band gap, one can observe a downward
movement of the oscillation graph. For example, longi-
tudinal electrical conductivity oscillations at Eg=0.234 eV,
B=0.5T, T=1K is equal to σzz = 0.266 1

Om.sm . Longitudi-
nal conductivity at Eg=0.414eV, B=0.5T, T=1K is equal to
σzz = 0.246 1

Om.sm (Figure 2). It follows that with the help
of the band gap of narrow-gap semiconductors at constant
temperatures, it is possible to control the oscillations of
longitudinal electrical conductivity.

Fig. 1. Longitudinal electrical conductivity oscillations in
InSb at T= 1K, calculated by formula 6

Fig. 2. Longitudinal electrical conductivity oscillations
in narrow-gap semiconductors at T=1K, calculated by
formula 6. 1- for InSb; 2 - for InAs.

Thus, from Figure 2, a strong dependence of the longi-
tudinal electrical conductivity oscillations on the band gap
in narrow-gap semiconductors is seen. But, as can be seen
from formula 1, for a spectrum with a parabolic dispersion
law, the longitudinal electrical conductivity oscillations do
not depend on the band gap.

2.2. Temperature Dependence of Longitudinal Conduc-
tivity Oscillations in Narrow-gap Electronic Semi-
conductors

Let us consider the temperature dependence of the lon-
gitudinal electric conductivity oscillations in narrow-gap

electronic semiconductors. The graphs in Figure 1 and
Figure 2 are obtained at low temperatures and strong
magnetic fields. In this case, the Landau levels are mani-
fested sharply and the thermal broadening is very weak.
The broadening of the discrete levels is described by the
derivative of the Fermi-Dirac energy distribution function
(

∂ f (E,µ,T)
∂E ). To take into account the temperature depen-

dence of the longitudinal conductivity oscillations, we ex-
pand the σzz = (E, H, T, Eg) in the derivative of the func-

tion Fermi-Dirac distribution (
∂ f (E,µ,T)

∂E ). Then the longi-
tudinal conductivity oscillations will depend on the tem-
perature. As is known, the band gap of semiconductors is
highly dependent on temperature Eg(T) [15, 16]. The tem-
perature dependence of the band gap of semiconductors
can be determined using the empirical relation of Varshni
[15, 16] or the analytical expression of Feng [16] and other
relations. For example, the empirical relations of Varshni
have the following form [15, 16]:

Eg(T) = Eg(0)−
α1T2

α2 + T
(7)

Here, Eg(0) - is the width of band gap at T = 0 K, α1 and
α2-are empirical parameters. The energy derivative of the
Fermi-Dirac function is determined by the following ex-
pression:

∂ f0(E, µ, T)
∂E

= − 1
KT

exp( E−U
kT )

(exp( E
µ ) + 1)2

(8)

Hence, substituting 7 and 8 in 6, we obtain the tem-
perature dependence of the oscillations of the longitudinal
conductivity in narrow-gap semiconductors in the presence
of a strong magnetic field:

σzz(E, H, T, Eg, (T))

=
(2m) 1

2 e2

π2 h̄3 h̄ωc.
∫ ∞

h̄ωc/2 ∑N τ0Eτ( 2EN

Eg(0)−
α1 T2

α2+T

+ 1)[
EN

2

Eg(0)−
α1 T2

α2+T

+ EN − (N + 1
2 )h̄ωc

]1/2
∂ f0(E,µ,T)

∂E dE

(9)

Thus, it becomes possible to calculate the longitudi-
nal conductivity oscillations in narrow-gap semiconduc-
tors at various temperatures. We plot graphic the σzz =

(E, H, T, Eg) dependences with the help formula 9. In Fig-
ure 3 shows the oscillations of the longitudinal conductivity
in InSb at temperatures T=1K, 25K, and 77K. Here, the mag-
netic field induction varies in the interval B=0.5 T÷3 T. At
a temperature of T=1K, kT=0.086 meV and h̄αc = 10meV,
h̄ωc
kT = 0.12.103 = 120. In this case, the thermal smearing

does not occur. Thus, the longitudinal conductivity oscil-
lations are observed at kT << h̄ωc temperatures. It can
be seen from Figure 3, that at a temperature of 77K the
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amplitudes of the longitudinal electrical conductivity os-
cillations are practically no noticeable and coincide with
σzz = (E, H, T, Eg) in the absence of a magnetic field.

Fig. 3. On temperature dependence of longitudinal con-
ductivity oscillations in InSb, calculated by formula 9.
1-T=1K; 2-T=25 K; 3-T=77 K.

3. Calculation of de Haas-van Alphen Oscillations
in Narrow-gap Semiconductors at Various Tem-
peratures

Let us consider the temperature dependence of de Haas-
van Alphen oscillations (the magnetic susceptibility oscilla-
tions) in narrow-gap semiconductors taking into account
the temperature dependence of the density of states. for
narrow-gap semiconductors, the spectral density of states
is determined by the following expression [10]:

Ns(E, H) = (m)3/2

(2)1/2π2 h̄3
h̄ω2

2 ∑Nmax
N=0

2E
Eg

+1√
E2
Eg

+E−(N+ 1
2 )h̄ωc

(10)

Ns(E, H)- spectral density of energy states with non-
parabolic dispersion law. integrating formula 10, we obtain
the total number of quantum states per unit volume:

N(E, H) =
∫

Ns(E, H)dE = m
1
2

(πh̄)2 .
eH
c ∑Nmax

N=0

√
E2

Eg
+ E− (N + 1

2 )
h̄eH
mc

(11)

In quantizing magnetic fields, the free energy of elec-
trons without taking into account spin is expressed in terms
of the total number of the quantum state in the following
form [1, 14]:

F(E, H, T) = n(µ)− m 1
2

(πh̄)2 . eH
c
∫

∑Nmax
N=0

√
E2

Eg
+ E− (N + 1

2 )
h̄eH
mc .

(1 + exp( E−µ
kT ))−1dE

(12)
Where, n - is the concentration of charge carriers, µ - is

the fermi level. differentiating 12 with respect to h and we
find dF(E,H,T)

dH :

dF(E,H,T)
dH =

dn(µ)
dH − m

1
2

(πh̄)2 ·
∫

∑Nmax
N=0

d
(

eH
c

√
E2
Es
+E−(N+ 1

2 )
h̄eH
mc

)
dH · 1(

1+exp
(

E−µ
kT

)) dE

= − em
1
2

c(πh̄)2 ·
∫

∑Nmax
N=0

(√
E2

Es
+ E−

(
N + 1

2

)
h̄eH
mc −

(N+ 1
2 )

h̄eH
mc

2·
√

E2
Eg

+E−(N+ 1
2 )

h̄eH
mc

· 1(
1+exp

(
E−µ
kT

)) dE

(13)

Differentiating 13 again with respect to h, we obtain
dF(E,H,T)

dH :

χ(E, H, T) = d2 F(E,H,T)
dH2 =

− e2m−
1
2

4h̄(cπ)2 ·
∫

∑NN
N=0

(N+ 1
2 )

2 3h̄tH
mc −4(N+ 1

2 )
(

E2
Eg

+E
)

√(
E2
Es
+E−(N+ 1

2 )
h̄eH
mc

)3

· 1(
1+exp

(
E−µ
kT

)) dE

(14)

Here, χ(E, H, T) - are magnetic susceptibility oscilla-
tions or de Haas-van Alphen oscillations for narrow-gap
semiconductors. Thus, using formula 14, one can calculate
the temperature dependences of the magnetic susceptibility
oscillations in narrow-gap electronic semiconductors. Now
consider the numerical calculations using the computer pro-
gram Maple. Using formula (14), we construct a graph of
the dependence of the magnetic susceptibility oscillations
on the strong magnetic field strength in n− Bi2Te2.85Se0.15

(Figure 4). Here, Eg(0) = 0.18eV [17], T=2K, magnetic
field strength at B = 0.1÷ 3T (or H = 1÷ 30kOe). From
Figure 4 it follows that with an increase in the magnetic
field induction, the oscillation amplitude of the magnetic
susceptibility increases significantly.

At low temperatures, the discrete Landau levels mani-
fest themselves sharply and the thermal broadening of the
discrete levels is not felt. Thermal broadening of levels in a
strong magnetic field leads to smoothing of discrete levels.
Thermal broadening is taken into account with the help of
χ(E, H, T) - functions.

In Figure 4 are shows graphs of magnetic susceptibility
in three-dimensional space for n-bi2te2.85se0.15. Here, the
dependences of the magnetic susceptibility oscillations on
the strong magnetic field and temperature are obtained.
with increasing temperature, the discrete landau levels
begin to smooth out, and with kT ∼ h̄ω , the magnetic
susceptibility oscillations gradually disappear

As can be seen from Figure 4, at sufficiently high kT >

h̄ω temperatures, the χ(E, H, T) oscillations smoothed into
continuous magnetic susceptibility spectra will not sense
the magnetic field. At a temperature of 60K, the oscilla-
tions are practically no noticeable. Thus, it can be seen
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Fig. 4. Dependence of the de Haas-van Alphen oscillations on temperature and magnetic field in n-bi2Te2.85se0.15, calcu-
lated by formula 14

from graphs that the peaks of the Landau levels decrease
with increasing temperature. This shows that a decrease
in the height of the discrete Landau levels appears with
allowance for the thermal broadening of the energy levels
of the allowed zone.

4. Comparison of Theory with Experimental Re-
sults

Let us analyze the quantum oscillations phenomena for spe-
cific semiconductors in a quantizing magnetic field. Figure
5 and 7 shows quantum magnetic effects at the temperature
of measurements T = 2 K in p− Bi2−X f exte3 [18]. Within
experimental accuracy, the oscillations density of states is a
continuous, steadily increasing smooth function of energy.
Oscillations in the quantum effects are not determined in
high temperature (Fig. 7). This indicates that ωc > kT. Let
us expand this representation of the density of states in
series with respect to formula 17. In the expansion, the ini-
tial term should be represented by the ideal Rzz(E, H) from
formula 17. However, unlike the ideal case, we are going
to take into account the dependence of the electron mass
on energy. We will position the Rzz(E, H) peaks accord-
ing to the values of the energy multiple to c; however, we
consider the height of peaks depending on energy. Then,
choosing the coefficients in the sum before Rzz(E,H), we
fit the theoretical values of Rzz(E,H) to experimental ones
with the adjustable parameter being exactly the coefficient
at Rzz(E,H). Further on, we will lower the temperature

in formula 17. Starting with a temperature close to 20 K,
the smooth curve starts to oscillate and the Landau levels
become distinct (Fig. 5 and Fig. 7). Thus, at a tempera-
ture corresponding to kT > ωc, the Landau levels start
to be distinctly stand out as separate peaks of Rzz(E, H).
In a high magnetic field, the continuous spectrum of the
energy states becomes highly deformed and is transformed
into oscillating lines; as the temperature is increased, the
discrete lines become broadened and the densities of the
energy states transform into a continuous spectrum. Exper-
imentally, quantum magnetic effects depend on the energy,
temperature, and effective mass. The effective mass de-
pends on energy, while c depends on the effective mass.
Thus, the distance between peaks changes as the energy is
increased. At a constant effective mass, the dependence of
the density of states on the energy has the form Rzz ∼ ρ

(density of states). If, as the energy of electrons is increased,
their effective mass becomes larger, the distance between
Landau levels decreases and the curve describing the den-
sity of states shifts to higher densities of states and shifts
upward along the axis of the density of states. In contrast,
if m(E) decreases as the energy is increased, the curve rep-
resenting the density of states shifts downward in energy
along the axis of the quantum oscillations phenomena.

It is known that in the case of the density of states Lan-
dau quantization is a periodic function of the magnetic field.
This leads to oscillations Shubnikov – de Haas and de Haas
– van Alphen are periodic functions in the strong magnetic
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field. The de Haas-van Alphen effect in magnetic semi-
conductors observed in the work [18]. Were received of
the magnetic susceptibility oscillations in p− Bi2−xFexTe3

were obtained at T=2K, x=0 [18] and Eg(0)=0.2eV [17]. In
figure 7 submitted the theoretical and experimental graph
for p− Bi2−xFexTe3 (x=0) and at T=2K. A theoretical graph
obtained using formula (14). As can be seen in observed
figure the amplitude of the Landau levels on the theoreti-
cal curve is much higher than on the experimental graph.
With the help formulas 14, one can plot graph the magnetic
susceptibility oscillations for p− Bi2−xFexTe3 at various
temperatures. In figure 6 shows the oscillations of the
magnetic susceptibility in p− Bi2−xFexTe3 at temperatures
T=2K, 20K, 40K, 60K, and 77K. From figure 7 we can see
that at high temperatures, the oscillation amplitudes erode,
and a strong magnetic field is not felt. this is due to the
fact that the thermal broadening of the Landau levels is
enhanced at high temperatures.

Fig. 5. De Haas-van Alphen oscillations in p −
Bi2−xFexTe3 at T=2 K and x=0; 1-experiment [18], 2-
theory, calculated by formula 14

Aχ(T2)
Aχ(T1)

= T2
T1

sh

(
2π2kT1

h̄ eB
m∗c

)

sh

(
2π2kT2

h̄ eB
m∗c

) (15)

As is known from the literature, using changes in the
amplitude Aχ(T) of the magnetic susceptibility oscillations
at various temperatures, it is possible to determine the cy-
clotron effective mass in narrow-gap semiconductors. Nat-
urally, the amplitude of the magnetic susceptibility strongly
depends on the cyclotron effective mass and is determined
by the following expression [19, 20]:

As can be seen from formula (15), these expressions are
transcendental equations for the variable m∗c . If, T1 = 2T2

then from these equations it is not difficult to find a simple

Fig. 6. Temperature dependence of the magnetic suscepti-
bility oscillations in p− Bi2−xFexTe3 at x=0, calculated by
formula 14.

analytical expression m∗c for as a function of χ(E, H, T) :

A(T2)
A(T1)

= T2
2T2

sh
(

2 2π2kT2
h̄ωc

)
sh
(

2π2kT2
h̄ωc

) = 1
2

2 sh
(

2π2kT2
h̄ωc

)
ch
(

2π2kT2
h̄ωc

)
sh
(

2π2kT2
h̄ωc

)
= ch

(
2π2kT2

h̄ωc

)
= ch

(
2m∗c π2kT2

h̄eB

)
arch

[
A(T2,B)
A(T1,B)

]
= 2mcπ2kT2

h̄eB

⇒ m∗c = eh̄B
2π2kT2

arch
[

A(T2,B)
A(T1,B)

]
(16)

Thus, using expressions 14 and 16, we can explain the
experimental results in narrow-gap semiconductors. In
particular, for Mg2Si0.3Sn0.7, the cyclotron effective mass
is 0.5m0 (m0 is the mass of a free electron) [21].

Let us analyze the longitudinal conductivity oscillations
of specific narrow-gap electronic materials in a quantizing
magnetic field. For a unit volume of semiconductors, the
following condition is satisfied:

Rzz
((

E, H, T, Eg(T)
))
≈ ρzz

((
E, H, T, Eg(T)

))
= 1

σzz(E,H,T,Eg(T))
(17)

Here, the RZZ is the longitudinal magnetoresistance. In
Figure 7, the results of theoretical calculations are com-
pared with experimental data for Bi2Se3 [8] at a measure-
ment temperature of T=4.2K, Eg(T) = 0.15eV [20] and in
the magnetic field induction range B=0÷32T. The theoret-
ical curve for R=

((
E, H, T, Eg(T)

))
is obtained with the

help formula 17. As can be seen from this figure, discrete
Landau levels are not observed in the range of the magnetic
field induction B=5÷10T. in the experimental graph. But,
the oscillations of the longitudinal magnetoresistance in the
theoretical curve are manifested precisely in this interval of



Journal of Applied Science and Engineering, Vol. 23, No 3, Page 453-460 459

magnetic field induction. Using formula 17, we can calcu-
late the oscillations of the longitudinal magnetoresistance
in Bi2Se3 at various temperatures. As can be seen from
Figure 7, the theoretical curve and experimental data are in
good agreement.

Fig. 7. Magnetoresistance oscillations in Bi2Se3 at T=4.2K.
1-theory calculated by formula 17; 2-experiment [8].

5. Discussion and conclusion

Based on the study, the following conclusion can be made:
A theory is developed of the temperature dependence of
the longitudinal conductivity and magnetic susceptibil-
ity oscillations in narrow-gap semiconductors, taking into
account the thermal smearing of Landau levels. A new
analytical expression obtained for the dependence of the
longitudinal conductivity oscillations on the band gap of
narrow-gap semiconductors. A new method is obtained for
the temperature dependence of the amplitude of quantum
oscillation phenomena, taking into account the thermal
broadening of the Landau levels, and using this method it
becomes possible to explain some experimental results.
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