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Some estimators were used to estimate parameters and reliability function of the Transmuted Rayleigh (TR)
distribution , namely, moments (MOM) and modified moments(MM), least squares (LS), weighted least squares
(WLS), new white (NW), and the maximum likelihood Estimation (MLE), where the simulation method was
used to generate the required data, where a sample size (n = 10, 50 and 100), repeated sample (N = 1000) and the
real value of the parameters for four experiments. The obtained results were compared by mean square error.

In general, the results showed that both the of MLE and MOM are the best in estimating scale parameter, but
in estimating the transmuted parameter, MLE is the best, and in estimating reliability function, the NW is the
better than the rest of the methods.
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1. Introduction

G(x) = F(x)((1+p) — pF(x)), Bl <1 ©)

Rayleigh conveyance is generally utilized for endurance
investigation. Its application showed up in the clinical
sciences (patients endurance times after activity, time of re- g(x) = f(x)(1+ B —2BF(x)) 4)

peat after a medical procedure), designing (part life cycles), Where (8) is the transmuted parameter, f(x) and F(x) are

the pdf and of base distribution.
framework), showcasing (lifetimes of market rates of parts) Substitute Eq. (1) and Eq. (2) in Eq. (3) and Eq. (4), we
and in sociologies (span that graduate per-child stay job-

less) [1].The (pdf) and (cdf) of Rayleigh distribution with

the location and scale parameters, are given, respectively,
2 v 2
as follows [2]: G(x;p,a,0) = <1 —ea(x=p) > (1 + ﬁefﬂ(xfﬂ) ) (5)

computer sciences (disappointment paces of any product

obtained cdf and pdf of TR distribution respectively [1].

flepa) =2a(x — y)e*tx(xfﬂ)z 1) g(x;u,,0) = 2a(x — y)efzx(xfy) ©
(1 p+ 2o

Flx,pa)=1— e_”‘("_wz,x >u,a>0 ()
The reliability and hazard functions for TR distribution

Where () and («) are location and scale parameters respec- are:

tively.
Shaw and Buckley proposed as quadratic rank transmu-
2 2
tation map [3] : R(x;p,2,0) = e =) (1 - B (1 — e x=H) )) )
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Fig. 2. Plot the pdf distribution.

20(x — ,u)e*"‘(x*") (1 - B+ Zﬁe*”‘(x*’m)

e—u(x—p)? (1 - B (1 - N(mﬁ))
®)

The Rayleigh distribution is one of the important con-

H(x;p,2,0) =

tinuous distributions. As for the TR distribution, it is one
of the distributions that have been recently proposed. It
is known that the estimation of the parameters of this dis-
tribution was not use by the researchers, especially the
estimation of the reliability of this distribution. Therefore,
we estimated the parameters and reliability of the TR distri-
bution. To achieve the goal of the research, we will derive
the estimator formulas for the parameters and the reliabil-
ity function of this distribution. We will start with how to
estimate the initial values for estimating the parameters of
this distribution, as follows:

2. Initial value

This method was proposed by Makki and Jaafer (2020) [4]
for the importance of the initial values in the estimator
formulas for the parameters, as this method depends on

finding the initial values on the median value extracted

from the generation of data in the simulation and its equal-

ity in the equation of the median distribution, as follows:
That the (TR) distribution median is [1]:

1+ g !
Xo5 = p+ (—iln (W)) )
From Eq. (9), getting:

| (w%zﬁ)
n Z‘B

=" (x0.5 - 05)2 (10)
And,
Bo = ﬁ_l_'_— Vﬁz—i_l (11)

28(—m(x0_5—0.5)2)

The two Eq. (10) and Eq. (11) represent the initial val-
ues of the two parameters a« and p respectively, and so
both & and f8 are the true values of the parameters and x5
obtained it from using simulation data.

After completing how to obtain the initial values of the
parameters, we will, in the next item, derive the estima-
tions of the parameters through the following estimation

methods.
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Fig. 3. Plot the Reliability distribution.

3. Estimation methods

3.1. Moments Method
This method depends on the equality the moments of the
distribution with the moments of the sample. The first mo-
ment is used if the distribution has one parameter, and the
second moment is used if the distribution has two parame-
ters and so on...[5].

The first moment for TR distribution is [1]:

E(x):y—k%(l—ﬁ—&-%) (12)
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Fig. 4. Plot the Hazard distribution.

From Eq. (12), getting;:

(1-p+ &) = (RAEL=0)

Now, numerically and by the fixed point iterative
method, from Eq. (13), can be extract many formulas for
estimating (), some formulas may lead to a good estima-
tion, while others may not. For this reason, the following
formulas were chosen to estimate the parameter:

_ B 2y/a(E(x) — )
ﬁ_Hﬁ*(T) (4

Whereas, (x) = @, then Eq. (14) becomes

V2
«g and By get them from the Eq. (10) and Eq. (11) respec-

A 2 g
Bmom =1+ Fo _ (0\/%)> (15)

tively.
Now, from the second moment, we extract a formula for
estimating the parameter «, as follows:

()t s )L
(16)
From Eq. (15), getting

2\ 2 _ll\/E _ ﬁ _1 _ é
(£() ) (g ) =2 (154
17)
From Eq. (17), the following formula was chosen from

several formulas to estimate the parameter a:

_ B
&= (1-p+5) (18)

(E(2) —p2) = 1 (1= p+ £

2

Whereas, (x?) = @, then Eq. (18) becomes:

. 3 (1—ﬁo+@>

xg and By can be obtained them from the Eq. (10) and

(19)

Eq. (11) respectively.
By substituting Eq. (15) and Eq. (19) in Eq. (7), the ap-
proximate value of the reliability R0 can be obtained.

3.2. Modified Moments Method

This method is based on estimating of the parameters on
the equality of the expected value of the first order sample
for distribution function with the first observation for cdf.
The second parameter is estimated by the equality of the
sample variance with the variance of the distribution [6].

E (é (x(1>>> -G (x(l)) (20)

As,

E(G(x(i)>>:Pi #,i:m,...,n 1)

From Eq. (21), if i = 1, getting:

E (é (x(i))> —p = %H 22)

From Eq. (5), the first order observation X(1) as follows:
By substitute Eq. (5) and Eq. (22) in Eq. (20), the follow-
ing is obtained:

(1 7e’a(x<1>*l‘)2) (1 +‘Beftx(x(1)—y)z) _ nJlrl

2 2

1+ lge*“(xmfﬂ) _ e—a(xay—n)

2

— pe~2(xw=k)
S
- n+1

Numerically, the following formula was chosen from
several formulas to estimate the parameter j3, as follows:

ﬁ67u(x<1)7’4)2 _ n;ﬂl + e*tx(Xu)*V)z + ﬁ€*2zx(xu)*”)2
5 2
. —n 4 e~ (xy—1) + ﬁoe‘z"‘“("“)_”)
n+1
MM — (24)
ﬁ e—DLO(X(l)—]/l)Z

Now, variance = +(1— B+ g) —&(1-p+ g)z
By fixed point iterative method, we chosen the following
formula for estimating «

%(17‘3+ g)z = %(17‘B+§) — variance
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A w(1-po+ )
Amm = (1 - B : (25)
m Bo+ 5 ) 4 variance

Yy 2
Y (Xu)*iﬁl m)

n—1

valus can be substituted from Eq. (10) and Eq. (11) respec-

Where as, variance = , &g and By there

tively.
By substituting Eq. (24) and Eq. (25) in Eq. (7), the ap-
proximate value of the reliability Ry can be obtained.

3.3. Least square Method

This method depends on converting the distribution func-
tion into a linear [7]. The technique of this method on a TR
distribution shown as follows. From Eq. (5), getting:

G =1+ pelr—1? _ gmals—p) _ go-2n(x—p)?

G e 4 ge=2ulx—p)* _ 1 — Igf"‘("zﬂﬂ)g*“llz (26)

By taking natural logarithm for Eq. (26):

In (G emalx—m? 56—2“("—1!)2 _ 1)

=In(B) —« (xz - 2y> —ap?

In (G + e*lX(X*}l)Z + ﬁefm(xfy)z _ 1) + 0‘#2

27)
=In(B) —« <x2 — 2;4) o

The linear equation
zi =a+bD;+¢€ (28)

By comparing Eq. (27) with Eq. (28) and replacing G by
plotting position (Eq. (21)) , getting:

2 2
z; = ln (pl + e*tx(xw*]i) + ﬁefza(x({/*]i) _ 1> + 0(]/[2
a=In(g) = p=ef
b=u
@7‘ = — (XZ — 2;{)
(29)
Now, from Eq. (28), getting:

€=z—a—bd (30)

n n 2
Y= Z 62: Z (Z(i) —a— b®(1)> (31)

i=1 i=1

Now, by taking 3—3 of Eq. (31) and equating it to zero,
the following is obtained:

im0 2(i) — bXito Dy
n

(32)

Now, by taking ?TZ of Eq. (31) and equating it to zero,
getting:
2
N Yo Z(z’)®(i) —bYilo @(i) (33)
Lo @)

By equating Eq. (32) and Eq. (33), getting:

Yo Z(i) Yo @(i) —nYig Z(i)@(i)

b= 5 (34)
(Zo20) —nTio 2
From Eq. (31), getting:
fps =b (35)

By substituting (b), Eq. (34), into Eq. (32), getting 4.
From Eq. (29), getting:

Bres = e (36)
By substituting Eq. (35) and Eq. (36) in Eq. (7) , the
approximate value of the reliability R} g is obtained.

3.4. Weighted Least Square Method

This method is very similar to the idea of the least squares
method and differs from it by multiplying Eq. (30) by (1),
as the following [8]:

1
z

Let ¢ = % and d = %, then Eq. (37) becomes:

€ _1-4a b% (37)

gzlfaé‘fbé (38)

By squaring Eq. (38) and taking its summation, getting

n 2 n
w=Y (5) =Y (1ot - i) @)

i=1 i=1
Now, by taking %—‘;’ of Eq. (39) and equated to zero:
Eizo %) — Lo %))

a= (40)
093>

Now, by taking %—‘Z’ of Eq. (39) and equating it to zero:

 Tiodu) — b9,

(41)
=0 %()%)
From equating Eq. (40) and Eq. (41), getting:
b= Z?:O 5(1) Z?:O 19(i)2 B :'1:0 19(1) Z?ZO 0(1)5(1) (42)

n 2y 2 mn 2
o (5(1-) Yiso ‘9(1') - <Zi:0 19(1»)(5(1-))
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From Eq. (29) and Eq. (42), the following is obtained:

Awrs = —b (43)

By substituting Eq. (43) into Eq. (40), getting 4.
Now, substituting 4 into Eq. (29), getting:

Bwis = ¢ (44)

By substitute Eq. (43) and Eq. (44) inEq. (7), the approxi-
mate value of the reliability Ry s is obtained.

3.5. New White Method
This method was proposed by Makki (2006), which de-
pends on the hazard function to find estimates of param-
eters instead of the reliability function used in White’s
method [9].
From Eq. (8), getting:
He—*(x—p)? (1 —B (1 _ e—a(x—u)2>>

2e—a(x—p)
ax = (5 - 1+ 207400
He—*(x—n)? <1 —B <1 - e—d(x—y)2>>
2e—a(x—p) -

(apx =) (5 —1+ 270 07)

He—a(x—p)? (1 —B (1 — e—alx—p)?

= —u + apx
200 (§ — 14 20267 Putap

(45)
Comparing Eq. (45) with the following linear equation,
getting

p=c+do (46)

HOE_M(X@_M)Z (1 —Bo (1 - e_“l)(x(i)_?’)z)>

2e~ %0 (%)~ 1) (ﬁi 14 2@—“0(36(:')—#)2)
0

i =

where Hj is the hazard value at initial value of parameters.

¢ = —apop 47)
d=p (48)
i = 00X (j) (49)

Then, estimating, getting as the following

Y (05 —a) (0i — p)

d = —\2
Yy (0i—0)
From Eq. (48)
Bnm=d (50)
From Eq. (46)
e=—p—do (51)

Where, p = # and 7 = # By substituting Eq. (51)
into Eq. (47), getting;:

N ¢
Anw = —2— (52)
By substituting Eq. (50) and Eq. (52) in Eq. (7), the ap-
proximate value of the reliability Ryyy is obtained.

3.6. Maximum Likelihood Estimation Method (MLE)

This method is considered one of the most widely used
methods for estimating parameters due to its consistency,
convergence and stability properties. It depends on taking
the log-likelihood to pdf for distribution and taking the
partial derivation of this function for each parameter of the
distribution as follows [10].

The likelihood of the Eq. (6) is

L(x1,x2,..., %0, 2, B)

" n n
= 2”&"67“ E:](Xi*ﬂ) H (xi — ‘u)
i=1 i=1

(1 — B+ Zﬁe*“@‘ﬂ*)z)
(53)
By taking the natural logarithm for Eq. (53), getting

InL=nIn(2) +nln(a) —a i (x;— )+ iln(x,- —u)
i=1 i=1

n
+Y In(1-p+ 256,,%(,(,.,#)2)
i=1
(4)
By taking the partial derivative forEq. (54) w.r.t &« and
equated to zero, so:

n_ & n 2B (x; — )2 et v’
t o+
i=1

i i-1 1—=B+ Z,Be*“("iﬂ*)z

R n
AMLE = 2 pe o o) (55)
n L nocp\Xi—p)e VU7
= (%i i+ Liz1 1—ﬁ+2ﬁe""(*rﬂ)2

By taking the partial derivative for Eq. (54) w.r.t § and
equated to zero, so:
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Table 1. Defult value for parameters

Experiments Eiy E, E3 E4
05 1 2 1.5
01 05 1 -05

14
parameters ﬁ

olnL & —1 4 2e—alxi—p)?
g = ————— =0
B S1—p+2peaxin
n Zefzx(x,‘fy)z n 1

_Z 2:0

; 1 p+2pe (i’ 51— p+2peslrin)

0 1 o0

)3

2
1 ze—uc(x,-—y)
B i=1 % -1 -I—Ze*ﬂt(lxﬁﬂ)z i-11—p+ zﬁeﬂx(x,fy)z

n 1

=1 _ _ 2
=l 1gaeelnion)

n 22”"("1'”‘)2
= pr2peslin)

BmLE = (56)

By substituting and Eq. (56) inEq. (7), the value of the
reliability Rk is obtained.

After completing the mathematical derivations of the
parameters through the estimation methods in the previ-
ous section, we will conduct the experiment aspect of the
research by a simulation experiment to generate the data
required to estimate these parameters. The next section

explains the simulation experience.

4. Simulation Experiment

The simulation experiment depends on three parameters
of the distribution, and one of these distribution will be
known, which is y = 0.5, the location parameter was taken
as a known value, because this parameter has no direct ef-
fect on the shape of the distribution, except that it pulls the
shape of the distribution right or left, and many researchers
take its value as zero. What is important in this research is
to find the estimates of the transformation parameter and
what is its effect on the distribution and what are the cases
and values that can be taken ,and the other two parame-
ters will be unknown and will be estimated with reliability,
namely « and 8, through the following stages:

1. The real value of two parameters is shown in the Ta-
ble 1.

2. Several sizes of samples were taken (n=10, 50 and 100)
, and replicate sample (N=1000).

3. Chosen life time for estimating reliability, xq) Sty <
X(n),SUCh that t(i) = X(l), X(z), ey X(n) where X(i) ran-
dom data are generated through the inverse of the cdf

for TR distribution from the Eq. (5).

1
— 2 _ 2

et (‘ih‘ (;3 1+ /B 2+131 128 4/3@))
(57)

Assuming U=G, where U represents a regular, con-
tinuous random variable known over the period

(0,1) , then Eq. (57) becomes as follows: xi; =
1
RN e AR

M+ —%ln o1t ﬁz;ﬁlﬂﬁ U , using MAT-

LAB language version R2015a.

4. After finding the estimates, they are compared with

each other using the comparison mean square error

N (2 _x)?
(MSE) criterion as follows: MSE(&) = M,

where (¢) is any estimator for parameter (¢).

After completing the stages of the simulation experi-
ment, we will present in the next subsection the results
obtained by applying the formulas for estimators of param-
eters and the reliability function.

4.1. Simulation results

The simulation results are presented of estimation methods
(MOM, MM, LS, WLS, NW, and MLE) and their analysis in
order to reach the best obtained estimates for parameters
and R(t) of TR distribution through comparison between
the estimation values depending on the comparison crite-
rion used.

5. Conclusion

¢ Through the results of the Table 2, it is clear that MOM
is the best in estimating a, but in estimating §, it is
found that MLE is the best, and in estimating the relia-
bility, it is found that MM is the best compared to the
rest of the methods.

e The results of the Table 3 show that MLE is the best
in estimating the two parameters « and j, but in esti-
mating reliability, the MLE, MOM and NW shared the
advantage.

e The results of the Table 4 show that the best method for
estimating « is the MLE, but for estimating 8, MM is
the best and NW is the best in estimating the reliability
function.
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Table 2. Estimated values for («, 8) and (R) using (E7)

MSE
Estimators | n Methods Best
MOM MM LS WLS Nw MLE
& 0.05466 | 0.95744 | 0.13665 | 0.15494 | 0.10774 | 0.09993 | MOM
B 10 | 0.12040 | 0.00532 | 0.01001 | 0.01795 | 0.00181 | 0.00145 | MLE
R 0.00410 | 0.00072 | 0.11316 | 0.15922 | 0.00041 | 0.01391 MM
& 0.00747 | 0.02463 | 0.13386 | 0.15296 | 0.01142 | 0.07300 | MOM
B 50 | 0.08715 | 0.00054 | 0.00141 | 0.00301 | 0.00022 | 0.00016 | MLE
R 0.00292 | 0.00010 | 0.11237 | 0.12688 | 0.00002 | 0.01294 | MM
& 0.00312 | 0.00995 | 0.12377 | 0.14189 | 0.00544 | 0.07150 | MOM
B 100 | 0.08543 | 0.00021 | 0.00068 | 0.00166 | 0.00008 | 0.00006 | MLE
R 0.00255 | 0.00007 | 0.09188 | 0.10786 | 0.000008 | 0.01133 | NW
Table 3. Estimated values for («, 8) and (R) using (E)
MSE
Estimators | n Methods Best
MOM MM LS WLS NW MLE
& 0.62230 5.52968 | 0.24848 | 0.53320 0.41244 0.09305 MLE
B 10 0.17158 0.02976 | 0.04706 | 0.06004 0.01951 0.01955 NW
R 0.00004 0.00482 | 0.02063 | 0.08570 0.00024 0.00001 MLE
& 0.04627 0.10944 | 0.19497 | 0.48795 0.05278 0.01808 MLE
B 50 0.02875 0.00352 | 0.00498 | 0.01785 0.00285 0.00226 MLE
R 0.000004 | 0.00408 | 0.02030 | 0.07242 0.00002 0.000005 | MOM
& 0.02152 0.07250 | 0.16696 | 0.46251 0.02309 0.00832 MLE
b 100 0.01608 0.00150 | 0.00260 | 0.01191 0.00135 0.00100 MLE
R 0.0000013 | 0.00406 | 0.01535 | 0.06144 | 0.0000010 | 0.000003 NW
Table 4. Estimated values for («, 8) and (R) using (E3)
MSE
Estimators | n Methods Best
MOM MM LS WLS NW MLE
& 296491 | 2.54383 | 1.15065 | 1.92480 | 3.64946 | 0.40604 | MLE
B 10 | 0.17657 | 0.03333 | 0.04866 | 0.13236 | 0.65033 | 0.07617 | MM
R 0.00439 | 0.02965 | 0.04335 | 0.07698 | 0.00130 | 0.00792 | NW
& 0.25954 | 0.99777 | 0.91481 | 1.91373 | 1.21505 | 0.32906 | MOM
B 50 | 0.12739 | 0.00552 | 0.01616 | 0.09756 | 0.12447 | 0.05499 MM
R 0.00325 | 0.03162 | 0.03200 | 0.06881 | 0.00025 | 0.00824 | NW
& 0.12515 | 0.97296 | 0.90768 | 1.91141 | 0.32548 | 0.31455 | MOM
B 100 | 0.11273 | 0.00292 | 0.00892 | 0.09681 | 0.04007 | 0.02481 MM
R 0.00280 | 0.03145 | 0.02973 | 0.06639 | 0.00008 | 0.00768 | NW
Table 5. Estimated values for («, 8) and (R) using (E4)
MSE
Estimators | n Methods Best
MOM MM Nw MLE
& 0.25935 | 2.24121 | 041714 | 2.75018 | MOM
B 10 | 0.25343 | 0.04999 | 0.08203 | 0.02296 | MLE
R 0.00203 | 0.00340 | 0.00075 | 0.01489 NW
& 0.03822 | 0.26793 | 0.07500 | 0.16372 | MOM
b 50 | 0.09198 | 0.00748 | 0.00883 | 0.00457 | MLE
R 0.00183 | 0.00329 | 0.00002 | 0.00878 | NW
& 0.01814 | 0.14953 | 0.03152 | 0.11381 | MOM
B 100 | 0.07970 | 0.00350 | 0.00323 | 0.00218 | MLE
R 0.00177 | 0.00270 | 0.000006 | 0.00777 | NW

1121
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From the Table 5, we note the following: The absence
of the two methods of least squares and weighted
least squares and the reason is due to the value of the
negative transformation parameter. When replacing
it with the formulas of the estimators of these two
methods, which contain the logarithmic function, the
estimations of these methods cannot be found because
they will be complex values.

The results of the estimators show that each of MOM,
MLE and NW are the best in estimating each of the param-

eters «, B and the reliability function, respectively.
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