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1. Introduction

Fractional differential equations that include fractional
derivatives are extensions of classical differential equations
that have whole number orders. Fractional partial differen-
tial equations (FPDEs) are extensively utilized as models
to represent numerous significant physical phenomena,
including fluid mechanics, plasma physics, optical fibers,
biology, solidstate physics, chemical kinematics, and chem-
ical physics. There is a lot of information concerning frac-
tional differential equations in literature. Because of the
difficulty in understanding algebra, there are not many
analytical solutions, and just for elementary FDEs. The
widely studied subject of fractional calculus has become
very important and popular over the past thirty years since
it has been shown to be useful in many different areas
of science and engineering [1–13]. Before the 19th cen-
tury, there was no methodology for analytical resolution of
fractional differential equations. In the early 20th century,

academics focused on the development of long-lasting and
stable analysis techniques for exact (or approximate) so-
lution of fractional differential equations [14]. After that,
some methods were developed for finding the analytical
solutions for the fractional differential equations. These
include Adomian decomposition method [15–17], differen-
tial transformation method [18–20], symmetry perturbation
method [21–24], local fractional variation iteration method
[25], finite difference method [26, 27] and the method based
on shifted Chebyshev polynomials [28]. To get close to the
right answers, most of these methods occasionally need
complicated and large-scale calculations. To address these
challenges and constraints, the SM method has been pre-
sented as a crucial option among all methodologies due
to its minimal processing requirements and ease of imple-
mentation relative to alternative techniques. The primary
motivation for this paper is to propose the SM method
for finding analytical solutions to the Linear Time Frac-
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tional 2D and 3D Partial Differential Equations. Thing
this method, accurate solutions in the form of converg-
ing power series can be found rapidly. SM is a powerful,
reliable, and highly efficient computational technique for
solving applied problems.

This work is structured as follows: it begins with a pre-
sentation of the provides essential definitions in fractional
calculus necessary for presenting our results, followed by
a description of The Suggested Method. This is followed
by an analysis of the results and, finally, conclusions are
drawn.

2. Method

2.1. Fundamental Concepts

This section introduces the basic definitions and key prop-
erties of the Riemann-Liouville fractional integral oper-
ator (RLFIO) and Caputo fractional differential operator
(CFDO). These preliminary concepts are the theoretical
foundation on which the following parts of will be built.

Definition 2.1.[29] Let f ∈ Cα and α ≥ −1, then RLFIO
of u(σ, t) with respect to tof order α is indicted by Jα

t u(σ, t)
and is explained as:

Jα
t u(σ, t) =

1
Γ(α)

∫ t

0
(t − τ)(α−1)u(σ, τ)dτ, t > 0, α > 0

Definition 2.2.[29] Let n − 1 < α ≤ n, t ∈ R and t > 0.
The CFDO for the function f ∈ H1

(
[a, b], R+) with order

α ≥ 0 is explained as:

Dα
t u(σ, t) =

{
1

Γ(n−α)

∫ t
0 (t − τ)n−α−1 ∂nu

∂τn dτ
∂nu
∂τn , α = n ∈ N

We have these properties for RLFIO and CFDO:

Dα
t tP =

Γ(P + 1)
Γ(P − α + 1)

t(P−α)

Jα
t tP =

Γ(P + 1)
Γ(P + α + 1)

t(P+α), α > 0, P > −1

Keep in mind that the relationship between RLFIO and
CFDO is as follows:

Jα
t Dα

t u(σ, t) = u(σ, t)−
m−1

∑
k=0

u(k)(σ, t)
tk

k!
, n − 1 < α < n

Definition 2.3.[17] The Mittage-Leffler function for one
parameter and two parameters is defined as follows:

Eα(t) =
∞

∑
n=0

tn

Γ(αn + 1)
, (α ∈ C, Re(α) > 0),

Eα,β(t) =
∞

∑
n=0

tn

Γ(αn + β)
, (α, β ∈ C, Re(α, β) > 0),

When we apply CFDO on MILF we get:

Dα
t Eα (atα) = aEα (atα)

Where a is constant.

2.2. Suggested Method Description

In this section, we present Suggested Method to solve linear
time fractional partial differential equations. Consider the
IVP for linear time FPDE of order n − 1 < α ≤ n

Lα
t u(ψ, t) + R(u(ψ, t)) = g(ψ, t) (1)

with the initial conditions:

∂ku(ψ, t)
∂tk

∣∣∣∣∣
t=0

= fk(ψ), k = 0, 1, . . . , n (2)

where Lα
t (u) = ∂α

∂tα , n − 1 < α ≤ n, is the Caputo
fractional differential operator of highest order fractional
derivative with respect to t, u(ψ, t) is unrecognized func-
tion which we want to determined, time variable: t, ψ is
means variable of space coordinate and sometimes means
σ, y in 2D space other means σ, ω, ϱ in 3D space where
σ, ω, ϱ are independent space variable, linear differential
operator: R(u), nonhomogeneous function: g(ψ, t). In
the Suggested Method the unknown dependent function
u(ψ, t) can be construed as infinite series of the form:

u(ψ, t) = u0(ψ) + u1(ψ)t + u2(ψ)t2 + · · · =
∞

∑
k=0

uk(ψ)t
k

(3)
where

uk(ψ) =
1
k!

∂ku(ψ, t)
∂tk

∣∣∣∣∣
t=0

(4)

The next step is to determine the terms un(n =

0, 1, 2, . . .). Now, applying the Riemann-Liouville fractional
integral operator of order α on both sides of Eq. (1).

Jα
t Lα

t u(ψ, t) + Jα
t R(u(ψ, t)) = Jα

t g(ψ, t) (5)

Eq. (5) becomes:

u(ψ, t)−
n−1

∑
k=0

tk

k!
∂ku(ψ, t)

∂tk

∣∣∣∣∣
t=0

= −Jα
t [R(u)] + Jα

t g(ψ, t)

(6)
From Eq. (2) obtain that:

u(ψ, t) =
n−1

∑
k=0

tk

k!
fk(ψ)− Jα

t [R(u)] + Jα
t g(ψ, t) (7)

where:
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Jα
t (R(u)) = Jα

t

[
R

(
∞

∑
k=0

uk(ψ) tk

)]

=
∞

∑
k=0

R
(

uk(ψ)
k!

(α + k)!
tα+k

)
(8)

Also, the nonhomogeneous term can be written as:

G(ψ, t) = Jα
t (g(ψ, t)) =

∞

∑
k=0

gk
tk

k!

Where

gk =
1
k!

∂kG(ψ, t)
)

∂tk

∣∣∣∣∣∣
t=0

(9)

Substituting Eq. (8), and Eq. (9) in Eq. Eq. (7) to have:

u(ψ, t) =
n−1

∑
k=0

tk

k!
fk(ψ)

−
∞

∑
k=0

R
(

uk(ψ)
k!

(α + k)!
tα+k

)

+
∞

∑
k=0

gk
tk

k!
(10)

∵ j ≥ n and n − 1 < α ≤ n

∴ j ≥ n ≥ α > n − 1

uj(ψ) =
1
j!

∂ju(ψ, t)
∂tj

∣∣∣∣∣
t=0

=
1
j!

∂j

∂tj

[
n−1

∑
k=0

tk

k!
fk(ψ)

−
∞

∑
k=0

k!
(n + k)!

(
R(uk(ψ))

)
tn+k

+
∞

∑
k=0

gktk

]
t=0

, ∀j ≥ n

∂j

∂tj tk =


0, k < j

k!
(k − j)!

tk−j, k ≥ j
(11)

Thus Eq. (12) becomes:

uj(ψ) =
1
j!

[
−

∞

∑
k=j−n

k!
(n + k)!

(
R uj(ψ)

) (n + k)!
(n + k − j)!

t n+k−j

+
∞

∑
k=0

gk
k!

(k − j)!
t k−j

]
t=0

=
1
j!

[
− (j − n)!

0!

(
R(uj−n)

)
+ gj

j!
0!

t k−j
]

(12)

Hence

uj(ψ) = gj −
(j − n)!

j!

(
R
(

uj−n

))
, j ≥ n (13)

Finally, substituting Eq. (13) in Eq. (3) to get u(ψ, t).

2.3. Convergence

In this subsection, we present the convergence of the pro-
posed method for solving Eq. (1). Theorem 2.1: Let B be
a Banach space, then the series ∑∞

k=0 uk(ψ)tk converges to
the solution u(X, t) of Eq. (3) if there exists 0 < Q < 1 such
that:

∥∥∥uk(ψ)t
k
∥∥∥ ≤ Q

∥∥∥uk−1(ψ)t
k−1
∥∥∥

Proof: Define that {Sk}k≥0 is the sequence of partial
sums of the series Eq. (3):

{Sk} =
k

∑
n=0

un(ψ)tn

And we need to show that {Sk}k≥0 is a Cauchy sequence
in Banach space B. For this purpose, we consider:

∥Sk+1 − Sk∥ ≤
∥∥∥uk+1(ψ)t

k+1
∥∥∥

≤ Q
∥∥∥uk(ψ)t

k
∥∥∥

≤ Q2
∥∥∥uk−1(ψ)t

k−1
∥∥∥

...

≤ Qk+1
∥∥∥u0(ψ)t0

∥∥∥ (14)

Now, for every k, m ∈ N, k ≥ m by using Eq. (14) and
triangle inequality successfully, we have

∥Sk − Sm∥ =
∥∥(Sk − Sk−1) + (Sk−1 − Sk−2)

+ · · ·+ (Sm+1 − Sm)
∥∥

≤ ∥Sk − Sk−1∥+ ∥Sk−1 − Sk−2∥+ · · ·

+ ∥Sm+1 − Sm∥

≤ Qk
∥∥∥u0(ψ)t0

∥∥∥+ Qk−1
∥∥∥u0(ψ)t0

∥∥∥+ · · ·

+ Qm+1
∥∥∥u0(ψ)t0

∥∥∥
= Qm+1(1 + Q + · · ·+ Qk−m−1) ∥∥∥u0(ψ)t0

∥∥∥
≤ Qm+1

(
1 − Qk−m

1 − Q

)∥∥∥u0(ψ)t0
∥∥∥

(15)
Since 0 < Q < 1, it follows that 1 − Qk−m < 1, and thus

we get the following:
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∥Sk − Sm∥ ≤ Qm+1

1 − Q

∥∥∥u0(ψ)t0
∥∥∥

Then we have

lim
k,m→∞

∥Sk − Sm∥ = 0 (16)

Therefore, {Sk}k≥0 is a Cauchy sequence in the Banach
space and it implies that the series solution:

u(ψ, t) =
∞

∑
k=0

uk(ψ)t
k (17)

It is convergent. This completes the proof of the theorem.

3. Results and discussion

3.1. Explanatory examples

This section shows several examples to illustrate the
application of the proposed method to solving linear
time-fractional partial differential equations. These
examples are given to demonstrate the procedure for
implementation and show the effectiveness of the approach
adopted. Example 1. we consider parabolic equation
[30–32]:

Dα
t u(σ, ω, t) + 2

(
1
σ2 +

σ4

6!

)
∂4u(σ,ω,t)

∂σ4 +

2
(

1
ω2 +

ω4

6!

)
∂4u(σ,ω,t)

∂ω4 = 0, 1 < α ≤ 2 subject to initial

condition: u(σ, ω, 0) = 0, ut(σ, ω, 0) = 2 + σ6

6! +
ω6

6!

It is clear that: R(u) = 2
(

1
σ2 +

σ4

6!

)
uσσσσ +

2
(

1
ω2 +

ω4

6!

)
uωωωω , N(u) = 0, g(σ, ω, t) = 0 then gk =

0, ∀k = 0, 1, 2, . . .

From ICs u0 = 0 and u1 = 2 + σ6

6! +
ω6

6!
From Eq. (13) we get:

u2(σ, ω) = g2 −
(2 − 2)!

2!
(R (u2−2(σ)))

= 0 − 1
2!

2

(
1

σ2 +
σ4

6!

)
u0σσσσ

+ 2

(
1

ω2 +
ω4

6!

)
u0ωωωω = 0

(18)

u3(σ, ω) = g3 −
(3 − 2)!

3!
(R (u3−2(σ)))

= 0 − 1
3!

2

(
1

σ2 +
σ4

6!

)
u1σσσσ

+ 2

(
1

ω2 +
ω4

6!

)
u1ωωωω

=
−1
3!

2

(
1

σ2 +
σ4

6!

)
(

σ2

2

+ 2

(
1

ω2 +
ω4

6!

)(
ω2

2

)

=
−1
3!

(
2 +

σ6

6!
+

ω6

6!

)

(19)

u4(σ, ω) = g4 −
(4 − 2)!

4!
(R(u4−2(σ)))

= 0 − 2!
3!

(
2
(

1
σ2 +

σ

6!

)
u2,σσσσ

+ 2

(
1

ω2 +
ω4

6!

)
u2,ωωωω

)
= 0

(20)

u5(σ, ω) = g5 −
(5 − 2)!

5!
(R(u5−2(σ)))

= 0 − 3!
5!

(
2

(
1

σ2 +
σ4

6!

)
u3,σσσσ

+ 2

(
1

ω2 +
ω4

6!

)
u3,ωωωω

)

=
−3!
5!

(
−1
3!

(
2
( 1

σ2 +
σ4

6!

)(σ2

2

)

+ 2
( 1

ω2 +
ω4

6!

)(ω2

2

)))

=
1
5!

(
2 +

σ6

6!
+

ω6

6!

)

(21)

Then by Eq. (3):

u(σ, ω, t) =
(

2 +
σ6

6!
+

ω6

6!

)
t − t3

3!

(
2 +

σ6

6!
+

ω6

6!

)
+

t5

5!

(
2 +

σ6

6!
+

ω6

6!

)
+ · · ·

=

(
2 +

σ6

6!
+

ω6

6!

)(
t − t3

3!
+

t5

5!
+ · · ·

)
=

(
2 +

σ6

6!
+

ω6

6!

) ∞

∑
k=0

(−1)kt2k+1

Γ(2k + 2)

=

(
2 +

σ6

6!
+

ω6

6!

)
tE2,2

(
−t2

)

(22)
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So, the solution is close to exact as the form: u(σ, ω, t) =(
2 + σσ6

6! + ω6

6!

)
sin t Table 1, illustrate a comparison be-

tween the numerical result obtained from Suggested
Method and results obtained by others methd such ADM in
[30], HAM in [31], HVIM in [32], and exact solution for dif-
ferent values of t, σ and ω = 0.4, while Fig. 1, illustrated a
comparison between exact solution and solution Suggested
Method at σ = ω = 0.3 with different values of t and α = 2.
But Fig. 2, illustrated the accuracy of Suggested Method
when σ = ω = 0.3, and different values of α.

Fig. 1. Suggested Method and Exact Solution for Example
1, σ = ω = 0.3

Fig. 2. Accuracy of the results, for example 1, σ = ω = 0.3

Example 2. Consider 3D-fractional order diffusion equa-
tion [33]:

Dα
t u(σ, ω, ϱ, t) = uσσ(σ, ω, ϱ, t) + uωω(σ, ω, ϱ, t)

+ uzz(σ, ω, ϱ, t), 0 < α ≤ 1
(23)

subject to initial condition: u(σ, ω, ϱ, 0) =

sin σ sin ω sin ϱ

It is clear that: R(u) = uσσ + uωω + uϱϱ, N(u) =

0, g(σ, ω, ϱ, t) = 0 then gk = 0, ∀k = 0, 1, 2, . . .
From ICs u0 = sin σ sin ω sin ϱ

From Eq. (13) we get:

u1(σ, ω, ϱ) = g1 +
(1 − 1)!

1!
(R (u1−1))

= 0 +
1
1!
(
u0σσ + u0ωω + u0ϱϱ

)
=

1
1!
(
− sin σ sin ω sin ϱ − sin σ sin ω sin ϱ

− sin σ sin ω sin ϱ
)

= −3 sin σ sin ω sin ϱ

(24a)

u2(σ, ω, ϱ) = g2 +
(2 − 1)!

2!
(R (u2−1(σ)))

= 0 +
1
2!
(
u1σσ + u1ωω + u1ϱϱ

)
=

1
2!

(3 sin σ sin ω sin ϱ + 3 sin σ sin ω sin ϱ

+3 sin σ sin ω sin ϱ)

=
9
2!

sin σ sin ω sin ϱ

(24b)

u3(σ, ω, ϱ) = g3 +
(3 − 1)!

3!
(R (u3−1(σ)))

= 0 +
2!
3!
(
u2σσ + u2ωω + u2ϱϱ

)
=

2!
3!

(
− 9

2!
sin σ sin ω sin ϱ − 9

2!
sin σ sin ω sin ϱ

− 9
2!

sin σ sin ω sin ϱ

)
=

2!
3!

(
−27

2!
sin σ sin ω sin ϱ

)
= −27

3!
sin σ sin ω sin ϱ

(24c)
Then by Eq. (3), we have:

u(σ, y, ϱ, t) = (sin σ sin ω sin ϱ)

− 3t
1!
(sin σ sin ω sin ϱ)

+
9t2

2!
(sin σ sin ω sin ϱ)

− 27t3

3!
(sin σ sin ω sin ϱ) + · · ·

(25)

= sin σ sin ω sin ϱ

(
1 − 3t

1!
+

(3t)2

2!
− (3t)3

3!
+ · · ·

)
= sin σ sin ω sin ϱ

∞

∑
k=0

(−3t)k

Γ(2k + 1)

= sin σ sin ω sin ϱE1,1(−3t)
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Table 1. Numerical Simulation Results Derived from the Suggested Method (SM) Technique for Example 1, u(σ, 0.4, t)
corresponding to α = 2

t σ uADM uHVIM uHAM uSM U Exact
0. 0.6 0.3973526655714562 0.3973526655803831 0.3973526655705066 0.3973526655705064 0.3973526655705064

0.7 0.3973722546483623 0.3973722546746382 0.3973722546424527 0.3973722546424525 0.3973722546424525
0.8 0.3974121250903782 0.3974121250943579 0.3974121250937766 0.3974121250937764 0.3974121250937764
1.0 0.3976157214292649 0.3976157214257291 0.3976157214239754 0.3976157214239752 0.3976157214239752

0. 0.6 0.7788641342878782 0.7788641342456280 0.7788641342835644 0.7788641342835634 0.7788641342835634
0.7 0.7789025314778304 0.7789025314143790 0.7789025314729745 0.7789025314729737 0.7789025314729737
0.8 0.7789806828635426 0.7789806828473879 0.7789806828665466 0.7789806828665459 0.7789806828665459
1.0 0.7793797587884732 0.7793797587748378 0.7793797587837445 0.7793797587837438 0.7793797587837438

0. 0.6 1.1293247478021349 1,1293247478874638 1.1293247478106380 1.1293247478106399 1.1293247478106399
0.7 1.1293804223420383 1.1293804223367422 1.1293804223427404 1.1293804223427422 1.1293804223427422
0.8 1.1294937390248782 1.1294937390008437 1.1294937390291210 1.1294937390291218 1.1294937390291218
1.0 1.1300723846384273 1.1300723846123892 1.1300723846358554 1.1300723846358571 1.1300723846358571

So, the solution is close to exact as the form:
u(σ, ω, ϱ, t) = e−3t sin σ sin ω sin ϱ Is same as obtained by
[33]

Table 2 illustrate a comparison between the numerical
result obtained from suggested method and exact solution
for different values of t, σ, ω, ϱ. while Fig. 3, illustrated a
comparison between exact solution and solution Suggested
Method at σ = ω = ϱ = 0.4 with different values of t and
α = 1. But Fig. 4, illustrated the accuracy of Suggested
Method when σ = ω = ϱ = 0.4, and different values of α.

Example 3. we consider the two-dimensional fractional
equations [34]:

Dα
t u(σ, ω, t) = 2

(
∂2u(σ, ω, t)

∂σ2

+
∂2u(σ, ω, t)

∂ω2

)
, 1 < α ≤ 2

(26)

subject to initial condition: u(x, ω, 0) =

sin x sin ω, ut(x, ω, 0) = 0
It is clear that: R(u) = 2 (uσσ + uωω) , N(u) =

0, g(σ, ω, t) = 0 then gk = 0, ∀k = 0, 1, 2, . . .

From ICs u0 = sin σ sin ω and u1 = 0

From Eq. (13) we get:

Fig. 3. Suggested Method and Exact Solution for Example
2, when σ = ω = ϱ = 0.4

u2(σ, ω) = g2 +
(2 − 2)!

2!
(R(u2−2(σ)))

= 0 +
1
2!

(2 (u0,σσ + u0,ωω))

=
1
2!
(
2(− sin σ sin ω − sin σ sin ω)

)
= − 1

2!
(4 sin σ sin ω)

u3(σ, ω) = g3 +
(3 − 2)!

3!
(R(u3−2(σ)))

= 0 +
1
3!

(2 (u1,σσ + u1,ωω)) = 0

u4(σ, ω) = g4 +
(4 − 2)!

4!
(R(u4−2(σ)))

= 0 +
1
2!

(2 (u2,σσ + u2,ωω))

=
2!
4!

(
2
(
−4
2!

(− sin σ sin ω − sin σ sin ω)

))
=

1
4!
(16 sin σ sin ω)

(27)
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Table 2. Absolute Error Comparison Between the Computed Numerical Solutions and the Exact Solution for Example 4 at
σ = ω = ϱ = 0.2, 0.4, 0.6

t σ α = 1 uExact Absolute error α = 1
0.2 0.005809036992260071 0.005809036992260071 0.0000000000000000
0.4 0.043748268269425120 0.043748268269425120 0.0000000000000000
0.6 0.133362057065803000 0.133362057065803000 0.0000000000000000

0.3 0.2 0.003188067095852973 0.003188067095852973 0.0000000000000000
0.4 0.024009558685223586 0.024009558685223586 0.0000000000000000
0.6 0.073190648731148290 0.073190648731148290 0.0000000000000000

0.5 0.2 0.001749648318852601 0.001749648318852601 0.0000000000000000
0.4 0.013176725183933096 0.013176725183933096 0.0000000000000000
0.6 0.040167879676924666 0.040167879676924666 0.0000000000000000

Then by Eq. (3), we have:

u(σ, ω, t) = (sin σ sin ω)− t2

2!
(4 sin σ sin ω)

+
t4

4!
(16 sin σ sin ω) + · · ·

= sin σ sin ω

(
1 − (2t)2

2!
+

(2t)4

4!
+ · · ·

)

= sin σ sin ω
∞

∑
k=0

(−4t2)k

Γ(2k + 1)

= sin σ sin ω E2,1

(
−4t2

)

(28)

The exact solution in closed form is: u(σ, ω, t) =

sin σ sin ω cos 2t Is it the same as obtained by [34] Table 3
illustrate a comparison between the numerical result ob-
tained from Suggested Method exact solution evaluated at
various values of t, σ, and ω. Fig. 5 presents a comparison
between the exact solution and the solution obtained by
the proposed method at σ = ω = 0.2 for various values
of t with α = 2. Fig. 6demonstrates the accuracy of the
proposed method at σ = ω = 0.2 for different values of α

Fig. 4. Accuracy of the results, for example 2,
σ = ω = ϱ = 0.4

Fig. 5. Suggested Method and Exact Solution for Example
3, σ = ω = 0.2

Fig. 6. Accuracy of the results, for example 3, σ = ω = 0.2

3.2. Discussions of Stability

We found the closed form solutions of the fractional time
partial differential equations in two and three dimensions.
The recommended method works out because the com-
puted solution patterns agree with the known precise solu-
tions.
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Table 3. Absolute Error Comparison Between the Computed Numerical Solutions and the Exact Solution for Example 3 at
σ = ω = 0.2, 0.3, 0.4

t σ uSM uExact Absolute error α = 1
0.2 0.2 0.03635381966465119 0.03635381966465119 0.0000000000000000

0.3 0.08043827607409718 0.08043827607409718 0.0000000000000000
0.4 0.13967580988155290 0.13967580988155290 0.0000000000000000

0.4 0.2 0.02749866755369304 0.02749866755369304 0.0000000000000000
0.3 0.06084492448821206 0.06084492448821206 0.0000000000000000
0.4 0.10565323524890490 0.10565323524890490 0.0000000000000000

0.6 0.2 0.01430208047686762 0.01430208047686762 0.0000000000000000
0.3 0.03164549718418898 0.03164549718418898 0.0000000000000000
0.4 0.05495033787440114 0.05495033787440114 0.0000000000000000

Table 4. Absolute Error Comparison Between the Computed Numerical Solutions and the Exact Solution for Example 4 at
σ = ω = ϱ = 0.25, 0.50, 1.

σ t uNTDM [35] uSM uExact Absolute Error of SM
0.2 0.5 0.386654 × 10−7 −2.345260025783578 × 10−8 −2.345260025783578 × 10−8 0.0000000000000000000

0.7 0.665619 × 10−7 −3.144940419548662 × 10−8 −3.144940419548662 × 10−8 0.0000000000000000000
1 0.102321 × 10−6 −3.767732136419759 × 10−8 −3.767732136419759 × 10−8 0.0000000000000000000

0.5 0.5 0.0001583735 -0.0000960618506560954 -0.0000960618506560954 0.0000000000000000000
0.7 0.0002726376 -0.0001288167595584713 -0.0001288167595584713 0.0000000000000000000
1 0.000419108 -0.0001543263083077530 -0.0001543263083077530 0.0000000000000000000

1 0.5 0.6486979167 -0.3934693402873666000 -0.3934693402873666000 0.0000000000000000000
0.7 1.1167236330 -0.5276334472589853000 -0.5276334472589853000 0.0000000000000000000
1 1.7166666670 -0.6321205588285577000 -0.6321205588285577000 0.0000000000000000000

Fig. 7. Suggested Method and Exact Solution for Example
4, σ = ω = ϱ = 0.5

In Example 1, Fig. 1 shows the numerical solutions that
were obtained by using the proposed method for a frac-
tional order α = 2. The numerical results show excellent
agreement with the exact solution, the capability of the
method to accurately reproduce the true behaviour of the
model. Furthermore, Fig. 2 shows that absolute error al-
ways decreases with the increase of fractional order. The
comparative results obtained in Table 1 comparing the per-
formance of proposed method with the ADM, HVIM and

Fig. 8. Accuracy of the results, for example 4,
σ = ω = ϱ = 0.5

HAM techniques reported in [30–32] clearly demonstrate
the superior performance of proposed approach with re-
gards to accuracy and stability, at α = 2. These findings
confirm the efficiency and reliability of the method to solve
a fractional parabolic equation. In Example 2, Fig. 3 shows
the numerical solutions calculated by the proposed scheme
for the case of a fractional order α = 1. A good agreement
within the exact solution is seen with the numerical solu-
tion. As is clear from Fig. 4, the absolute error decreases
as the fractional order increases. Table 2 shows a detailed
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comparison between the numerical results calculated for
the special case α = 1 and corresponding exact solutions.
The results confirm that the proposed method gives very
accurate approximations for the fractional diffusion equa-
tion. In Example 3 the numerical solutions obtained for
fractional order α = 1 are shown in Fig. 5, again showing a
good accordance with the exact solution. This consistency
calls attention to the capability of the proposed method
to correctly capture the underlying dynamics of the prob-
lem. Besides, a clear decrease in the absolute error with
the increase of the fractional order is shown in Fig. 6. The
comparison in Table 3 between the proposed method and
the exact solution further confirms the robustness and ac-
curacy of the method. In Example 4, the profiles of the
numerical solution obtained using the proposed technique
for a fractional order α = 1 are shown in Fig. 7. The nu-
merical results are close to the exact solution and highlight
the ability of the method to reproduce the actual behaviour
of the fractional system. Fig. 8 confirms this fact that the
absolute error goes down with increase in fractional order.
The comparative analysis shown in Table 4 comparing the
proposed approach with several methods discussed in [35]
shows that the proposed method can deliver higher accu-
racy and better stability especially for α = 1. The results
further show the trustworthiness and effectiveness of the
approach for the solution of fractional-order heat equation.

4. Conclusions

This study presents a simple and efficient analytical ap-
proach for solving time-dependent PDEs. The results
demonstrate that the proposed method can provide ac-
curate solutions with high efficiency and clear ease of im-
plementation. The findings confirm that the method rep-
resents a reliable tool for the analysis of two- and three-
dimensional fractional models. The main conclusions are
summarized as follows:

• The proposed method can derive analytical solutions
for time-fractional two- and threedimensional partial
differential equations using the Caputo derivative, pro-
vided that suitable initial conditions are chosen.

• The method depends exclusively on the initial con-
ditions and expresses the solution in the form of an
infinite power series, without the need for additional
assumptions, restrictive conditions, or perturbation
techniques.

• The computational procedure is straightforward and
well-structured, making the method easy to apply and
characterized by low computational cost.

• The four examined examples clearly demonstrate the
effectiveness and accuracy of the method, confirming
its validity and practical applicability.

• For the cases α = 1 and α = 2, the obtained solutions
show excellent agreement with the exact solutions,
indicating a high level of accuracy.

• When the fractional order α is less than one, the nu-
merical behaviour of the fractional system approaches
that of the corresponding integer-order model, and
this similarity increases as α approaches one.

• The results reveal that the method achieves rapid con-
vergence, high accuracy, and minimal computational
effort.

• These outcomes suggest that the proposed approach
can be extended in future work to solve linear par-
tial differential equations arising in various scientific
fields, including physics, biology, medicine, and engi-
neering.
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