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In this paper, we propose two techniques for constructing new explicit exact (EE) solutions of the the ZK-BBM

equation. we utilize either the modified Kudryashov technique and a new Kudryashov technique in conjunction

with symbolic computation to achieve this goal. In addition, 3D and 2D plots were generated to illustrate

the features of the obtained solutions. This was achieved by meticulously choosing appropriate values for

the relevant parameters. The results determine that these techniques are a mighty math instrument to solve

nonlinear partial differential equations (NLPDEs) in terms of efficiency, validity and accuracy.
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1. Introduction

Most phenomena that occur in the disciplines of engineer-
ing and mathematical physics can be effectively expressed
with the help of NLPDEs. The NLPDEs have become very
powerful tools for describing the engineering models and
natural phenomena of science. Many issues involving pro-
tein chemistry, solid-state physics, geochemistry, quantum
mechanics, chemical kinematics, optical fibers, wave prop-
agation phenomena, heat flow, chemically reactive materi-
als, electricity, etc., are frequently expressed using NLPDEs.
With the help of EE solutions, researchers can better un-
derstand the phenomena modeled by these NLPDEs when
they exist. Thus, studies of EE solutions for NLPDEs play a
fundamental role in better understanding nonlinear physi-
cal phenomena. Many researchers have made remarkable
endeavors to discover EE solutions for these NLEESs., and
the number of efficient and powerful techniques have been
expanded by these authors, such as the functional variable
method [1], the (G'/G,1/G)-expansion method [2], the ad-
vanced exp (-¢(¢))-expansion method [3, 4], the hyperbolic
function and the methods of the sine-Gordon expansion

[5], the extended direct algebraic method [6], the singular
manifold method [7], the Bernoulli sub-ODE method [8, 9],
the extended Fan sub-equation method [10], the modified
Khater method [11], the method of He’s the semi-inverse
variational principle [12], modified simple equation the
method [13], the symmetry approach [14], the generalized
exponential rational function method [15], the first integral
method [16], the modified exponential function method [17,
18], unified method [19-21], improved tan (¢/2)- expan-
sion approache [22, 23], the extended sinh-Gordon equation
expansion method [24, 25] and so on [26-28].

Using the modified Kudryashov and new Kudryashov
techniques, we’ll get new EE answers to the ZK-BBM equa-
tion [29-31].

@ + @g — a(@?)z — (B + ke )z =0, (1)

where «, B, and k are constants.

Wazwaz specified the precise GZK-BBM equation solu-
tions with various physical structures in 2005, utilizing tanh
and sine-cosine techniques [30]. Also, the author solved
the ZK-BBM and GZK-BBM equations using the extended
tanh technique and successfully discovered several com-
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pacton solutions, solitons, solitary patterns, and periodic
plane patterns. [31]. Bibi and Mohyud-Din [32] found
soliton and periodic solutions for Eq. (1) using the sine-
cosine approach. To obtain the ZK-BBM model’s new wave
solutions, the extended (G’/G)-expansion technique was
investigated by Nahr [33]. Using the exp-function tech-
nique, Ali et al. [34] obtained generalized soliton solutions
for the ZK-BBM equation. The determination of the exact
wave solution for the ZK-BBM equation using the bifur-
cation structure has been studied by Zhao and Li [35]. In
[36], Several periodic wave solutions of Eq. (1) are obtained
using the bifurcation approach. Through the bifurcation
approach of a dynamical system, Song and Yang studied
the wave solutions of the ZK-BBM equation [37]. Giiner et
al. [38] investigated the ZK-BBM equation using the ansatz
method to identify bright and dark solitary wave solutions.
Some exact soliton solutions of Eq. (1) have been obtained
using the tan-cot method by Kumar et al. [39]. Kayum et
al. [40] used the sine-Gordon expansion method to iden-
tify the (2+1)-dimensional GZK-BBM equation’s W-shaped,
V-shaped, parabolic, compacton, bright, and dark solitons.
The homotopy analysis method developed by Tasbozan
and Kurt provides approximative analytical solutions to
the GZK-BBM equation.[41]. Yang [39] used the solitary
wave solutions for Eq. (1) using the discriminating system
and direct integral method.

In the following, the paper is prepared as follows: In
Sec. 2, the modified Kudryashov technique and a new
Kudryashov technique are discussed; In Sec. 3, we apply
the techniques presented in the previous section to the
equation mentioned above and in Sec. 4 conclusions are
given.

2. The kudryashov techniques
Consider the NLPDE in the form [42, 43]
F(w, @g, wg, @7, Wge, ) =0 )

where @(¢¢, () is a travelling wave solution of NLPDE
Eq. (2) and F is a polynomial in v. We use the transforma-
tions
@(6,6,8) = X(u),p=¢+¢ -3¢ ®)
where ¢ # 0 is constants to be determined later.
With the help of Eq. (3), the NLPDE Eq. (2), an ordinary
differential equation (ODE) is modified as:

G(X, X, x",x",.)=0 4)

where X', X" etc., denote derivative of H with respect to p.
With a polynomial in A (), the solution of Eq. (4) can
be expressed as:

X(u) =X ob; N (n),  (by #0) 5)

where bj, (j=0,1,... N) are the coefficients and A() satisfies
the following equations:

(W) = (enV)an (1) (1-4ab A2 (1)) (©)

or
N(u) = oI V) (an? (1) = A(w)), )
where V>0, V # 1, the solutions of ODEs Egs. (6) and (7)

are
1

M) = e pvon
1
MK) = a+bvor

The parameter can be determined by balancing the non-
linear sentence in Eq. (4) and the highest-order derivative
sentence. We equate all coefficients A/ (p) with zero be-
cause the A(u) # 0. It presents a system of algebraic equa-
tions, including bjs and a,b, 6 parameters. Whenever bj s
and a, b, § are determined, solutions are obtained with the
help of parameters by using the explicit strategy. By com-
bining Eq. (5) 4 = ¢ + ¢ — ¢, and the solutions of ODEs
Egs. (6) and (7), we can obtain the travelling wave solution
to Eq. (2).

3. Solutions of the zk-mew equation
Here, we seek the EE solution for Eq. (1) in the form of:
@(c,&,¢) = X(n)

p=c+g—90
reduces the ZK-BBM equation to the following ODE:

®)

X'+ X' — (X)) — (—BsX" —kéX") =0 (9)
By integrating Eq. (9) once and zeroing the integration
constant, we get:
(1-0)X —aX?+6(B+Kk)X" =0 (10)
Balancing the terms X' and X2 to get N = 2. By substi-
tuting N = 2 in to Eq. (10) to get:
X(p) = bo + b1 A (1) + b2 A% () (11)

3.1. First method
Substituting Eq. (11) in Eq. (10), along with Eq. (6) and
equating the coefficient of L yields
AV bo(1—6—aby) =0
AY: by (1 =6 —2aby + 6o (In? V) + 6ko?(In® V) = 0
A2 by — 8by — 2abgby — ab? 4 46Bbyc? (In? V)

+ 40kbyo? (In? V) = 0
A3: 2by(—aby — 46Baba?(In? V) — 46kabo?(In* V) = 0
A3: by(—aby — 246Babo?)(In? V) — 248kabo? (In? V) = 0

Solving the above system, we get:
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Case I
bo =0
by =0
_ 240*(InV)(B+ k) (12)
27 K42 V)(B k) —1)
1
0= 402(In* V) (B+k) — 1
Case 11
b — AP V)(B+EK)
0= a(1+402(In2 V)(B + k))
bl = 0
by — — 24abo? (In® V) (B + k) (13)
2 a(1+402(In? V(B +k))
1

5=
1+ 402(In? V) (6 + k)

By substituting Eq. (12) in to Eq. (11) and along with
a solution of ODE Eq. (6), we recover the following EE
solution:

240%(In® V) (B + k) ( 1 )2
a(402(In® V) (B + k) — 1) \aVoH + bV =k
(14)

@(¢ ¢ 0) =

_ 1
where p = ¢+ 8+ ooy mo

In Fig. 1, soliton Eq. (14) for « = 12, = 1.5,0 =
1.5,k = 1,a = 25,b = 0.75,V = 2.8 and { = 1 within
the interval —10 < ¢, ¢ < 10, the left figure shows the 3D
plot and the right figure shows the 2D plot for {=0,5,10.

By substituting Eq. (13) in to Eq. (11) and along with
solution of ODE Eq. (6), we recover the following EE solu-

tion:
w(¢, ¢, Q) =
40%(In2 V)(B + k) . b( 1 )2
a(1+402(In* V) (B +k)) aver 4 bV =ar
(15)
where y =¢+¢ — %g.
H 11402 (In V) (B k)

In Fig. 2, soliton Eq. (15) fora = 0.5, =2,0 = 1.5,k =
0.25,a =1,b =15,V = 2.6 and { = 1 within the interval
—10 < ¢,¢ < 10, the left figure shows the 3D plot and the
right figure shows the 2D plot for ¢ = 0, 5, 10.

3.2. Second method
Substituting Eq. (11) in Eq. (10), along with Eq. (7) and
equating the coefficient of L yields
AV: by — by —ab3 =0
AV: by(1 =6 —2aby + 6Bo?(In? V) + dka*(In2 V) = 0,
A2 Wy — Awy — 2awpwy — aw? — 360 (In? V) Baw;
+ 460 (In? V) Bw, — 3602 (In? V) kaw,
+460*(In* V)kwy = 0
A3 —2abiby + 26Bab10*(In? V) — 106Babyo? (In? V)
+ 26ka’b10? (In? V) — 106kabyo*(In? V) = 0,
A3 by(—aby + 66Ba’c? (In? V) 4 60ka’c?(In V) = 0.

Solving the above system, we get:

Casel
b() =0
b= 6ac?(In? V) (B + k)
a(1—o2(In* V)(B+k))
by 6a202(In2 V) (B + k) (16)
a(1—a2(In®> V)(B+k))
5o 1
1—c2(In® V) (B +k)
Case II
b — a2 (In® V)(B + k)
a(1+2(In* V)(B+k))
by = — 6a0?(In? V) (B + k)
a(1+2(In® V)(B+k)) (17)
by — 6a22(In> V) (B + k)
a(1+2(In* V)(B+k))
1

o=
1+ 02(In® V) (B +k)

By substituting Eq. (16) in to Eq. (11) and along with
a solution of ODE Eq. (7), we recover the following EE
solution:

(s, ¢, 0) =

bac?(I*V)(B+k) [ 1 1 2
a(1—c2(In2V)(B+k)) \ a+bVor +”<a+bvw>
(18)

where y =¢+¢ — Wg.

In Fig. 3, soliton Eq. (18) for « = 025, = 12,0 =
0.75,k =1,a = 2,d = 0.5,V = 2.7 and { = 1 within the
interval —10 < ¢,¢ < 10, the left figure shows the 3D plot
and the right figure shows the 2D plot for ¢ = 0, 5, 10.

By substituting Eq. (17) in to Eq. (11) and along with
a solution of ODE Eq. (7), we recover the following EE
solution:
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Fig. 1. Three-dimensional and two-dimensional plots for Eq. (14) witha = 1.2, =1.5,0 =
1.5,k=1,a=250b=0.75V =28and { =1 when —10 < ¢, & < 10.

— % //4 T T T T
\\\\ /ff/
11\ 154 f};
AR
it th
511 10
it i
b
s
I
e
I T ll[!l JH-[ T 1
-10 -5 5 10
llll I ¢
il
B l,ﬁ!'
1
. [~ ——t5——tn]
(a) Three-dimensional plot (b) two-dimensional plot

Fig. 2. Three-dimensional and two-dimensional plots for Eq. (14) witha = 0.5, =2,0 =15,k =
025a=1,b=15V =26and { =1when —10 <, ¢ < 10.

R
where y =¢+¢ 1+02(In” V) (B+k) &
2
@(c 80 = o2(In Vz)(/% +k) In Fig. 4, soliton Eq. (19) for a = 0.5, = 1,0= 0.5,k =
(1+02(In2 V) (B +k)) ~2,a = 1,d = 1.5,V = eand { = 1 within the interval

19
(19) —10 < ¢,¢ < 10, the left figure shows the 3D plot and the

2
1—611;—0—6112 (7) . .
a-+bvor a+bvor right figure shows the 2D plot for ¢ = 0, 5, 10.
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Fig. 3. Three-dimensional and two-dimensional plots for Eq. (14) witha = 0.25, =1.2,0 =
075,k =1,a=2,d =05V =27and { =1when —10 <, ¢ <10
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Fig. 4. Three-dimensional and two-dimensional plots for Eq. (14) witha = 0.5, =1,0 = 0.5,k =

4. Conclusion

—2,a=1,d=15V =¢eand { =1when —10 <g¢,¢ < 10.

Kudryashov and new Kudryashov techniques. We show
that the keys previously provided by other authors differ

In this work, we developed novel EE solutions of travelling from those we found in this article. The solutions obtained
wave solutions to the ZK-BBM equation using the modified
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here may be potentially useful for applications to engineers

and physicists. These techniques are adequate, concise and

direct. The availability of math software such as Maple has

made complex algebraic calculations easier. Therefore, as

a result, the present technique can be expanded to solve

nonlinear problems that rise in other fields.
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