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1. Introduction

The B4-metric space, introduced in reference [1], emerged
as a natural extension of the S-metric space initially pro-
posed by Sedghi, Shobe, and Aliouche [2]. Within the math-
ematical community, these spaces have spurred significant
interest and exploration, resulting in the establishment of
fixed point results in references [3] and [4].

Metric spaces are generalized to three variables and are
termed as S-metric spaces, which in turn are extended to
four variables and are termed as By-metric spaces. In this
paper a By-metric space is renamed as 4-dimensional ball

metric space.

In this paper, our primary objective is to contribute to
the understanding and utilisation of these metric spaces.
To facilitate a clearer and more intuitive interpretation,
we have chosen to rename the Bj-metric space as the 4-
dimensional ball metric space. This nomenclature is in

conjunction with rectangular S-metric spaces.

The concept of rectangular S-metric spaces, extending
the previously established rectangular metric spaces by
Branciari. It proceeds to demonstrate analogues of several
well-known fixed point theorems within this unique space,
thereby expanding and generalizing numerous established

results in fixed point theory. This nomenclature seamlessly
aligns with the conceptual framework outlined in refer-
ence [3] regarding rectangular S-metric spaces, illustrating
the smooth integration of these innovative ideas into the
existing body of knowledge.

While references to examples of these spaces can be
found in [1], we contribute additional illustrative examples,
aiming to enhance the conceptual clarity and inspire fur-
ther exploration and applications of the 4-dimensional ball
metric space. However, we provide some more examples
in this article.

Extensions of the contraction principles can also be
found in ([5-19], [20-22], [23], [24-31]) to cite a few.

2. Preliminaries

2.1. Definition

[1] Let Q # @ and By : O* — R satisfy the following
axioms: for all 1, tp, t3, t, @ € Q.

1.

B4 (tl,tQ, t3, t4) =0ifand only if tl = t2 = t3 = t4.

By (t1,ta, ta, ta) < By (t1, b1, b1, &) 4+ By (to, to, to, &) +
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B4 (l’g, t3, t3, 0() =+ B4 (t4, ty, tg, Dé) .
Then, we say that By is a 4-dimensional ball metric on
Q) and the pair (Q), By) is a 4-dimensional ball metric space.

Various examples of 4-dimensional ball metric spaces can
be found in [1]. The following are some more examples.

2.2. Example
Suppose, Q = N U {0} and define B, : O* — R* U {0} by

0 iff1=f2=f3:t4i

B4 (tll t2/ tB/ t4) =

t% + t% + t% +12,  otherwise.

Then, (Q), By) is a 4-dimensional ball metric space.

2.3. Example
Let O = N U {0} and define B, : O* — R* U {0} by

otherwise.

By (t1,t2,t3,t4) =
t1 4+t + 3+ 1y,

Then, (Q, By) is a 4-dimensional ball metric space.

2.4. Example
Let Q = N U {0}, 4 > 0. Define B : O* — R* U {0}

by By (t1,t2,t3,t4) = O ith= fZ —hTh
u, otherwise,
where t1,tp,t3,t4 € Q. Then, (€, By) is a 4 -dimensional
ball metric space.

The notions of limit, convergence, Cauchy sequence and
completeness in a 4-dimensional ball metric space are given
in [1] as follows:

Definition 04: Let ((), By) be a 4-dimensional ball metric
space.

1. A sequence {t,} in Q converges to t if
By (tn, tn, tn, t) — 0,as 1 — 0.
That is, given € > 0, there exists ng € IN such that for
alln > ng, By (tn, tn, tn, t) < €.
We denote this by limy ety = ¢ or limy—co By (¢,
tn, tn, £)=0.

2. A sequence {t,} in Q is called a Cauchy sequence if
By (tn, tn, tn, tm) — 0, as n,m — oo.
That is, given € > 0, there exists 1y € IN, such that for
all n,m > ng, By (tn, tn, tn, tm) < €.

3. A 4-dimensional ball metric space (), By) is called

complete if every Cauchy sequence in () is convergent.

We now state a few lemmas, which we use in our further
development.

0, iff1:f2:f3:t42

2.5. Lemma

[1] Let (Q), B4) be a 4-dimensional ball metric space. Then,
By (1,1, b2, t2) = By (ta, 2, t2,11), for all 1, 5 € Q.

2.6. Lemma

[1] ty — tif and only if By (t,t, ¢, ;) — 0, as m — co.

2.7. Lemma

[1]If tyy =y and ty, — 12 = 11 = 1.

2.8. Lemma

[1] tyy — t = {tm} is a Cauchy Sequence.

3. Main results for 4-dimensional ball metric spaces

First, we prove the following lemma and use it in our main
result.

3.1. Lemma

Let O # @ and By : QO — RT U{0} be a 4
dimensional ball metric space on Q). Then, By(a, B, B, B) <
By(a,7v,7,7) +3Ba(v, B, B, B), forall a, B,y € Q.

Proof: Suppose, ((), By) is a 4-dimensional ball metric
space.

Replacing t; by a,t,t3,t4 by B and a by 7 in def-
inition 2.1 (ii), we get, Ba(a,B,8,8) < Ba(a,a,a,y) +
B4(B, B, B,7) + Ba(B, B, B, v) + Ba(B, B, B, 7)-

Therefore, By(x,B,B8,8) < Ba(a,a,a,v) + 3B4(B, B,
B )

Therefore, By(x,B,8,8) < Ba(a,7v,7v,7) + 3Ba(v, B,
B,B). (by Lemma 2.5)

Now we state and prove our main theorem on 4-

dimensional ball metric spaces.

3.2. Theorem

Suppose, (€, By) is a complete 4-dimensional ball metric
space and T : () — ) is a map. Suppose, 0 < k < % is such
that for all tq, t5,t3,t4 € Q),

By (Ttl,th,Tt3,Ti‘4) < kBy (tl,tz, t3, l’4) . (3.2.1)

Then, T has a unique fixed point.

Proof: For t1,t; € ), from (3.2.1), taking ty = t3 = 1y,
we have B4 (Ttl,th, th, th) < kB4 (t], tr, 1o, fz) .

Let tp € Q. Define the sequence {t,} by t, = T"ty, for
n=123,...

Then, clearly t,,,1 = T"t;.

By (tn, tn, tn, tys1) = By (Tty—q, Tty_1, Tty—1, Tty) <

kB4 (tnflr b1, -1, tn)

Write Sy = B4 (tn, tu, tn, tn+1)~ (322)
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Wehave s, < ks,_1 < k?s,,_». 4.1. Theorem
Therefore, s, < k"'sp, Vi € N. (3.2.3) Suppose, (), By) is a complete 4-dimensional ball metric
This shows that s, — 0, as n — co. Suppose, m > n. space and T : Q) — Q) is a map. Suppose, 0 < k < 0.1 is
By using Definition 2.1, for ;4 1, t,12,. .., t;;—1, we have such that for all t, to, t3, t4 € Q.
By (tn, tm, tm, tm) < By (Tty, Tty, Tts, Tty) <

B4 (tn/ tn/ tn/ tn-‘rl) + B4 (tm/ t}ﬂ/ tM/ tn+l) k B4 (tlthll Ttertl) + B4 (tZI TtZ/ TtZI th) (4 1 1)

+By (tm, tm, tms tn1) + Ba (bms by b, ta1) +By (t3,Tts, Tt3, Tt3) + By (tg, Tty, Tty, Tty) [ 717

= By (tu tu,tn, tn1) + 3By (tms i, tmy b1 Then, T has a unique fixed point.
= Sy + 3By (tm, tm, tm, tys1) Proof: From (4.1.1), taking f, = t3 = s, we
< Sp 43541+ 3234 (tnas by by tpa) have By (Tty, Tty, Tty, Tty) < k{By(t1,TH, Tt,Tty) +

3By (b, Tty, Tty, o) }.
Let tg € ) and define the sequence {f,} by t,11 = T"#j
forn=0,1,2,....

(by Lemma 3.1). (3.2.4) We have
From (3.2.3) and (3.2.4), we have Ba (b byt 1) <
k ( B,y (tnflrtnflrtnflxtn) + By (tnflxtnfll tnflftn) )
+B, (tn—lr b1, 01, tn) + By (tn/ tn, tn, tn-&-l)
so that, By (tn, t, tu, tns1) < 1% Ba (tn—1,tu1, ta—1,tn)-
Since, % < %, by Theorem 3.2, the result follows.
Write s, = By (fn, tn, tn, tys1) -
<sy <1 +3k+ (Bk)2+ -+ (3k)m7”71> we have s, < ks,_1 < k%5,,_».
Therefore, s, < k"sg,Vn € IN, we have for all n,m € N
with n # m, t,, # ty.

< s, + 35n+1 + 325n+2 + 3334 (tmr Ery b, tn+3)
< sy 43541+ 3240+ sz + -+ 3" s,

B4 (tn/ tm/fm/tm)
2712 313
<'sy +3ksyy1 +3°k"s, 40 + 37k s 13+

m—n—1ym—n—1
43 k Sm_1

:sn(1+y+y2+~~-—l—y’”_”_1>,wherey:3k

1 i s
< s, <m> (since p < 1, by hypothesis ) By repeated use of (ii) in Definition 2.1,
1 . 1 By (tn/ tn, tn, tn+1) + By (tmr ts tm, tn+1)
< anO (1 — }l) — O, as n — oo, sInce k< g B4 (t”/ tm, tm’tm) < { B4 (tWI/ [ tﬂ+1) + B4 (tm/ t, b, tl’l+1)
Hence, t, is a Cauchy sequence. = By (tu, tn, tu, tps1) + 3Ba (b b, b, tngr)
Since, ) is complete, there exists t* € () such that t,, — < sy + 3By (b, twn, by tni2)
t*. (3.2.5
(3.2.5) < s + 38,11+ 3°By (bt i, tni2)
Now

< S+ 3541+ 3%Sus2 + Fspa 4+ 3" sy

By (tysr, TH, T, Tt* = By (Tty, TH, Tt*, TH") We have,
< kBy (tu, t*,£%, )

By (tn, tms, tmy tm) <
— 0, asn — oo (by 3.2.5) 4 (. Ems tm tm)

leSO + 3k1’l+1so 4 32kn+250 RS 3m71km7150
Therefore, tyt1 — Tt*. < (k,,, + 3k”+1 + 32kn+2 Tt 3m,1km,1> s
Therefore, Tt* = t*. (by Lemma 2.7)
Therefore, t* is a fixed point of T. <K' (1 +3k+ (3k)? + (3k)3 4 - + (3k)m7"71> 50
Suppose, t** is a fixed point of T. L

PP * *k *f *% ¥ prk gkk gk Sk" (1+V+(I’l)2+(y)3++(]’l)m " 1) S0

Then, By (Tt*, Tt**, TH**, Tt**) < kBy (#*, £, %, ). ;
Therefore, By (£, £¥%, £, 1¥%) < kBy (£, ¥, £¥%, %),

sg — 0, asn — oo.

Therefore, By (t*,t**,**,+**) = 0. (1=p)
Therefore, t* = t**. (by Definition 2.1) Therefore, {t,} is Cauchy sequence.
Thus, T has a unique fixed point, namely £*. There exists, t* € Q) such that t,, — t*, since () is com-
plete.
4. Applications Now By (t,1, Tt*, Tt*, Tt*) = By (Tt,, TH*, Tt*, Tt*)

In this section we obtain applications of the Theorem 3.2. < By (tn, t*,t*, 1) — 0, as n — oo.
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Therefore, t,, 1 — Tt*.
Therefore, Tt* = t*.
Therefore, t* is a fixed point of T.

By (TH, TH, T+, T#**)
-t By (%, Tt*, Tt*, Tt*) 4 By (£°*, TH**, TH™, TH)
— +B4 (t**’Tt**,Tt**’Tt**) + B4 (t**’Tt**th**,Tt**)

< k B4 (t*, t*, t*’t*) + B4 (t**, t**,t**/ t**)
> +B4 (t**l f**, t**, t**) —|—B4 (f**, t**,t**,t**)

Therefore, By (t*,t**,t**,t**) < kBy (£*,t**,t**,t**).
Therefore, By (t*,t**,**,**) < 0.
Therefore, t* = +**.

Thus, T has a unique fixed point, namely t*.

4.2. Theorem

Suppose, (€, By) is a complete 4-dimensional ball metric
spaceand T : Q) — Q) is a map.

Suppose, the real numbers g1, ¢», 3,84 are such that
0§g1<%,0ng<%,0§g3<}1,0§g4<%.

Write 6 = max {81/ 1§7Zgz’ %, 15}4 .

Assume that for all ty,,t3,t4 € Q, By(Tt,Tty, Tt,
Tty) < $By(t, to, t3, ta) + 34 By (t1, 11, 11, TH) . (42.1)

Then, T has a unique fixed point.

Proof: From (4.2.1), taking ¢, = t3 = t4, we have

)
By (Tty, Tty, Tty, Tty) < 134 (t1,t2, t2, tp) +

30
ZB4 (tll tl/ tl/Ttl) .

Let tg € () and define the sequence {t,,} by t, 1 = T"f.
Then,

By (tny1,tn tn, tn) = By (Tty, Tty 1, Tty 1, Tty 1)
< 234 (tn tn-1,tp—1,tn—1) + 34*534 (tnstn-1,tn—1,tn—1)
= 0By (tu, tu—1,tn—1,tn-1) -
Setting sy, = By (tn, tn, tn, ty41), then
sy < ksy_1,8p-1 < ksy_o = s, < k"'sg,¥n € N.

By repeated use of (ii) in Definition 2.1,

B4 (tn, tmy tm, tm) §B4 (tn; ty, tn, tn+1) + B4 (tVH/ tm, tm, tn+1)
+ B4 (tm/ tm, tm, tn+1) + B4 (tWI/ tmy tm, tn+l)
:B4 (tn; ty, tn, tn+1) + 3B4 (tm/ tm, tm, tn+1)

=5y + 3By (tmr tm, tm, tn+1)
< + 3851 + 32Ba (bns by by i)

<Sp +38y41 + 3%Sps2 + 3By (tw, tn, b, tns3)

<sp +35p41 +3%u40 + 335,43+ +3" sy,

<sp +35p41 +3%,0 +3%, 3+ -

We have By (tu, tm, tm, tm)

< K'sg + 3k sy 4 32" 25 + - - - + 31K gy

(kn + 3kn+1 + 32k1’l+2 4o+ 3mflkm71> $0

IN

IA

1% (1+3k+ (36)% + (3)° +--- + (3k)m—n—1> 5

<Kk (1 43k + (3K)2 + (3k)% + (3k)* + - ) 5

kn
< 7(17%)50—)0, asn — oo.
Therefore, {t,} is Cauchy sequence.

There exists, t* € Q) such that t,, — t*, since () is com-

plete.

Now By (tyy1, TH, Tt, Tt*) = By (Tt,, T+, T+, Tt*)
< By (tn, t*,t*, ) — 0, as n — oo.

Therefore, t,,q — Tt*.

Therefore, Tt* = t*.

Therefore, t* is a fixed point of T.
Suppose, t** is a fixed point of T. Then,

)
B4 (Tt*,Tt**,Tf**,Tt**) < ZB4 (t*, t**,t**, t**) +
36
ZB4 (t*’ t**’ t**, t**) .
Therefore, By (£, £, £**, £**) < 6By (£, £**, £**, 1**)
Therefore, By (t*, %, **,**) = 0. ('since § > 1)
Therefore, t* = t**.

Thus, T has a unique fixed point, namely £*.

4.3. Theorem

Suppose, (Q, By) is a complete 4-dimensional ball met-
ric space and T QO — O is a map. Sup-
pose, £1,82,83,84 are such that 0 < g1 < %,0 <

g < %,O < g3 < %, 0< @ < %.Writeé =

m

max {gl, 1%2, 15%, 15}4 } . Suppose, for all ty, tp, t3, t4
Q, By (Tty, Tty, Tt3, Tty) < §By (t1,ta, t3,ta) + 2By (11,11,
t, Th

Then, T has a unique fixed point.

Proof: From (4.3.1), taking t, = t3 = t4, we have
) 36
By (Tty, Thy, Ty, Thy) < 134 (tl,t2, ty, tz) + ?34 (fl,tl,fl,Ttl)

Let tg € Q) and define the sequence {t,} by t,+1 = Tt;.
Then,
By (tns1,tn tn, tn) = By (Tty, Tty—1, Tty 1, Tty 1)

o 39
134 (tn/ tn—1,tn—1, tnfl) + §B4 (tn/ th—1,tn—1, tnfl)
5
= 1‘534 (tn/ tn—1, tnflftnfl) :
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Since, 26 < %, by Theorem 3.2 it follows that, {t,} is
Cauchy sequence and (2 is complete, there exists t* € Q)
such that ¢, — t*

Therefore, T has a unique fixed point, namely t*.

Conclusion

In this paper, we introduce the notation of B4-metric space,
or the 4-dimensional ball metric space. We establish
unique Fixed point theorems for a self-map on a complete
4-dimensional ball metric space and illustrate their appli-
cations with supporting examples. This work contributes
to the understanding and application of 4-dimensional ball
metric space in mathematical analysis and its allied areas.

Further scope

The possibility of extending the results of this paper to
n-dimensional ball metric spaces are under active investi-
gation.
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