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Finding traveling wave (TW) solutions for nonlinear equations has always been one of the most important
concerns of researchers in various mathematics, physics, and engineering fields. In this paper, we employ a
new extended direct algebraic (NEDA) technique to study the modified KdV-Zakharov-Kuznetsov (mKdV-ZK)
equation. In the framework of this technique, various forms of analysis solutions for the equation are obtained,
which have many applications in the field of electric and magnetic fields. The correctness of all the solutions
introduced in this paper has been checked after their direct replacement in the equation. Moreover, numerical
simulations corresponding to some of these analytical solutions are included in the paper.
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1. Introduction

In the past decades, solving nonlinear models has gained
a lot of attention among scholars to model and describe
applied problems in science and technology such as plasma
physics [1], electrical transmission lines [2], ion-acoustic
waves in plasma [3], financial mathematics [4] and many
others applications [5–8]. This high importance for this
group of equations has led to the presentation of many
techniques for solving such problems in the recent litera-
ture. Some of these methods are the improved generalized
Riccati equation mapping technique [9], the new extended
direct algebraic technique [10], the new Sardar sub-ODE
technique [11], the modified Kudryashov technique [12],
the generalized Kudryashov technique [13], the improved
Bernoulli sub-equation function technique [14], the gen-
eralized exponential rational function technique [15], and
the extended ϕ6-model expansion technique [16], auxil-
iary equation technique [17], the sine-Gordon expansion
technique [18], the Riccati-Bernoulli Sub-ODE technique

[19], the modified Khater technique [20], the improved
F-expansion technique [21], the generalized exp(−φ(ξ))-
expansion (GEE) technique [22], the Exp-function tech-
nique [23], and so on [24–46].

In this work, we consider the mKdV-ZK equation as
[47–53]:

χt + 2χ2χx + χxxx + χxyy + χxzz = 0 (1)

Where χ = χ(x, y, z, t) and χ is the amplitude of the rele-
vant wave mode. This equation is one the most widely used
equation in plasma, which is used to describe the evolution
of ion-acoustic perturbations in magnetized plasma with
two negative ion components of different temperatures [47,
48]. Due to its many applications, various techniques and
approaches have been used in solving this equation. For
example, the authors of [49] have utilized the Lie group
analysis to study the similarity reduction and exact solu-
tions of the mKdV-ZK equation. The work of [50] consists
of applying two integration techniques, including the first
integral technique and the functional variable technique,
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in solving model (1). Khan and Akbar [51] have used the
modified simple equation (MSE) technique to discover new
solutions to Eq. (1) and proposed several solitary wave so-
lutions for the model. The variable-separated ODE method
is the integration method used in [52] to solve the con-
formable fractional version of the model. Taking and en-
hanced (G′/G)-expansion technique, the authors of [53]
have derived abundant TW solutions for the model (1). In
the work of [54], the ansatz equation has been extended in
the modified, extended direct algebraic technique to find
optical wave solutions of the three-dimensional form of the
model.

In this article, we try to provide an application of the
NEDA technique in solving model (1). To this end, the pre-
sentation framework for the article is outlined as follows:
Then, mathematical analysis with the NEDA method for
the main model in Sec. 2. In Sec. 4, we give some figures
that show the TW solutions of Eq. (1). The last section of
the article in Sec. 3 is devoted to conclusions remarks.

2. Mathematical analysis for the main model

In this section, we will apply the NEDA technique to con-
struct many new and more general TW solutions for the
mKdV-ZK equation [55].

We use the wave transformation as:

χ(x, y, z, t) = ℘(o), o = κ1x + κ2y + κ3z − ωt (2)

To reduce Eq. (1) to the nonlinear ODE below:

ω℘′ + δκ1℘
2℘′ +

(
κ3

1 + κ1κ2
2 + κ1κ2

3

)
℘′′′ = 0 (3)

where κ1, κ2, κ3 and ω are arbitrary constants. Balancing
the nonlinear term ℘3 with the highest order derivative
term ℘′′′ in Eq. (3), we have:

℘(o) = b0 + b1G(o) (4)

where b0, b1 are constant coefficients to be determined later.
Substituting Eq. (4) along with

G′(o) = Ln(Θ)
(

a + bG(o) + cG2(o)
)

, Θ ̸= 0, 1 (5)

Where a, b and c are constants, into Eq. (3), collecting the
coefficients of Gl(o) and equating them to zero. Coefficients
of G(o) as follows:

G0 :ab1 ln(Θ)
(

ω + δκ1b2
0 +

(
b2 + 2ca

) (
κ3

1 + κ1κ2
2 + κ1κ2

3

)
ln(Θ)

)
= 0

G1 :b1 ln(Θ)
(

ωb + δbκ1b2
0 + 2δκ1b0b1a + 6abc

(
κ3

1 + κ1κ2
2 + κ1κ2

3

)
ln2(Θ) + b

(
b2 + 2ca

) (
κ3

1 + κ1κ2
2 + κ1κ2

3

)
ln2(Θ)

)
= 0

G2 :b1 ln(Θ)(ωc + δcκ1b2
0 + 2δbκ1b0b1 + δaκ1b2

1+

6ac2
(

κ3
1 + κ1κ2

2 + κ1κ2
3

)
ln2(Θ)

+6b2c
(

κ3
1 + κ1κ2

2 + κ1κ2
3

)
ln2(Θ)+

c
(

b2 + 2ca
) (

κ3
1 + κ1κ2

2 + κ1κ2
3

)
ln2(Θ) = 0

G3 :b1 ln(Θ)
(

2δcκ1b0b1 + δbκ1b2
1+

12bc2
(

κ3
1 + κ1κ2

2 + κ1κ2
3

)
ln2(Θ)

)
= 0

G4 : cb1 ln(Θ)
(

δκ1b2
1 + 6c2 (κ3

1 + κ1κ2
2 + κ1κ2

3
)

ln2(Θ)
)
= 0

By solving the above algebraic equations using Maple,
we have:

b0 = ∓1
2

b ln(Θ)

√
−

6
(
κ2

1 + 6κ2
2 + 6κ2

3
)

δ
,

b1 = ±c ln(Θ)

√
−

6
(
κ2

1 + κ2
2 + κ2

3
)

δ
,

ω =

(
b2 − 4ca

)
2

κ1 ln2(Θ)
(

κ2
1 + κ2

2 + κ2
3

)
.

(6)

The solutions of Eq. (1) according to these values

When Υ = b2 − 4ac < 0 and c ̸= 0,

χ±
1 = ± ln(Θ)

√
− 6(κ2

1+κ2
2+κ2

3)
δ

[
b −

√
−Υ
2 tanΘ

(√
−Υ
2 o

)]
.

χ±
2 = ± ln(Θ)

√
− 6(κ2

1+κ2
2+κ2

3)
δ

[
b +

√
−Υ
2 cotΘ

(√
−Υ
2 o

)]
χ±

3 =± ln(Θ)

√
−

6
(
κ2

1 + κ2
2 + κ2

3
)

δ[
b −

√
−Υ
2

(
tanΘ(

√
−Υo)±√

pq secΘ(
√
−Υo)

)]

χ±
4 =± ln(Θ)

√
−

6
(
κ2

1 + κ2
2 + κ2

3
)

δ[
b −

√
−Υ
2

(
− cotΘ(

√
−Υo)±√

pq cscΘ(
√
−Υo)

)]

χ±
5 = ln(Θ)

√
−

6
(
κ2

1 + κ2
2 + κ2

3
)

δ[
b −

√
−Υ
4

(
tanΘ

(√
−Υ
4

o

)
− cotΘ

(√
−Υ
4

o

))]
,

where

o = κ1x + κ2y + κ3z −
(

1
2

κ1Υ ln2(Θ)
(

κ2
1 + κ2

2 + κ2
3

))
t.

When Υ = b2 − 4ac > 0 and c ̸= 0,



Journal of Applied Science and Engineering, Vol. 27, No 10, Page 3327-3336 3329

χ±
6 = ± ln(Θ)

√
− 6(κ2

1+κ2
2+κ2

3)
δ

[
b +

√
Υ

2 tanhΘ

(√
Υ

2 o
)]

,

χ±
7 = ± ln(Θ)

√
− 6(κ2

1+κ2
2+κ2

3)
δ

[
b +

√
Υ

2 cothΘ

(√
Υ

2 o
)]

,

χ±
8 =± ln(Θ)

√
−

6
(
κ2

1 + κ2
2 + κ2

3
)

δ[
b −

√
Υ

2

(
− tanhΘ(

√
Υo)± i

√
pq sechΘ(

√
Υo)

)]

χ±
9 =± ln(Θ)

√
−

6
(
κ2

1 + κ2
2 + κ2

3
)

δ[
1
2

b −
√

Υ
2

(
− cothΘ(

√
Υo)±√

pq cschΘ(
√

Υo)
)]

χ±
10 =± ln(Θ)

√
−

6
(
κ2

1 + κ2
2 + κ2

3
)

δ[
b +

√
Υ

4

(
tanhΘ

(√
Υ

4
o

)
+ cothΘ

(√
Υ

4
o

))]
where

o = κ1x + κ2y + κ3z −
(

1
2

κ1Υ ln2(Θ)
(

κ2
1 + κ2

2 + κ2
3

))
t

When ac > 0 and b = 0,

χ±
11 = ± ln(Ω)

√
− 6ac(κ2

1+κ2
2+κ2

3)
δ tanΘ(

√
aco)

χ±
12 = ± ln(Ω)

√
− 6ac(κ2

1+κ2
2+κ2

3)
δ cotΘ(

√
aco)

χ±
13 =± ln(Ω)

√
−

6ac
(
κ2

1 + κ2
2 + κ2

3
)

δ(
tanΘ(2

√
aco)±√

pq secΘ(2
√

aco)
)

χ±
14 =± ln(Ω)

√
−

6ac
(
κ2

1 + κ2
2 + κ2

3
)

δ(
− cotΘ(2

√
aco)±√

pq cscΘ(2
√

aco)
)

χ±
15 =± ln(Ω)

√
−

3ac
(
κ2

1 + κ2
2 + κ2

3
)

2δ(
tanΘ

(√
ac

2
o
)
− cotΘ

(√
ac

2
o
))

where

o = κ1x + κ2y + κ3z +
(

2acκ1 ln2(Ω)
(

κ2
1 + κ2

2 + κ2
3

))
t

When ac < 0 and b = 0,

χ±
16 = ± ln(Ω)

√
6ac(κ2

1+κ2
2+κ2

3)
δ tanhΘ(

√
−aco)

χ±
17 = ± ln(Ω)

√
6ac(κ2

1+κ2
2+κ2

3)
δ cothΘ(

√
−aco)

χ±
18 =± ln(Ω)

√
6ac

(
κ2

1 + κ2
2 + κ2

3
)

δ(
− tanhΘ(2

√
−aco)± i

√
pq sechΘ(2

√
−aco)

)
χ±

19 =± ln(Ω)

√
6ac

(
κ2

1 + κ2
2 + κ2

3
)

δ(
− cothΘ(2

√
−aco)±√

pq cschΘ(2
√
−aco)

)
χ±

20 =± ln(Ω)

√
3ac

(
κ2

1 + κ2
2 + κ2

3
)

2δ(
tanhΘ

(√
−ac
2

o
)
+ cothΘ

(√
−ac
2

o
))

where

o = κ1x + κ2y + κ3z +
(

2acκ1 ln2(Ω)
(

κ2
1 + κ2

2 + κ2
3

))
t

When b = 0 and c = a,

χ±
21 = ±a ln(Ω)

√
− 6(κ2

1+κ2
2+κ2

3)
δ tanΘ(ao)

χ±
22 = ±a ln(Ω)

√
− 6(κ2

1+κ2
2+κ2

3)
δ cotΘ(ao)

χ±
23 =± a ln(Ω)

√
−

6
(
κ2

1 + κ2
2 + κ2

3
)

δ

(tanΘ(2ao)±√
pq secΘ(2ao))

χ±
24 =± a ln(Ω)

√
−

6
(
κ2

1 + κ2
2 + κ2

3
)

δ

(− cotΘ(2ao)±√
pq cscΘ(2ao))

χ±
25 = ±a ln(Ω)

√
− 3(κ2

1+κ2
2+κ2

3)
2δ

(
tanΘ

( a
2 o
)
− cotΘ

( a
2 o
))

where

o = κ1x + κ2y + κ3z +
(

2a2κ1 ln2(Ω)
(

κ2
1 + κ2

2 + κ2
3

))
t

When b = 0 and c = −a,

χ±
26 = ±a ln(Ω)

√
− 6(κ2

1+κ2
2+κ2

3)
δ tanhΘ(ao)

χ±
27 = ±a ln(Ω)

√
− 6(κ2

1+κ2
2+κ2

3)
δ cothΘ(ao)

χ±
28 =± a ln(Ω)

√
−

6
(
κ2

1 + κ2
2 + κ2

3
)

δ

(− tanhΘ(2ao)± i
√

pq sechΘ(2ao))

χ±
29 =± a ln(Ω)

√
−

6
(
κ2

1 + κ2
2 + κ2

3
)

δ

(− cothΘ(2ao)±√
pq cschΘ(2ao))

χ±
30 = ±a ln(Ω)

√
− 3(κ2

1+κ2
2+κ2

3)
2δ

(
tanhΘ

( a
2 o
)
+ cothΘ

( a
2 o
))

When a = 0 and b ̸= 0,
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χ±
31 =± b ln(Ω)

√
−

6
(
κ2

1 + κ2
2 + κ2

3
)

δ[
1
2

b +
p

(coshΘ(bo)− sinhΘ(bo) + p)

]
χ±

32 =± b ln(Ω)

√
−

6
(
κ2

1 + κ2
2 + κ2

3
)

δ[
1
2
+

(sinhΘ(vo) + coshΘ(bo))
(sinhΘ(bo) + coshΘ(bo) + q)

]
where

o = κ1x + κ2y + κ3z −
(

1
2

b2κ1 ln2(Θ)
(

κ2
1 + κ2

2 + κ2
3

))
t.

When b = λ, c = ϖλ(ϖ ̸= 0) and a = 0,

χ±
33 = ±λ ln(Θ)

√
−

6
(
κ2

1 + κ2
2 + κ2

3
)

δ

[
1
2
− ϖpΘλo

p − ϖqΘλo

]

where

o = κ1x + κ2y + κ3z −
(

1
2

λ2κ1 ln2(Θ)
(

κ2
1 + κ2

2 + κ2
3

))
t

We have checked the correctness of all the solutions
presented in this paper by inserting them directly into the
main nonlinear equation.

3. Physical explanation

We have successfully obtained TW solutions for the mKdV-
ZK equation, encompassing a range of soliton types such
as dark, periodic, singular, and others. To obtain a thor-
ough grasp of their physical behavior, we illustrated cer-
tain solutions graphically. The subsequent results were ob-
tained and are depicted in the accompanying figures to aug-
ment our comprehension of the underlying physical phe-
nomenon. Figs. 1 to 3 depict the 2D, 3D, and contour plots
of the absolute of χi(x, y, z, t), i = 1, 6, 33. Fig. 1 demon-
strates that the absolute values of χ1(x, y, z, t) form a singu-
lar periodic wave solution with the duration −5 ≤ t, x ≤ 5
when, while t = 0.0 (red), t = 0.1 (blue), t = 0.2 (black).
It can be observed from Fig. 2 that the absolute value of
χ6(x, y, z, t) exhibits a dark kink wave solution with a dura-
tion of −5 ≤ t, x ≤ 5 when a = 0.5, b = 1.5, c = 0.75, κ1 =

−2, κ2 = 2, κ3 = 0.5, δ = −0.5, y = 1, z = 1, Θ = e,
p = 1, q = 1 while t = 0.0 (red), t = 0.1 (blue), t = 0.2
(black). Based on Fig. 3, it can be observed that the abso-
lute value of χ33(x, y, z, t) represents a solitary wave solu-
tion. This solution has a duration of −5 ≤ t, x ≤ 5 when
λ = 1.5, ϖ = 2, κ1 = −2, κ2 = 2, κ3 = 0.5, δ = −1.5,
y = 1, z = 1, p = 1, q = 1.2, Θ = e, while t = 0.0 (red),
t = 0.1 (blue), t = 0.2 (black).

4. Conclusions

In this survey, a NEDA technique has been successfully
applied to find TW solutions of the mKdV-ZK equation.
Thereupon, some new sets of analytical solutions are de-
termined. In the framework of the technique, the acquired
solutions are determined in terms of some generalized
trigonometric and hyperbolic functions where their use is
very straightforward. It is worth noting that the technique
employed in this article is very powerful and efficient in
finding TW solutions to other well-known nonlinear mod-
els. Therefore, one of our future research goals will be to
employ this effective technique in determining TW solu-
tions for other models in the literature.
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