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Improved Wald Transformation p-Chart For Nonconforming Fraction
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This study proposes a new improved transformation p-chart for nonconforming fraction of a production process,
called improved Wald transformation p-chart. Via a simulation study, the efficiency of the proposed control
chart was compared with the traditional p-chart, the improved square root transformation p-chart, and the
Wilson p-chart. The simulation was conducted using the Monte Carlo technique for 180 situations and 10,000
times for each situation. The studied situations were as follows: the nonconforming fraction was set to be
0.01,0.02,0.05,0.07, and 0.09 ; the shift of the nonconforming fraction was set to be 1.1, 1.3, 1.5,2.0,3.0, and 4.0;
and the sample size (n) was set to be 30, 50,100, 300, 500, and 1000 . The efficiency measures were out-of-control
average run length and standard deviation of the run length. The results showed that the proposed chart was
the most efficient among the four tested charts for a large sample size. In addition, the proposed chart tended
to perform with the best efficiency for large sample sizes, n > 500, and small nonconforming fraction below
0.1. It performed well with all the tested shifts of nonconforming fraction. However, the sensitivity to detect
out-of-control items in the production process seemed to be same among the tested charts for smaller sample
size, n < 500.
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1. Introduction

The success of a production process depends on factors
and various steps that were specified from the beginning
of the process. In addition, a good production process
plan will help reduce costs and production time. It also
reduces various risks in production and increases the abil-
ity to respond to customer needs more quickly. A good
production process will help business to be successful and
grow sustainably. Nowadays, manufacturing competition
is quite high. Product quality plays an important role in
consumer purchasing decision, i.e., product quality must
meet consumer needs [1]. Many factors affect product qual-
ity, factors such as employees, machines, raw materials, etc.
If these factors are proper and do not change with time, the
product will meet the required quality [2-5]. Therefore, it
is necessary to control the manufacturing process so that it

meets the desired quality at low cost. Control chart is the
most popular statistical process control (SPC) instrument
for detection of abnormalities in production process [2—4].
If the process operator can quickly detect and solve an out-
of-control process problem, the loss can be minimized. A
widely used attribute control chart for detecting the frac-
tion of nonconforming items in a production process is a
nonconforming fraction control chart, usually called a p-
chart. A problem with this chart is its slowness in detecting
process changes [6-13]. Many studies have concluded that
the traditional p-chart did not perform well. There have
been several ways to improve p-chart. After it is improved,
it should be more sensitive to detect process abnormalities
when the nonconforming fraction in the process slightly
changes from the target. In the past, p-chart was improved
based on the idea of several kinds of transformations. Chen
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[14] improved p-chart with simple adjustments to the con-
trol limits of the p-chart. He compared the efficiency of the
improved p-chart, arcsine p-chart and Q chart and found
that the improved p-chart and Q chart were efficient for
large nonconforming fraction. In the real world, a small
nonconforming fraction often occurs in the production pro-
cess, so p-chart is not the appropriate tool [15, 16]. An
improved square root transformation p-chart, ISRT p-chart,
was proposed by Tsai et al. [15]. The efficiencies of four
charts-exact p, modified p, regression-based p, and ISRT
p-were compared via a numerical study. The ISRT p-chart
and the exact p-chart performed with the same efficiency,
adequate for a low level of nonconforming fraction. Later
in 2014, Sukparungsee [12] found that ISRT p-chart per-
formed well for the shift in nonconforming fraction of over
0.5, the nonconforming fraction level (pg) of 0.05 and 0.1
, and the sample size (1) of 50 and 70. In 2012, Anna and
Caten [17] proposed a new control chart, a beta chart, for
monitoring nonconforming fraction when data were taken
from binomially distributed population. Their proposed
control limits were derived based on the beta distribution
which is an approximation to the binomial distribution.
This distribution is more appropriate for values of the ran-
dom variable between 0 and 1. The efficiency comparison
was studied via a simulation of situations consisting of non-
conforming fraction (pg) of 0.001,0.01, and 0.10 ; sample
size (1) of 50, 200, 300, and 1500 ; and the shift of noncon-
forming fraction (J) in production process of 0.001,0.01,
and 0.02. The results show that the beta chart was more sen-
sitive for process monitoring in terms of in-control (ARLy)
and out-of-control (ARL;) average run lengths. In addi-
tion, this proposed chart is better than the classical chart
[18] for monitoring nonconforming fractions. Furthermore,
Rungruang [19] compared the efficiencies of three charts-Q
chart, moving average p-chart, and beta chart-in monitor-
ing nonconforming fractions. For an out-of-control process,
the beta control chart was the most efficient for a small
nonconforming fraction and a small shift in nonconform-
ing fraction. However, the moving average p-chart was
more suited for a large nonconforming fraction and a large
shift in nonconforming fraction, regardless of the sample
size. Two years later, Rod-o et al. [13] used the concept
of adjusted Wald confidence interval estimation [20] to
develop control limits of p 4¢ chart for monitoring noncon-
forming fraction. They compared its efficiency with those
of three charts: beta chart, moving average p-chart, and
p-chart. The beta chart was the most effective for almost
all levels of shift in nonconforming fraction and sample
sizes when the nonconforming fraction was small. How-
ever, the moving average p-chart was more effective for a

large nonconforming fraction. Furthermore, the proposed
pac chart provided a good performance for almost all non-
conforming fractions and sample sizes when the shift in
nonconforming fractions increased. In addition, Tsai et al.
[15] proposed the ISRT p-chart and compared it with sev-
eral other kinds of charts. Small sample sizes were required
to obtain positive lower control limits for the ISRT p-chart.
Numerical results indicate that the ISRT p-chart can match
any specific percentile point of run length distribution of
the true limit of an unknown parameter. Therefore, we
followed the concept of this chart construction in develop-
ing our proposed chart. Another chart was derived based
on Wilson confidence interval and proposed by Park [21],
called Wilson p-chart. Park compared the efficiencies of p-
chart, a modified p-chart by Chen [14], and Wilson p-chart.
Wilson p-chart outperformed the other charts for small non-
conforming fractions. In this research, data is taken to be
analyzed for a short period of time while the investigation
process was in progress. This was the focus of this study,
so the progressive charts, which often took historical data
into account, were not investigated, which is not a disad-
vantage because most progressive charts are complex and
difficult to use in practice. Therefore, the main objective
of this research was to develop a method for improving
p-chart. The secondary objective was to compare it to other
kinds of existing control charts.

An attribute control chart for monitoring nonconform-
ing fraction in a production process is proposed. It is
called an improved Wald transformation p-chart IWT p-
chart). The proposed control limits were derived based
on the square root transformation concept and adjusted
Wald confidence interval estimation concept [20]. Agresti
and Coull [20] reported that the interval estimation of the
proportion parameter for binomial distribution performed
well for both small proportion parameter and sample size.
Therefore, the authors hope that the proposed control chart
would be more sensitive in detecting out-of-control values
for small nonconforming fractions in a manufacturing pro-
cess (of which this situation occurs frequently in practice).
In addition, the efficiency of the proposed chart was com-
pared to those of ISRT p-chart, Wilson p-chart, and p-chart
in terms of out-of-control average run length (ARL1) and
standard deviation of the run length (SDRL). The authors
of Khoo et al. [22], Chen et al. [23], and Khilare and Shirke
[24], compared performances in terms of ARL; and SDRL.
They found that no matter which measure was used, the
analysis results were not different. Our contribution to
the field is our proposed IWT p-chart that can control non-
conforming fractions in a production process with the best
efficiency for large sample sizes and small nonconforming
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fractions and outperforms several existing kinds of charts.

2. Materials and methods

This study proposes an IWT p-chart. In addition, its effi-
ciency was compared to those of p-chart, ISRT p-chart and
Wilson p-chart. These charts are explained below.

2.1. Nonconforming Fraction Control Chart (p-chart)

A well-known control chart for monitoring fractions of non-
conforming was developed according to the general model
of Shewhart [4]. It is called a nonconforming fraction con-
trol chart or p-chart. Let p be the fraction of nonconforming
items of a process. Let X be the number of nonconform-
ing items of the process that has a binomial distribution
with parameters n and p (n is the sample size, and p is the
nonconforming fraction). When the parameter p is known,
the process can be monitored by plotting the sample non-
conforming fractions p; = %, wherei =1,2,...,m on the
p-chart with the center line, lower and upper control limits
are given in Eq. (1).

CLp=p, LCLp=p—L @ and o
1

UCLp:p+L\/7p(1;p)

where L is the distance of the control limits from the center
line. It is customary to choose L = 3 so that the in-control
average run length (ARLy) was 370.4 and the probability
of type I error was 0.0027 , i.e., an incorrect out-of-control
signal or false alarm would be generated for only 27 out
of 10,000 times. These limits are called three-sigma con-
trol limits. When the parameter p is unknown, it can be
estimated by the mean of nonconforming fraction from the
samples and denoted by symbol p, where p = # and
m is the number of samples with size n that are taken from

the process.

2.2. Improved Square Root Transformation p-Chart
(ISRT p-chart)

In 2006, a new attribute control chart, namely, an improved
square root transformation p-chart or the ISRT p-chart was
proposed [15]. A square root transformation was used to
construct the lower and upper control limits of the ISRT
-p-chart. Let X be a binomial random variable with param-
eters n and p, where 7 is the sample size, and p is the non-
conforming fraction of the process. The ISRT p-chart can be
constructed with the center line as CLigrr, = f (p) = /P

The lower (LC LISRT,,) and upper <UCLISRTp> control lim-

its of the ISRT p-chart can be expressed as Eq. (2).

|
3ai) (27)

where L is the distance of the control limits from the center
line. If three-sigma control limits are taken, then L equals
3 for asymptotically standard normal distribution. The
parameter p can be estimated from the mean of noncon-
forming fractions in the samples and is denoted by symbol
p, where p = %
fractions for the ISRT p-chart is given by f (p;) = \/g,
where

. The plot statistic of nonconforming

X; is the number of nonconforming items from
the i" subgroup for i = 1,2,...,m, and n is the sample

size.

2.3. Improved p-Chart Based on the Wilson Interval (Wil-
son p-chart)

In 2013, Park [21] proposed Wilson p-chart based on the
Wilson confidence interval concept. Its performance is su-
perior to those of several existing kinds of charts in terms
of how close its coverage probabilities are to the given con-
fidence coefficient [20]. It was found that Wilson p-chart
outperformed the conventional p-chart and a modified p-
chart proposed by Chen [14], especially for small values of
nonconforming fractions. Let X; be the number of noncon-
forming items in the i" subgroup of sample size 1 from the
production process, and let it have a binomial distribution
with parameters n and p, where p is the nonconforming
fraction of the process. When the parameter p is unknown,
it can be estimated by the pooled mean of nonconforming
fractionas p = w, where m is the number of samples
with size n that are taken from the process. The process
can be monitored by plotting the sample nonconforming
fractions p; = %, where i = 1,2,...,m on the Wilson

p-chart. Then, plot the lower <LCLWﬂSOHP> and upper
<uchﬂson p) control limits of the Wilson p-chart, which
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can be expressed as Egs. (3) and (4), respectively,

p+k>/(2N
LCLwitson [4 :plTZ(/Z\I)
©)
ok =P K
1+k2/N n AnN
p+k>/ (2N
UCLwiison p :Psz(/N)
4
Lk [fii-p R
1+k2/N n 4nN

where N = mn. The target of ARLy was approximately
370.4, hence k = 3 was assigned for the construction of
these control limits with the standard normal quantile.

2.4. Proposed Control Chart

The attribute control chart for nonconforming fraction of
the process, namely, the improved Wald Transformation p-
chart or IWT p-chart is proposed. This proposed chart was
based on two concepts: the concept of transformation of
ISRT p-chart and the concept of adjusted Wald confidence
interval estimation [20]. Because a small nonconforming
fraction (p) in binomial distribution often occurs in a pro-
cess, the normal approximation of binomial distribution
cannot approximate it adequately [15, 25-27]. Hence, an
improved square root transformation procedure of Tsai et
al. [15] was used to construct the proposed control chart.
Furthermore, the efficiency of adjusted Wald confidence
interval estimation of proportion parameter for the bino-
mial distribution performed well for a small proportion
parameter and a small sample size. Therefore, these two
concepts were considered in finding the lower and upper
limits of the proposed chart. Let a random variable X be
the number of nonconforming items in a process that has a
binomial distribution with parameters n and p, where 7 is
a sample size and p is the nonconforming fraction. If most
values of X are equal to 0, then the transformation in the
form of v/X is less accurate because the range of low-mean
transformed values may be greater than the range of high-
mean transformed values. Therefore, before applying the
square root transformation of X, two successes and two
failures for each sample was added to the dataset [20]. That
is, the point estimator of p is given by p 4, = %, and this
is the adjustable nonconforming fraction from the sample
of size n.

Definition 1: Let f(x) be a real-value function that is
infinitely differentiable at point x = g4, then the Taylor

series of function f(x) at the point a is given by Eq. (5),

f(a)+fll(!a)(x—a)+f”z(!a)(x—a)2+f”:;§a)(x—a)3+...
o (n)
_ ng‘bf n!(’l) (x —a)"
)

where f(")(a) denotes the ' derivative of f at the point
a. The Taylor series of function f(x) at the pointa = 0 is
called a Maclaurin series for f(x) [28].

Theorem 1: Let X be the number of nonconforming
items of a process that has a binomial distribution with
parameters n and p. Let p 44 be the nonconforming frac-
tion from the sample of size n. If f (ﬁAdj) = \/ﬁTd] is
a function of the nonconforming fraction from the sam-

" 2
ples, then /n {f <ﬁAdj> —f(p) — f élf’) (ﬁAdj — p) ] and
fl(p)v/n ( p Adj — p) have the same limit distribution.

Proof: Suppose f (ﬁAdj> = y/Paqgj is a function of
the nonconforming fraction from samples of size n. By
definition 1, using the Taylor series for function f (ﬁ Ad]->

to the second order at the point, p44; = p, then f <;§ Adj) is

given by
f (ﬁAdj) = f(p)+f'(p) (ﬁAdj - P) + f”z(p) (ﬁAdj - P)2

f (ﬁAdj) = f(p) - @ (ﬁAdj - P>2 = f'(p) (ﬁAdj - P>

Hence,
Vn [f (ﬁAdj) —f(p) - fﬂép) (f’Adj - P)z}
= f'(p)vn <19Adj - P)

and /n {f <19Adj> - f(p) - £ (ﬁAdj - P)z} and
f'(p)vn (ﬁAdj - P) are the same formula and they have
the same limit distribution.

Definition 2: Let X be a random variable that has a
binomial distribution with parameters n and p. Then, x
has an approximated normal distribution with a mean
E(X) = p = np and variance V(X) = ¢> = np(1 — p)
for a sufficient large sample size and p close to 0.5 [29, 30].

By definition 2, the binomial distribution will tend to
be positively or negatively skewed when np close to 0 or 1
, but it will approximate a normal distribution for a large
sample size [29].

Lemma 1: Let X be the number of nonconforming items
of a process that has a binomial distribution with param-
eters n and p. For a sufficiently large sample size, the

sampling distribution of approximates a

A X2
PAd] — n+4
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normal distribution with a mean of yp,, = nnp—:f and a
— np(i=p)
variance of U'pAd = Az

Proof: Suppose X is a random variable that has a bi-
nomial distribution with parameters 7 and p The sample
- + 4 By defi-
nition 2, the mean and variance of p Adj can be derived as

nonconforming fraction is given by p44; =

Egs. (6) and (7), respectively,

(fi:) E(X+2) o

(B0 +2) =

Hpag = (PAd]

n+4

X+2 1
2 _ () = _ v
Thag — (pAd7> V(n+4) (n+4)2 (X+2)

_ 1 _np(l—p)
- (n+4)2V(X)_ (n+4)2

@)
By the central limit theorem, the sampling distribution of
Padj = ifif approximates a normal distribution with a

_ np+2 _ np(l=p)
n+4 - (n+4)?
a sufficiently large sample size.

mean of pp,, = 2 and a variance of (TPAu for
Theorem 2: Let X be the number of nonconform-
ing items of a process that has a binomial distribution

with parameters n and p. The nonconforming fraction

- +4 - Since f(p) =
Vo f(p)vn (ﬁ Adj — p) is approximately normally dis-
M f'(p)v/np and a

tributed with a mean of £
! 2
W for a sufficiently large sample

of a sample is expressed as pa4; =

variance of
size.

Proof: Suppose X is a random variable that has a bi-
nomial distribution with parameters n and p. The non-

conforming fraction of a sample is given by pa4; = %
and f(p) = V/P- By Lemmal, pgug = fif is approx-

imately normally distributed with a mean of E <ﬁ Adj) =
np+2

b _ np(l=p)
n+4 4 <pAdj> = (nt4?
ficiently large sample size. The mean and variance of

PV (pagj -

spectively,

and a variance of for a suf-

p) are expressed as Egs. (8) and (9), re-

E V(P)\/ﬁ (f’Adj - P)] = f'(p)VnE (f’Adj - P)
=f'(p)vn [E (ﬁAdj) - P]
=f'(p)vn H ”Hz} - P}

n+4
_ f'(p)vn(np+2) _ i (p)ip
(8)

n+4

|4 [f'(P)\/ﬁ <79Adj - P)] = [f'(p))*nv (ﬁAdj - P)

— e D] @

[f’(P)]2 n2p<1 -p)

By the central limit theorem, the distribution of
fl(p)vn ( Padj — p) is approximately normally distributed
M f'(p)y/np and a variance

with a mean of £
for a sufficiently large sample size.

()] p(1—p)
of L2 g

Theorem 3: Lete = ‘ﬁ Adj — p‘ be the absolute error for

% and f(p) = ,/p. The
center line and the lower and upper bounds of three-sigma

the estimation of p with p 44 =

control limits for the IWT p-chart are given by CLiwt, =
fp)=vp,

np+2

3v/n(l—
LeLner, = ¥ - 20 p)+z<n+4w

2 2(n+4)
25n(1 —p)
8y/P(n+4)2

3yn(l—p +

2 2(n +4)

2n(1—p)
VP(n+4)?

By theorem 3, the parameter p can be estimated as the

np +2
2(n+4),/p

UCLIWTp

mean of nonconforming fraction of a sample and denoted

by symbol a4 = L pAd" , where pgj, = n+42 fori =
1,2,...,m. The plot StatlStIC of nonconforming fraction for
the IWT p-chart is given by f (ﬁ Adj,») = n’:f, where

X; is the number of nonconforming items from the it
subgroup and # is the sample size.
Proof: Let e = ’ﬁAdj - p‘ be the absolute er-

X+2
n+4

By Theorem 1 and Theorem 2, con-

ror for the estimation of p with pay = and

fp) = vp.
sider the standardized form of f'(p)yv/n (f’Adj - P) or

Vi | (pais) = £ = C42 (pag =)’ 1

(n+ 4V [£ (pag) — F(p) - L322
|f'(p)[ny/p(1—p)
_ (f'(p)vn(np+2) — (n+4)f'(p)Vnp)
If'(p)ny/p(1—p)
(n+4) {f (f’Adj) —f(p) - %62]
If'(p)| v/np(1—p)
~ (np+2) (n+4)p
Vip(l=p)  /np(1—p)

—
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1" 2

o[£ (pan) -85
F(p)|y/np(1=p) Vnp(1—p)

is asymptotically standard normal. The lower and

The distribution of

(n+4)/p
n(1=p)
upper bounds of three-sigma control limits for the INT

p-chart are taken as follows: P(Z < —3)+ P(Z > 3) =
0.0027. That is,

, ((n+4) [F (pag ) - F(p) - 292

If(p)| v/np(1—p)

np+2 N (n+4)/p - 3)

CVwpT=p) V(-
. <<n+4> [ (pagy) - F0) - 292
f'(p)[vnp(1=p)
_ np+2 N (n+4)/p
Vip(l—p)  /n(1=p)
Rearrange the terms in the two expressions of probabilities

in Eq. (10) to get

’ (f (Paay) < £ip) - L@ Vip(l=p)

(10)

> 3) = 0.0027

n+4

! n 11 2
+|f (p)| (np+2) *|f’(P)}P+f (pe )

n+4 >
P <f (ag ) > F0)+ (p)‘nﬁf“ )
/ n 11 2
HLOLIPED ) LD o007

Then, the IWT p-chart can be constructed with the center
line as CLiwty = f(p) = /p- The first and second deriva-
tive of this function are f'(p) = ﬁ and f"(p) = —ﬁ,
respectively. Then, the lower and upper bounds of three-
sigma control limits for the IWT p-chart are given by
Egs. (11) and (12), respectively,

_3Uf'(p) | Vnp(1—p)

LCLwtp = f(p)

n+4
+ |f/(P31| YZ‘FZ) . |f/(P)} p+ f//(g)ez
11
UCLyery = £(p) + DLV = P) "
LD )+ “;Z;

For a small nonconforming fraction p, the binomial distri-
bution is positively skewed. Therefore, it is not appropriate
to use the control limits with equal tails. After the numeri-
cal exploration on some cases of the small nonconforming
fraction of p < 0.1 and n < 1,000, the absolute errors (e)

for the estimation of p with pa4; = % are suggested

to be 57%};?) for the LCLwT, and ;W for the

UCLiwtp- Replacing the function of f(p) = /p and its
first and second derivatives with the recommended ab-
solute errors in Egs. (11) and (12), then the three-sigma
of lower and upper control limits for the IWT p-chart are
given by equations (13) and (14), respectively,

LCLwrp = g -2 2(;;(:1)’0) +
25n(1 — p)

5 pn 47
UCLIWT;?: \/p 3\/”(1_P)

2 T T 2mra
2n(1—p)

VP(n+4)?

np +2
2(n+4)\/ﬁ

(13)

np +2
2(n+4)/p

(14)
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Fig. 1. Estimates of ARL; for four control charts in the case
of po = 0.01 and different shifts of nonconforming fraction

3. Results of the simulation study

The performances of the four control charts were compared
via a simulation study. The nonconforming count data
(X;) were generated in the form of a binomial distribution
with two parameters that are set as follows: five levels of
nonconforming fraction for in-control process (pg) are set
as 0.01,0.02,0.05,0.07, and 0.09 ; six levels of sample size
(n) are set as 30,50,100,300,500, and 1000. In addition,
the subgroup size (m) was defined as 25 . For an out-of-
control process, the shift in nonconforming fraction in the
production process (6) were set as 1.1,1.3,1.5,2.0,3.0, and
4.0 for p; = pod, where p; was the nonconforming frac-
tion of an out-of-control process. The ARL of all control
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Table 1. Estimates of ARL; and SDRL for four control charts in the case of py = 0.01

" 5 p-chart ISRT p-chart Wilson p-chart IWT p-chart
ARL1 SDRL ARL1 SDRL ARL1 SDRL ARL1 SDRL
1.1 256.410 255910  256.410 255910 256.410 255910 256.410 255.910
1.3 158.730  158.229  158.730 158.229 158.730 158.229 158.730  158.229
15 103.093 102.592 103.093 102.592 103.093 102.592 103.093 102.592
30 2 47.847 47.344 47.847 47344 47847 47344  47.847 < 47344
3 16.667 16.159 16.667 16.159 16.667 16.159 16.667 16.159
4 8.569 8.053 8.569 8.053 8.569 8.053 8.569 8.053
11 312500 312.000 312500 312.000 312.500 312.000 312.500 312.000
1.3 200.000  199.499  200.000 199.499 200.000 199.499 200.000 199.499
50 15 133333 132.832 133.333 132.832 133.333 132.832 133.333 132.832
2 50.000 49.497 50.000 49.497 50.000 49497 50.000  49.497
3 15.456 14.948 15.456 14.948 15.456 14.948 15.456 14.948
4 7.128 6.609 7.128 6.609 7128 6.609 7.128 6.609
1.1 227273 226772 227273 226.772 227.273 226.772 227273 226.772
1.3 102.041  101.540  102.041 101.540 102.041 101.540 102.041 101.540
100 1.5 52.356 51.854 52356  51.854 52356 51.854 52.356 51.854
2 19.305 18.798 19.305 18798 19305 18.798  19.305  18.798
3 5.609 5.084 5.609 5.084 5.609 5.084 5.609 5.084
4 2714 2.156 2714 2.156 2714 2.156 2714 2.156
1.1 163.934 163434  163.934 163.434 163934 163434 163.934 163.434
13 55.556 55.053 55556  55.053  55.556  55.053  55.556  55.053
300 1.5 25.974 25.469 25974 25469 25974  25.469 25974  25.469
2 6.716 6.196 6.716 6.196 6.716 6.196 6.716 6.196
3 1.841 1.245 1.841 1.245 1.841 1.245 1.841 1.245
4 1.176 0.455 1.176 0.455 1.176 0.455 1.176 0.455
1.1 212766 212265 212766 212265 212.766 212.265 212.766 212.265
13 43.668 43.165 43.668  43.165  43.668  43.165 43.668  43.165
500 1.5 14.045 13.536 14.045 13.536 14.045 13.536 14.045 13.536
2 3.113 2.565 3.113 2.565 3.113 2.565 3.113 2.565
3 1.212 0.507 1.212 0.507 1.212 0.507 1.212 0.507
4 1.027 0.167 1.027 0.167 1.027 0.167 1.027 0.167
1.1 181.818  181.318  181.818 181.318 181.818 181.318 102.041 101.540
1.3 28.818 28.314 28.818 28314  30.769 30.265 16.447  15.940
1000 1.5 8.143 7.627 8.143 7.627 8.382 7.866 5.414 4.889
2 1.812 1.213 1.812 1.213 1.831 1.234 1.559 0.934
3 1.025 0.159 1.025 0.159 1.027 0.165 1.016 0.129
4 1.001 0.022 1.001 0.022 1.000 0.017 1.000 0.010

charts was set at 370.4 because the proposed chart (IWT
p-chart) was derived based only on three-sigma control
limits. The details of the proof are in Theorem 3. There-
fore, in the data simulation, the efficiency comparison of
three-sigma control limits was investigated. In many past
studies, it was found that most chart performance com-
parisons gave the same analytical results regardless of the
level of the ARL( used [12]. Therefore, the performance
comparison of the four control charts tested in this study
focused on ARL; and SDRL of three sigma control to de-
termine which chart will have the most sensitive ability
to detect process changes. This simulation study was con-
ducted with a Monte Carlo technique for 180 situations
and repeated 10,000 times for each situation. The perfor-

mance comparison measures were the estimates of ARL;
and SDRL. The control chart with the lowest ARL; and
SDRL was the most effective chart for detection of the shift
in the process. The simulation results are shown in Ta-
bles 1 to 5. Table 1 shows that the efficiencies of all control
charts tend to be the same for pg = 0.01 and sample sizes
of 30,50, 100,300 and 500 . However, the IWT p-chart was
distinctly the most efficient for detecting all the shifts in
nonconforming fraction with a large sample size of 1000. In
addition, the ARL1s and SDRLs of all control charts tended
to decrease when the sample sizes and the shift in non-
conforming fraction increased. Especially for a very large
shift in nonconforming fraction of 4.0 and large sample size
of 1000, the ARLqs and SDRLs of all control charts were
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Fig. 2. Estimates of ARL; for four control charts in the case
of po = 0.02 and different shifts of nonconforming fraction

Fig. 4. Estimates of ARL; for four control charts in the case
of pg = 0.07 and different shifts of nonconforming fraction
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Fig. 3. Estimates of ARL, for four control charts in the case
of po = 0.05 and different shifts of nonconforming fraction

close to 1 and 0, respectively. Tables 2 to 5 show that the
efficiencies of all control charts were the same for pg equals
to 0.02,0.05, 0.07, and 0.09 and sample sizes of 30, 50, 100,
and 300. Moreover, the INT p-chart was the most efficient
for sample sizes of 500 and 1000, especially for a small shift
in nonconforming fraction. For a large sample size of 1000
and a small shift in nonconforming fraction, the ability of
ISRT p-chart to detect an out-of-control process was rela-
tively poor compared to the other three charts. Further, the
ARLqs and SDRLs of all control charts tended to decrease
when the sample size and the shift in nonconforming frac-

Fig. 5. Estimates of ARL; for four control charts in the case
of po = 0.09 and different shifts of nonconforming fraction

tion increased. That is, the ARL1s and SDRLs of all control
charts tend to be 1 and 0, respectively for a large shift in
nonconforming fraction and sample sizes of 300, 500, and
1000.

Figs. 1 to 5 show that the ARL;s of all control charts,
when the sample size increased, tended to decrease rapidly
for a small level of the shift in nonconforming fraction, for
po = 0.01,0.02,0.05,0.07, and 0.09. In addition, the pro-
posed IWT p-chart was the most efficient for large sample
sizes of 500 and 1000, especially for a small shift in the
nonconforming fraction, such as 4 = 1.1, in this simulation
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Table 2. Estimates of ARL; and SDRL for four control charts in the case of py = 0.02

5 p-chart ISRT p-chart Wilson p-chart IWT p-chart
n ARLI SDRL ARLI SDRL ARLI SDRL ARLI  SDRL
11 285714 285214 285714 285214 285714 285214 285714 285214
13 13698 136485 136986 136485 136986 136485 136986 136485
15 90909 90408 90909 90408 90909 90408 90909  90.408
30 534720 34219 34722 34219 34722 34219 34722 34219
3 9823 9310 9823 9310 9823 9310 9823 9310
4 4710 4181 4710 4181 4710 4181 4710 4181
11 2027273 226772 227273 226772 227273 226772 227273 226772
13 109.890 109.389 109.890 109.389 109.890 109.389 109.890 109.389
15 66667 66165 66667 66165 66667 66165  66.667  66.165
50 521231 20725 21231 20725 21231 20725 21231 20725
3 5731 5207 5731 5207 5731 5207 5731 5207
4 2690 2132 2690 2132 2690 2132 2690 2132
11 212766 212265 212766 212265 212766 212265 212766 212.265
13 63291 62789 63291 62789 63291 62789 63291  62.789
oy 15 Ol66 31142 3166 31142 316M6 31142 31646 31142
00 59470 8956 9470 8956 9470 8956 9470 8956
3 2559 1997 2559 1997 2559 1997 2559  1.997
4 1428 0781 1428 0781 1428 0781 1428 0781
11 135135 134634 135135 134634 135135 134.634 135135 134.634
13 39370 38867 39370 38867 39370 38.867 39370 38867
15 14535 14026 14535 14026 14535 14026 14535 14.026
300 53169 2621 3169 2621 3169 2621 3169 2621
3 1160 0430 1160 0430 1160 0430 1160  0.430
4 1009 0094 1009 0094 1009 0094 1009 0094
11 185185 184.685 185185 184.685 185185 184.685 106.383 105.882
13 29326 28821 29326  28.821 31447 30942  16.000  15.492
soo 15 8217 7701 8217 7701 8511 799 5565 5040
2 1835 1238 1835 1238 1830 1232 1575  0.951
31025 0159  1.025 0159 1025 0161 1015  0.123
4 1.000 0017 1000 0017 1000  0.010  1.000  0.010
11 161290 160790 232.558 232.058 161290 160790 98.039  97.538
13 14837 14328 22779 22273 14837 14328 10309  9.797
15 3876 3339 4960 4432 3876 3339  3.086  2.538
1000 9171 0447 1229 0530 1171 0447 1125 0375
3 1.000 0000  1.000 0010  1.000  0.000  1.000  0.000
4 1.000 0000  1.000  0.000 1000  0.000  1.000  0.000

study.

4. Real-life application

A real-life data set for the three-sigma control limits con-
struction of four charts-IWT p-chart, p-chart, ISRT p-chart
and Wilson p-chart-was taken from Montgomery [4]. It
was related to a production process of orange juice which
was packed in 6 -ounce cardboard cans. These cans are
inspected for possible non-compliance, such as leaks in
the side seams or at the bottom joint. Cans that do not
meet these requirements may have improper sealing at the
side seams or bottom panel. These four control charts can
be used to improve the fraction of nonconforming cans
produced by this process. To establish these, samples of
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50 cans were randomly drawn to check the quality over
a period of half an hour over the course of three shifts in
which the machine was continuously running. Data were
collected from a total of 30 subgroups. The information is
shown in Table 6.

The initial control limits of four control charts for the
data in Table 6 are shown in Fig. 6. The plot statistics for
each chart from the initial subgroup are plotted on these
charts. Fig. 6 shows that there are two points from sub-
groups 15 and 23 that are above the upper control limits
for all control charts. These points had to be investigated
to see whether an assignable cause can be determined. The
inspection revealed that a new batch of cardboard stock
had been produced during that half-hour period in sub-
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Table 3. Estimates of ARL; and SDRL for four control charts in the case of py = 0.05

5 p-chart ISRT p-chart Wilson p-chart IWT p-chart
n ARLI SDRL  ARLI SDRL ARLI SDRL ARLI  SDRL
11 188679 188179 188.679 188.179 188.679 188179 188.679 188.179
13 88496 87994 88496 87994 88496 87994 8849  87.99%
o 15 47619 47116 47619 47116 47619 47116 47619 47116
2 13870 13360 13870 13360 13.870 13360 13870  13.360
3 3461 2919 3461 2919 3461 2919 3461 2919
4 1750 1146 1751 1146 1751 1146 1751 1.146
11 175439 174938 175439 174938 175439 174938 175439 174.938
13 74074 73572 74074 73572 74074 73572 74074 73572
15 33445 32941 33445 32941 33445 32941 33445 32941
50— 8231 7714 8231 7714 8231 7714 8231 7714
3 2064 1482 2064 1482 2064 1482 2064 1482
4 1236 0540 1236 0540 1236 0540 1236 0540
11 133333 132.832 133333 132.832 133333 132.832 133333 132.832
13 33333 32829 33333 32829 33333 32829 33333 32829
15 14144 13635 14144 13635 14144 13635 14144 13.635
100 ——3413 2870 3413 2870 3413 2870 3413 2870
3 1194 0481 1194 0481 1194 0481 1194 0481
4 1013 0115 1013 0115 1013 0115 1013 0115
11 103.093 102592 103.093 102592 103.093 102592 103.093 102.592
13 18248 17741 18248 17741 18248 17741 18248  17.741
w0 L5 5465 4939 5465 4939 5465 4939 5465 4959
2 1343 0679 1343 0679 1343 0679 1343 0679
31000 0025 1001 0025 100l 0025 100l 0025
4 1000 0000 1000 0000  1.000 0000 1000  0.000
11 109.890 109.389 109.890 109.389 109.890 109.389 71.429  70.927
13 9718 9205 9718 9205 9718 9205  7.067  6.548
so0 15 2717 2160 2717 2160 2717 2160 2313 1743
2 1059 0251 1059 0251  1.059 0251  1.045  0.216
3 1.000 0,000  1.000  0.000  1.000  0.000  1.000  0.000
4 1.000 0000  1.000  0.000 1000  0.000  1.000  0.000
11 68966 68464 68966 68464 68966  68.464 47.847  47.344
13 4148 3613 4148 3613 4148 3613 3511  2.969
oo 15 1416 0768 1416 07