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Building upon the interpolative classical results of D. Achour, P. Rueda, and R. Yahi for Lipschitz ideals we

define the interpolative fuzzy Lipschitz ideal concept for fuzzy Lipschitz operators between fuzzy metric spaces

and complete fuzzy normed spaces which is a natural generalization of the notion of absolutely (crisp) Lipschitz

(p, 0)-summing maps. The fuzzy Lipschitz norm of the aforementioned notion is defined and prove its fuzzy

Lipschitz norm is a fuzzy real number. Afterwards we establish a fundamental characterizations of absolutely

interpolative fuzzy Lipschitz (p, #)-summing map. This is over by establishing a fuzzy version of nonlinear

Pietsch Domination Theorem. Finally, we raise some open problems which we think are interesting.

Keywords: Lipschitz ideals; Fuzzy functional analysis; Fuzzy real analysis

©The Author(’s). This is an open-access article distributed under the terms of the Creative Commons Attribution License (CC

BY 4.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original author and

source are cited.

http:/ /dx.doi.org/10.6180/jase.202501_28(1).0009

1. Notations and preliminaries

The symbols RT,R, and N stand for the sets of all
positive real numbers, of all real numbers and of all
positive integers, respectively. The order pair (F, | - ||)
stands for Banach space. The order pairs (X, Dy, xg) and
(Y, Dy, yp) will denote pointed metric spaces. A map
S from (X,Dx, xp) into (Y, Dy, yp) is called Lipschitz if
there is a nonnegative constant O such that Dy (Sx, Sy) <
wDx(x,y) for all x and y in X. The smallest possible C is
the Lipschitz constant of S denoted by Lip(S). The class
of all Lipschitz maps from (X, Dx, xg) into (Y, Dy, yp) is
denoted by £(X,Y). The Banach space of real-valued Lips-
chitz functions defined on (X, Dy, x¢) that send the special
point xg into 0 with the Lipschitz norm Lip(-) will be de-
noted by X*.

Definition 1.1. [1] Let ¢ and ¢ belong to Y. Define
a partial ordering by ¢ = ¢ if and only if {; < J,and
T+ < éfforalla € (0,1], where R is a fuzzy real number.

Lemma 1.1. [2] Let ¢ and J belong to X. and let [{], =
[607/ g;} 7 [(SLX = [(5;,5;] Then

[E®0)a = [ +0u /8 +4],

£ 0)a =[G =080 —0u ],

[0l = [Cyx 65,8 -0 ] for,6 € XT.

Definition 1.2. [2] Let X be a non-empty set and D be
a function from X x X into RT. An ordered pair (X, D) is
said to be a fuzzy metric space with a fuzzy norm Dy on
X x X if the following conditions are satisfied:

1. Dx(x,y) = 0if and only if x = y.
2. Dx(x,y) = Dx(y,x),Vx,y € X.

3. Dx(x,y) = Dx(x,z) ®Dx(zy),Vx,y,and z € X.

2. Introduction

We start by recalling the definition of Lipschitz ideal con-
cept of [3] as follows. Suppose that, for every pair of metric
spaces X and Y, we are given a subset W (X, Y) of L(X,Y).
The class
W= [JWHX,Y)
XY
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is said to be a Lipschitz ideal, if the following conditions
are satisfied:

(LIp) If Y = F, then g ® e € WE(X,F) for g € X* and
ecF.

(LI;)) BTA € WE(Xo,Yy) for A € £ (Xo,X),T €
WL(X, Y),and B € Z (Y, Y)), where Xj and Y{ be metric
spaces. Condition (LIp) implies that W contains nonzero
Lipschitz operators.

One important example of Lipschitz ideal is the class
of Lipschitz p-summing maps defined by J.Farmer and
W. Johnson in [4] as follows. A Lipschitz map S from
(X, Dx, xp) into (Y, Dy, ) is called Lipschitz p-summing
(1 < p < o) if and only if there is a constant > 0 such that

1

m P v m
]Dy (SX]', Sy]) <w- sup Z
=1 fE€By |j=1

]

ijf}/j‘p]

m m
for arbitrary sequences (x]-) - <yj> - in X, and m € IN.
= =

The Lipschitz p-summing norm P%(T) is then the smallest
possible constant C. They proved the fundamental theo-
rem of Lipschitz p-summing maps called Lipschitz Pietsch
Domination Theorem as follows.

Theorem 2.1. [4] Let 1 < p < oco. For every Lipschitz
map S from (X, Dy, xg) into (Y, Dy, 1) and w > 0, the
following are equivalent:

2. There is a probability measure s on Bx such that

f(x) = f(y)[Pds(f).

Dx(Sx, Sy)? <P /
By
For more information on the (crisp) Lipschitz ideals can
be found in the monographs [3, 5-9].
We now describe the contents of the paper. In Section
3, One particularly important class of interpolative fuzzy
Lipschitz ideals is the class of absolutely fuzzy Lipschitz
(p, 0)-summing maps between arbitrary fuzzy pointed met-
ric spaces (1 < p < 00,0 < 6 < 1) which is an innate
extension of absolutely (crisp) Lipschitz (p, 8)-summing
maps between arbitrary metric spaces defined. We de-
fine the absolutely fuzzy Lipschitz (p, #)-summing norm
F P;LJ,Q(T)N and show that it is a fuzzy real number. We
prove some properties and inclusion results of the afore-
mentioned notion and establish that the resulting class of
fuzzy Lipschitz maps is fuzzy Lipschitz ideal. We prove
the fundamental characterization of absolutely fuzzy Lips-
chitz (p, 6)-summing maps called fuzzy Lipschitz version
of Pietsch Domination Theorem. In Section 4, we raise
some open problems which we think are interesting.

3. Fuzzy lipschitz ideals between fuzzy pointed
metric spaces

Before introducing the nonlinear theory of fuzzy Lipschitz
ideals between arbitrary fuzzy pointed metric spaces the
reader can be aware of the linear theory of fuzzy opera-
tor ideals between arbitrary fuzzy normed spaces in [10].
Now we construct the terminology of fuzzy Lipschitz ide-
als between fuzzy pointed metric spaces and fuzzy normed
spaces as follows.

Suppose that, for every fuzzy pointed metric space
X and fuzzy normed space F, we are given a subset
FWE(X, F) of ZLip(X,F). The class

FWE = ) FWH(X,F)
X,F
is said to be a fuzzy Lipschitz ideal if the following condi-
tions are satisfied:

(Ip) IfY = F, then f@e € FWL(X,F) with WL (f ®
e)~ 2 |lef| for f € Bz , ande € F.

(1) S+T € ZWE(X,F) with WE(S+T)~ < WE(S)~ @
WE(T)~ for Sand T € ZWL(X, F).

(I) AT € ZWL(X,F) with WL(AT)~ < ZLip(A)~ ®
WE(T)~ for T € ZWEH(X,G) and A € ZLip(G,F),
where W' is a function from .ZW?! into R*. The
condition of (Iy) implies that .#W?! contains nonzero
fuzzy Lipschitz operators.

3.1. Interpolative fuzzy Lipschitz ideals

Definition 3.2. Let 0 < 6 < 1 and let ZWL be a fuzzy
Lipschitz ideal. A fuzzy Lipschitz operator T from X into F
belongs to # W} (X, F) if there exist fuzzy real number ¢ €
R*, complete fuzzy normed space G and fuzzy Lipschitz
operator S € ZWL!(X, G) such that

ITx — Tyl 2 & © ||Sx - Sy||' " @ Dx(x,)’, Vx,y € X
@
Proposition 3.1. If0 < 6 < 1, then ,QWGL be a fuzzy
Lipschitz ideal.
Proof First to show that the algebraic condition of (Io).
Letx,y € X,e € Fand g € B zx+ we get

g @e(x) —g@e(y)ll =< lle]®

- @

Ollg@e(x) —g@e)|' ©Dx(x,y)’
Since the fuzzy Lipschitz operator S = g©e €
FWE(X,F) and ¢ = |le] € XT, we have g@e €

FWE (X, F). To prove the algebraic condition of (Iy). Let
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Ty and T, be in FWE (X, F). There are fuzzy real num-
bers ¢; € R, complete fuzzy normed spaces G; and fuzzy
Lipschitz operators S; € ZW! (X, G;),i = 1,2 such that

I Tix = Tyl < &7 3)
©[IS;x = Siy|I' * ©Dx (%)%, Vx,y € X

Put G := Gy H; G, and the fuzzy Lipschitz operator
S:=J1S1+ J»S» € FWE(X,G), we get for all x,y in X

(i +T2) x = (Th + T2) vl

2 Tx — Tayl| @ (| Tox — Toy||

2
<Y & o|six—Syl" * @ Dx(x,y)° @
i=1

5 1-0 N
= (Z |5ix—5iy|> © (Z Ci) © Dx(x,y)’
i=1 i=1
= (G e&) ofsx—syli? @Dx(xy)".

Since the fuzzy Lipschitz operator S € ZW! (X, G) and
=81 @& € XY, weobtain Ty + T, € FWE(X,F). To
show the algebraic condition of (I). Let T € ZW} (X, F)
and B(F, W). Then

IBTx — BTy|| < [|B[| © [|Tx — Ty||
< Bl ©¢? @ ||sx - Syl © Dx(x,y)°
= (181} ©)" @ f1sx — sy|* © Dx (x,y)°
Since v := ||B H% ® ¢ € RTand a fuzzy Lipschitz opera-
tor S € QWL(X, G), we obtain BT € 35WQL(X, W).
The preceding proposition give reasons for the follow-
ing open question.
Conjecture 1. Under which fuzzy Lipschitz norm the
interpolative fuzzy Lipschitz operator ideal .7 WGL be a
complete fuzzy normed space?

Proposition 3.2. Let 0 < 6,61,6, < 1. Then the following
holds.

(a) If6; < 6, and 6; # 0, then FWj C FWj.
0>
®) (FWE)" € FWE oy a0y
Proof To verify (a),let T € %/Vg; (X,F)and € > 0. Then
|ITx = Tyl < & © ||Sx — Sy|'~" © Dx(x,y)", Vx,y € X,

holds for a suitable fuzzy real number ¢ € X", complete
fuzzy normed space G, and fuzzy Lipschitz operator S €
FWE(X, G). From our hypothesis we obtain

o 0-0 \ 02
ITx— Ty < (é“zGHSH 5 ) o |5z — sy|[ %

®Dx(x,y)%,vx,y € X.

- 6 —0.
Since v := §é ® ||SH2972l € N'tand a fuzzy Lipschitz
operator S € ZFWE(X,G), hence T € ﬁWGLZ(X,P)

0
To verify (b), let T € <9W9L]) ’ (X, F). Then

ITx = Ty|| < &% @ ||Sx — Syl

e )
O Dx(x,y)"?,Vx,y € X

holds for a fuzzy real number & € Xt suitable complete
fuzzy normed space G and a fuzzy Lipschitz operator S €
F Wng (X,G)and

ISx — Sy|| = 7" ©||Rx — Ry||*~*

_ 0 (6)
©Dx(x,y)", Vx,y e X

holds for a fuzzy real number v € X, suitable complete
fuzzy normed space G and a fuzzy Lipschitz operator R
FWL(X,G). From Egs. (5) and (6) we have

ITx— Ty < &% © 4908 & [Rx — Ry 110
©Dx(x,y)" "% © Dx(x,y)*
= 692+91791~92 ® ||Rx _ Ry|‘1792791+91~92

® EX (x’ y)92+91 —6, -92,

hence T € 9W§1+92791_92(X,F).

Remark 3.1. Definition 3.2 can be generalized as follows.
Let0 <0 < 1landlet.# Wé‘ and .7 %é be fuzzy Lipschitz
ideals. A fuzzy Lipschitz operator T from X into F belongs
to (9&, F ‘Bé) (X, F) if there exist fuzzy real numbers
& yent, complete fuzzy normed spaces G1, Gy, and fuzzy
Lipschitz operators S; € ZW} (X,G1),S, € FBL (X, Gy)
such that

ITx =Tyl <& @ [|S1x = S| @4
@ ||S2x — Szy||9,Vx,y € X.

3.2. Absolutely fuzzy Lipschitz (p, 0)-summing maps

Definition 3.3. Let 1 < p < oo. A fuzzy Lipschitz map S

from (X, Dx, x¢) into (Y, Dy, yp) is called absolutely fuzzy

Lipschitz (p, #)-summing if there is a fuzzy real number
m m

& € NFsuch that for all <xj>j:1 , (yj)j:1 inXandm e N,

the partial ordering

sup [ i

ZLip(f)=<1 |j=1

1

1-6
Dy <ij,Syj>1p1 p jé‘@

(|55 " B (x)") ]

@)
holds. The class of all absolutely fuzzy Lipschitz (p,)-
summing maps from (X, Dx,x) into (Y,Dy,yg) is de-
noted by .# 3”;9 (X,Y). In this case, the absolutely fuzzy
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Lipschitz (p, 6)-summing norm .# P;Q(S)N of S is defined
by, [9‘1’5,9(5)“] = [?PQ,G(S)L?P,%,e(S)ﬂ forall a €
(0,1], where and

P 6(S)s :=inf {{] : (Eq. (7)) holds } .

Proposition 3.3. Let 1 < p < o0. If S € ﬂ‘ﬁéle(X, Y), then
fiPL p(S)~ e
Proof First, we prove that [3'7 PL (S )N] is a nonempty
interval for all « € (0,1]. Leta € (O 1] and B < a and let
m m
(x]->j:1 , (yj>j:1 in X and m € N. From our hypothesis

we have

1-6
N
{2] DY(Sx],Sy,)ﬁW ]

= <g
2177
SUP 2 Lip(f <1{ j= 1<|f"f ny|;; (x/'y]) ) }
®)
and {5 < ¢, . Since &r < &Fwe get
1-6
N
{z' Dy (Sx;,8y;) 4~ }
o <O

A
o)

1-6,—
SUP z Lip(f)=<1 |:Z]m:1 (‘ij*fyj |5 Dx
. Therefore

m
['21 (Sx],Sy/)é ]
P - J=
F P;L,(S)[V = sup sup
B<a xjyEx

; SN
XAy sup 1<‘fx fy/‘ x//yj)p' )
j=

FLip(f)=1

< mf{ijl\ : (Eq. (7)) holds}
= FPL(S))

Now we prove that [.# P;,Q(S)'V} « satisfies the condi-
tions of [11]:

(i) Let 0 < o < ap < 1. To show that [QP’LJ,B(S)N],,(2 C
[ﬂP;g(S)N]M. We have

|:Z1 Dy (Sx;, 51// }
FP,’ye(s) = sup sup ! e

Bz m 0 o]
YAy, sup (‘fx, fy,‘ x (x; y/)/;' )
FLip(f)=1 =1
10
m =17
[2 Dy ( Sxj, Sy, = ]
=
< sup sup / — 7 = ‘/‘P}LLH(S);
peia m 7
**‘/ sup | ¥ <\f¥, fy, x (%, y,),; )
FLip(f)=1 =1

Since 0 < a3 < ay < 1 we obtain &, < & and then

ffP 0(S)d, == inf {&J, : (Eq. (7)) holds }
< mf{gj,,‘1 . (Eq. (7)) holds }
- yP ( )tXl

(ii) Let (ag)ken be an increasing sequence in (0, 1]
converging to . To show that

[I}LIEO,QP}%’Q( ),Xk, hm ,?PL 0(8)a,] =

[FPLo(S)a, FPLa(S){]. We have ap < e < @

and thus
1-0
m P — P
{Z}lDy(Sx,‘,Syj)F }
=

sup sup sup

10
kB X, yjeX " 17
57y sup .2 (|fo fy/‘;; D (x;, 97§ )
ZLip(f)=<1 [J=1
1-0
m I
{g v(S%,5v) }
< 2up sup — 5
<o xiyi€ P P
iYi m ]
Y 7£y/ sup [ (|fx] fy/|5 ’ x/,y/) ) }
FLip(f)=1 =1

)

Let € > 0. Then there exist g < a such that

|:Z DY(Sx]rSy])é :|

sup sup e €

B<a xjyjex —_ 0 1
7Y sup <|fx] fy]‘ -Dx(x,vyj)ﬁ’ )
FLip(f)=1 =1
m %
Z ]Dy(Sx/,Sy/)1
< sup T
xjyjeX m 1-6,— o\ | "
X#yi  sup Py (‘ij 7fy]»‘ .]Dx(x]vyj)ﬁ'o )
FLip(f)=1 [j=1 Bo

Since ay " a, there is 0 < kg such that By < a, < a.
Then

1-8
m 4
[121 (Sx],Sy])é }
j=

v
=
xl’yl)/sn ) :|

m R
L Dy (Sx;,Syj)s "
=1

sup

T eX m

X7y sup _Z] (‘fx] fy]|
) =

FLip(f)=1 U

1-0
P

< sup sup
B<ay, xjyjex m 1-6,—
N#Yosup ‘;1 <|fX]‘ 7fy/‘ﬂ Dx

ZLip(f)=<1 U

m P P
|:Z IDY(SX]/SJ])ﬂl :|

< sup sup sup
k- p<agxjyiex m

7Y sup T <|fx] fy]‘
) =1

ZLip(H=1

Therefore
1-6
m LA
[')—:1 Dy (Sx;, Syj)g”" ]
sup sup /= 5 €
B<a xjujex m 1-6,— 0,— ] 7
Xj#yj  sup ): (‘fx/- —fy]-‘ .]Dx(xj',%')ﬁ’ )
FLip(f)=1 [J=1 b

10
5

m L:7
L Dy (Sxj, Syj)g”
=

< sup sup sup
k B<ay xjyjexX
X#Y;  sup

E (lr-muly
FLip(f)=I [i=1 174l

As e — 0, we have
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e
{Z ]Dy(Sx],Sy]) }

L7
-0
x],y/) )] }

1-6
P

sup sup

B<a x] y]
xj#yj sup

ZLip(f)=<1

L ‘ (‘ij fy]‘;;

m P _
[E] IDy(Sx,,Sy,-)F }
=

<supsup sup

R
k ﬁ<akxi,y]ex % T
*j#yj  sup { (}fxl fy]|5 v (%, %) )1 9}
FLip(f)=1 [J=1
(10)
From Inequalities (9) and (10). We obtain
1-6
r
|:Z ]DY(Sx] Sy])é :|
lim sup sup =
k=00 gty gayex W\
YAy sup (‘fr, fy,| Dx(xf'yj)ﬁ' )
FLip(f)=1 U= 1
1-6
m 5 P
g (ijrsy})ﬁ
= sup sup sup H
k B<ay xjpyjex m 1_g_ o 215
X7y  sup T (‘ijffyj| D (x],yj)ﬂ’ >
FLip(f)=<1 =1 B

Dy (Sx;, Sy]),é 9'7}

= sup sup — -
7

B xjwex %l: <‘ )1—6— D
X — fy; x
A fxj— fyj 5 X

—
It1s

XAy sup
FLip(f)=<1

Since a; < &, we have

EP 0(S)d == 1inf {¢} : (Eq. (7)) holds}
< mf{@ak. Eq. (7)) holds }
= FPLo(S)s,

1934

Therefore

11m 1nf{§a : (Eq. (7)) holds} = mfmf{éak.

=inf{¢&; :

(Eq. (7)) holds }

(Eq. (7)) holds} .

(iii) To prove that
foralla € (0,1].

—00 < 32PI§,0(S); < ZPL

Since 0 < — for
e
sup L 1(|f"/ fy1|/3 x],y]) ) }

FLip(f)=<1
allx; # y; € Xandall p € (0,1]. Then 0 < FP} (S,
Let § € % such that for all (x]-);”:l, (y]-);”:l inXandm € N,
Partial ordering (Eq. (7)) holds. It follows that &§ < oo,
forall a € (0,1]. Hence L?ZP;,G(S);‘*
F P;LLB(S)N is a fuzzy real number.

Proposition3.4. Let 1 < p < c0. IfS € ymgﬂ(x, Y),

P 17
|:Z IDY(SX//Sy;) :|

< o0. Thus we obtain

then
1-6
mo , ’
Y Dy(Sx;j,Sy;)T7 =¢
j=1
1-6
m 1-0 |’
© sup Z(’ij—fyj‘N ®1Dx(xj,yj)9)
FLip(f)=1 |j=1

for all (x )] 1 (y])] 1in Xandm € N.
Proof Suppose that (B )ren be an increasing sequence
in (0,1] converging to « € (0,1]. Since

10
}“

x (%, y,)

m
Dy (Sxj, Sy;) 5
{)::1 ¥ ( j y;);g

m
sup ~[_z (ER
FLip(f)=1 =1

5" Dy(Sxj, S i
|:);] v( Xj y])ﬁ }

< sug( i < FPLo(S)i
P a B )]
1-0
Then |:§ ]Dy(Sx],Sy])ll{e/ :| 7 < QP;G(S);
1-6

Re=1
sup [ (J#-swi], " Oxt) } .
FLip(f)=1 =1
Since By * «, it follows from [11] that

1-0

10 =)
G g
l:Z]Dy (Sxj, Sy; }7”7:| = hm |:Z Dy (Sxj, Sy;) é v :|

j=1
N
0\ 10
]Dx(xjry/)/j’k) }

1-6

< FPLS) - Jim sup [ (ER
FLip(H)<1 |j=1
< ?PL 0(S)y - sup

—0,— o\ T B
(‘fx f}//‘ ‘]DX(xi/yj)a'> .
ZLp(H=1 |7

Then
1-9
m B r
; v(Sx;, Sy] < TPo(S)a
1-60
£ N2
sup (’fx fy]’ x],y]) )
FLip(f)=1 |j=
(11)
From our hypothesis we have
1-0
m + r
IZDY(S%‘/S}/})&H’ ] <&y
j=1
1-6
" 1-6,+ | 7
sup [Z (‘ij_fyj‘“ Dx (%, )% )
FLip(f)=1 |j=1
(12)
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Then

1-0
m . b
[Z IDy(Sxi,Sy]»),}("’1 <inf {¢ : (Eq. (7)) holds}
=1

1-6

sup

Lo Bl
ZFLip(f)=1 |j=

From Inequalities (12) and (13), we fulfill the require-
ment.

Remark 3.2. From Definition 3.3 and Proposition 3.4 we con-
clude that ﬂ“ﬁ,ﬁ,g(X,Y) C ZLip(X,Y) with FLip(S)~ =
ﬁ‘P[r;re(S)N.

Proposition 3.5. Let 1 < p < c0. IfS € gzmgre(x, Y),
then QP?Q(S)N = &, where ¢ defined in (Eq. (7)).

Proof Leta € (0,1] and < a. From Inequality (??) we
have

21
{; Dy (5,595 ]
é’?P;’g(S); 1= sup sup
B<a xjyjex

r;éy/ QWP [ (lfx/ fy’lﬁ

<&
X (%)) )ﬁ]T
Since ﬁP;/G(S);‘ = inf{¢; :
then ;%‘P;e(s),;f < &
FPLa(S)” = ¢
Proposition 3.6. Let 0 < 60 < land1 < p < co. If
FWE (X, F), then there are a fuzzy real number & € R+
and a regular probability measure > defined on B &, such that

(Eq. (7)) holds} < &,

Thus, we conclude that

1-6

I (1Fx =t @Dx<x,y>")‘“’d%(f>> :

Z.

ITx =Tyl 2¢O (
forall x and y in X.

Proof From our hypothesis there are fuzzy real num-
ber ¢ € RT, complete fuzzy normed space G and fuzzy
Lipschitz operator S € ZWL(X, G) such that
ITx = Ty|. < &% ©||Sx - Sy||=° © Dx(x,y), ¥x,y € X.

(13)

From [10] there is a regular probability measure sz de-

fined on B g x+ such that

1

i
ISx = Sy|l. = FP,(S)® ( S Vx,y e X
B

F

fx = fyll d%(f))

x#

1

fylZ d%(f)> ®Dy(x,y)?,¥x,y € X.

ITx = Ty.. 28°© FPy(s ( Jolfx=

We now prove the fundamental characterization of ab-
solutely fuzzy Lipschitz (p, #)-summing maps.

Theorem 3.1. Let 1 < p < oo. A fuzzy Lipschitz map

Se ﬂ‘ﬁ;le(X, Y) if and only if there are a fuzzy real number

- a
(x]/y/)9+) ] .

¢ € N and a regular probability measure > defined on B Fo
such that

1-6
7

Dy(s:«,swa@( I (1fx=fyl o Dx(xy) )“dx(f))

By

forall x and y in X.
Proof To prove the necessary condition. Suppose that

meN,x1,...,.Xm, y1,-..,ymin Xand a € (0,1],
m o
Y Dy( SXJ/S%)& o<e (14)
j=1
m e
Z / ()ij fy]‘ D (x]/y])e'i) ds(f)
]:1%%){”
o m %
<t [ % (|- ) )
B g xt =1
- m -0, 0 i
<et™ e swp ¥ (|- gy )
FLip(f)=1j=1
(15)

In the same fashion of Inequality (14), we obtain

I g%e,Jr

m p
Y Dy (Sx,Syj)a
=1
n 1-6,+ =
sup E(\fxf‘f%‘\a ']DX("J"yj)i'Jr)
FLip(f)=<1j=1 o
6

From Inequalities (14) and (16), we obtain S € .% ‘13519 (X,Y)
with .7 P;re(S)N =< ¢. Conversely, suppose that S €
ﬂ‘ﬁg(X,Y). Let M be an arbitray subset of X x X the
map I'ng on B g x+ by

v(f)™ = ).

(xy)eM

fy)|?. ©Dx(x, y)1 s © Dy (Sx, Sy)if’).

(7PLo(s)Te~

O1f(x) -

The fuzzy number Ty (f)™ is defined by [Ty (f)~]x =
[rM(f),;rr]M(f)m, where

a7)
and
(i = Y (ﬁ%(S)W () — )
(x,y)eM
Dy (x,y)d " —Dy<5x,5y>f@'*)
(18)
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For arbitrary order pair (x,y) € M the maps L, :
Baxt — R, Ly (f) == [f(x) — f(y)|?, are continu-
ous on B g+, plainly the rules I'n(+); and T (+)F (17)
and (18) in C(B g x+ ), respectively. Thus S € 57‘13;9(& Y)
and I'vi(f)y < I'm(f)F thereby sup TI'nv(f)y = 0and

IFI”=1
sup Tnm(f)f > 0. Let By = {rﬂ(M ‘M C X x X}
A7 =1
and B = {I‘ﬁ\ﬁ[,a : M C X x X be the convex subsets
of B zx+ for every a € (0,1]. Consider the open convex
subset

FLip(f)=1

A:-{FGC(%;X#): sup T(f)<0}

of C(B zx+). The sets AN By and AN By are non-void
for all « € (0,1] one gets

(3 T) < n < (3T ) ¥ (TTa,) € Ax By, (19)
and
(e T) <12 < (36T ) ¥ (TTHy,) € Ax BE. (20)

From (19) we obtain

0< (olpa) = [ (FPEASIT 170 - f0l

B g xt

~Dy(sx, swf“'*) dse(f),

po

'DX(X/ }/)F,i

b
v xy € X Since Dy (Sx,Sy)a "’ <
P
Dy (Sx, Sy)&’9'+,v « € (0,1] we obtain

P P

Dy (Sx,Sy)a ™" < FP,q(S)a"

[ 1@ -

B g xt

po

“Dx(x,y)d " dx(f),
(21)

vV x,y € X. Also from (20) we have

0< (olfa) = [ (FPEOI 150 - Fo

B g xt

o + _r
Dy ()i " — Dy (Sx,59)1 ) dse(f),

¥V x,y € X. Since ZPL(S)Y™ < ZPL(S)IT,V a € (0,1)
we obtain

Dy(sx,s0)8 " < #PL( [ 1w - )l

(22)

From Inequalities (21) and (22), we get

Dy(Sx,Sy) = ¢&

= ‘

o [ (-t oDxew)) )|

B g x#

VxyeX.

From the result mentioned above the following inclu-

sion is obvious.

Proposition 3.7. If m < po,  then
L L ~ L L ~
TR0 T Ppa() } = [‘gmpzﬁ"gppzﬂ(') }

4. Open problems

1. Prove or disprove yP;,G(Tl o Ty)™ = FPL(T)~ ©
FPL,(T,)™ true for arbitrary absolutely fuzzy Lips-
chitz (r,0)-summing operators T;, absolutely fuzzy
Lipschitz (s, #)-summing operators T, and % < (4
Hntz

2. Describe the dual space of & &13}% o(X, F) whenever F is
a complete fuzzy normed space and X is finite fuzzy
pointed metric space ?

3. What is the algorithm for calculating absolute fuzzy
Lipschitz (p,0)-summing norm of fuzzy Lipschitz
maps between finite fuzzy pointed metric spaces ex-
actly ?

5. Disclosure statement

No potential conflict of interest was reported by the au-
thors.
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