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In this study, we developed a novel idea known as the fuzzy soft b-metric, and investigated some fundamental

aspects of fuzzy soft b-metric. Moreover, various topological features of this new space, such as fuzzy soft open

ball, and fuzzy soft Hausdorff b- metric space are defined, also, some fundamental theorems about the ideas are

developed.
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1. Introduction

Numerous real-world issues deal with ambiguous data and
cannot be adequately modeled by classical mathematics.
set in fuzzy theory, developed by Zadeh in 1965 [1], also
the soft sets developed by Molodtsov in 1999 [2], these
two kinds of mathematical tools that can be employed to
deal with uncertainties and help with difficulties in a vari-
ety of fields. Numerous operations in soft sets have been
developed by Maji et al.in 2002 [3] and They conducted
a theoretical analysis of soft set theory and offered a soft
set application to a decision-making issue, also the idea of
b-metric space was first suggested by Backhtin [4] in 1989
such that explored the features of fuzzy soft metric space
and defined it in terms of fuzzy soft point. Czerwik [5]
expanded the b-metric spaces results in 1993. Following
that, several authors examined the use of fuzzy and soft
set theory in various fields [6-11] and generalized some
important theorems in the b-metric space by using this
idea. Cetkin et al. in [12] they introduced 2-metric spaces
in terms of soft points, called 2s-metric spaces, and studied
some of its topological structures, such as open balls, open
(closed) sets, completeness, etc. In [13], they induced a
topology from a given b2-metric and studied the properties

of the topology induced this way. Also, they define the
notion of e-ball in b2-metric spaces.

In this work, we present a novel definition for fuzzy
soft b-metric spaces utilizing fuzzy soft points of fuzzy soft
sets and fuzzy soft real numbers of fuzzy soft real sets, the
definitions of fuzzy soft b- metric are completely unrelated
to this new idea. We provide the convergent fuzzy soft
sequence has unique limit point and Hausdorff property
by using triangle inequality in fuzzy soft b-metric space
and provide some characteristics of the fuzzy soft metric.

2. Preliminaries

This part discusses some fundamental definitions of fuzzy
soft sets and its properties. Throughout this article, U
denotes an initial universe, E is the set of all parameters,
(G, A) denotes a fuzzy soft set, and <u” ]/tg(e”)> denotes
Fss— sequence of element in this set.

Definition 2.1. [14] Let X be a non-empty setand S > 1
be a given real number, bmetric space is a triplet (X, B, S),
where B : X x X — [0, c0) be a function satisfy the follow-
ing statements for all x,y,z € X.

1. B(x,y) =0ifand only if x =y,
2. B(x,y) = B(y,x),
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3. B(x,y) < S[B(x,2) + B(z,v)],

Definition 2.2. [15] the fuzzy set X under a universal set
U is a set describe by function of membership pu¢ : U — I,
where I = [0,1] and X an ordered pair collection defined
by X = {(u,ux(u)) :u € U, ug(u) € I}, where pg(u) is
namely degree membership of u in X, and IY be the family
of all fuzzy subsets of U.

Definition 2.3. [16] Let F; is the family of all fuzzy
sets in general fuzzy numbers, b > 1 and R fuzzy number
non negative, fuzzy b- metric space is a triplet (F,, B,b),
where B : F, x F, — R be a function satisfy the following
statements for all X, ¥,z € F;.

1. B(x,7) =0ifand only if x = §,
2. B(x,y) = B(y,%),
3. B(x,9) <b[B(x,2) + B(z7)],

Definition 2.4. [15] Assume that U is a universal set,
E is a set of parameters, and A C E. So the pair (G, A)
which tall a soft set under U and defined as a set G4 =
{(e,Ga(e)) :e € E,Ga(e) € P(U)}, such that G a mapping
provided as G : A — P(U) and P(U) is a power set of U.

Definition 2.5. [17] Let (G, A) be non-empty soft set,
k > 1 and Rg(E)* soft real number non-negative, soft b-
metric space is a triplet ((G, A), D, k), where D : (G, A) x
(G, A) — Rs(E)* be a function satisfy the following state-
ments for all x),y,,z) € (G, A).

1. D(xy,y)) = 0ifand only if x) = y,,
2. D(xa,ya) = D (ya, x2),

3. D(xp,ypr) <k[D(xp,z0) + D (za,y0)],

Definition 2.6. [15] A set (G, A) is refer to be fuzzy
soft set over U, whenever G is mapping G : A — IY, and
{G(e) € IU : e € A}. The collection of all fuzzy soft set, is
symbolized by Fss(U) and fuzzy soft in short denoted by
.FSS‘

Definition 2.7. [18] Assume that (G1, A) and (Gy, B) be
two Fgs— sets over the same one set U

1. Then (G1, A) namely a Fgs— subset of (G, B) if A C
B, and Gi(e) C Gy(e) thatis uGy(e) < uGo(e) for all
e € A. and written as (G, A) C (G, B).

2. The two Fss— sets (G1, A) and (G, B) are said to be
equal Fis— set, with denoted by (G, A) = (Ga, B), if
(G1,A) C (G, B) and (G, B) C (Gy, A).

Next, we recall the definitions of the intersection and
union of Fgg— sets.

Definition 2.8. [19] Consider the Fss— sets (G, B) and
(G1, A) over the same universal set U then

1. (G1,A)U (G2, B) = (G3,C), where BU A = C and for
alee C,uc U

1Gi(e)(u), ife € A—B,ucU

) uG(e)(u), ife €eB—A,ucU

;”lg:‘}(e)(u) - mZaX [‘u 1(e)(u),]/lg2(e)(1/l”,
ife e ANB,uecU

2. (G1,A)N (G, B) = (G3,C), where C = AU B and for
all € C,

#Gi(e)(u), ifec A—B,uecU
1Gy(e)(u), ifee B—A,uecU

min [uGy(e)(u), uGa(e)(u)],
ifeec ANB,uecU

p#Gs(e)(u) =

Definition 2.9. [20]
sal set U is namely.

A Fss —set(G, A) over a univer-

1. A set of absolute Fgs— set, represented by Cy,, if
uG(e) =1foreache € A.

2. A null Fgs - set, symbolized by @, ifforalle € A, we
have uG(e) = 0.

Now, it important that, recalling definition of Fgs—
point with symbolized by 1, .

Definition 2.10. [21] The Fss — set(G, A) over U is
called Fss— point and symbolized by 1y, if e € A and
eu,

Definition 2.11. [21] Consider the set of all real integers
R, where E is a parameter set, A C E and F B(R) pe the set
of all non-empty bounded fuzzy subsets of R, then (R, A)
namely Fgs— real set over R and is defined as a set of
Ry = {(e,Ra(e)):e€ A ,Ry(e) € ]-']B(]R)}, where R is a
mapping provide as R : A — FBR) A is referred to as the
support of R4.

Definition 2.12. [21] (R, A) is namely a F,5— real num-
ber in R, with describe as (r, A) (shortly 7 ), whenever is a
singleton Fs— real set, such as IR(A) represent the set of
each Fss— real values and R (A) represents the collection
of all Fgs— real values that are not negative.

3. Fuzzy soft b- metric

Now, we generalize the definition of b-metric space on
Fss— sets, with introduce some characterization of this
concept.

Definition 3.1. Let Fgs(U) be the family of all
nonempty Fgs— sets on universal U, a Fgg— b-metric
space is (fss(u),z?), where B : Fgs(U) x Fsg(U) —
R™(A) be a function with S > 1 satisfy the following state-

2 3z
ments for all u%(q) Mg (e2) Witg ) EFss(U)

(.1 2
1. B (uyg(q>,u,,g(gz)> >0
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R 1 3
£ 5 <”P‘g(el>’ ”ﬂg(@) :

a1 2 g2 3 _
> {B (””gw”ﬂg(ez)) P (”P‘gw”mfs))] s

b-metric space in short written as (Fgss — BMS).

The following remakes explain the relation among b-
metric space, fuzzy b-metric space, and fuzzy soft b-metric
space

Remakes 3.2.

1. b- metric space is special case of fuzzy b- metric space.

2. fuzzy b- metric space is special case of soft b- met-
ric space .so the aide of soft b- metric space is more
general than the aide fuzzy b- metric.

3. soft b- metric space is special case of fuzzy soft b- met-
ric space so the aide of fuzzy soft b- metric space is
more general than the aide soft b- metric.

The following example explain F_SS — BMS.
Example 3.3. Let U = {uq, up,u3} and E = {e} a set of

parameters. Then Fsg(U) = B <ui(, ) = 0 for all

g0 Ying (e
Uiy o EFss(U),i,j = {1,2,3}

) (e
B (101 i) =58 (“ig@)f”ig@) -
1590, B (3,13, ) =63

Then (]-‘SS(U), E) is Fsg — BMS with S = 15.

Remakes 3.4. Let Let f_ss(u),é) be F_SS — BMS
and (G, A), (G, B)~F_SS(U).

1. The distance between (G, A) and (G, B) denoted by
B((G, A),(G,B)) is defined as B((G,A),(G,B)) =
inf { B ”Pg(a)'uﬁg(h)) :”}‘g(a)é(g'A)'u%g(wé(ng)}

2. If {u,,g a)} (G,B), then B“(u;,g(a),(g,B))
= inf{l’)’ (uﬂg(n)'uﬂg(b)) :u#g@é(g,B)} is called

distance of point 1y, from the set (G,B). In case

{uyg(ﬂ) } €(G,B) then B (”Hg(ny (Q,B)) =0

3. For any distance poin u}l‘g(ﬁ) , u,%g(gz) EFss(U), one can

5 (”’1‘9@1)’ (g’A)) -5 <”’%Q S A))

3 1 2
s <u”g(el>’”f‘g<«z>

have <

4. The  diameter of (G,A) denoted Dby

Z?((g,A)) is define as B((G,A)) =
R (1 2 | 2 ~
sup {B (uﬂg(al)ruyg(az)> g Y, )e(g,A)}

In case (G, A) an empty set, following convention are
adopted
a) B(®) = —co, some authors take B(P) = 0.
b) B (uyg(g), d~>> = oo, that means distance of a point
Upg,, from empty set is co.
) B((G,B),®) = oo, where (G, B) is any Fgs— set
which isn’t empty.

5. (G, A) namely bounded if a diameter of (G, A) is finite

that means B((G, A)) < co. Now, we will discussion
the Fss— sequence in Fgg — BMS.

Definition 3.5. Let < Utge > be a Fgs— sequence in a
Fss — BMS (]—'55( ),B), we say

1. <u;’g(m> converges to Ui,y )é]-" s(U), when for

each € > 0 there is § > 0 with positive inte-
= N(&) such as B( g (e Mg, >)

>

ger N

implies ‘P‘g(e,,)(s) — G (eo) (s)‘ < & whenever n >

N,6 € RT(A) and &[0, 1]. It is usually denoted as

limy 00 uyg = u"g(eo)'

2. < 1o e > Fss— Cauchy sequence when for every € >
0 there is 6 > 0 with a positive integer N =
N(&) such as g(”ﬁg(m’uﬁgum) <4 implies

‘Vg (ex) (5) - ]lg(em)(S)’ <&

m
whenever n,m > N that 1sB( Wi uyg(em)) —0as

n,m — oo,

3. if every Fgs— Cauchy sequence in Fgg —

BMS (]—"SS(U),g> to be Fss— convergent sequence,
then (]-'SS(U),g) is namely complete Fss — BMS.

Definition  3.6. Let

Fss — BMS, then for all
]R+(A) (0,1) the ]:55—

By (”ﬂgm) {”ﬂg@ EFss(U
with | g, (5) = g, (5) [<

Br [tugy | = { g EFss (WD)

with ’uyg () — uy

(]'—ss(ll),g) be
uyg(”)é}—ss(ll),? S
open ball define by

B (”Vg(e>'”ﬂg<a>> < 7} ’
and Fgg — closed ball by

(”Vg ”#gm)) < ?}'

oo 8] <

Definition 3.7. Let <]—'55(U),g> be Fss — BMS and

G, A)C Fys(U), the Fys - point u is Fgg— limit point
P " p

9(e0)”
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of (G, A) if and only if for every 0 < 7 € RT(A) we have
B; (uyg ) A(G,A) £ @
Theorem 3.8. Let < Hg<e,,)> be a F;s— sequence in a

Fss — BMS (fSS(U),g>, then Fi -limit point of <u%(£ )>
is unique.

Proof. Let <uﬂu > be a Fss— sequence in (FsS(U),g)

Glen)

n 1 2 :
such that L s uﬂg(q) and uyg — u},g(ez) we will
rove that ul u2
P Foe) — "o(er)
Assume that ul 12 , then
Hg(er) 7 Hg(er)

1 2 5. ch 5B (1 2
B (uyg(el),uyg&z)) > 0, choose 6 = B <uyg(81),uyg(fz))
Now, Since u}iG,, — u'yG(el), for each e >

07, there is 0y > 07 and Ny = Nj () such that
>4 1 - . .

B (”Zg(en)'”ug(q)) < 07 implies ‘yg(m(s) — yg(el)(s)‘ <
€1 Similarly, there is o > 0 for every & > 0 and

N, = N, (&) such that B ( Vg( )) < 0, implies

‘ﬂg(m (s) — Vg<ez)(5)‘ <&

Construct fuzzy soft open balls 5; (u%,g ( >) and
e

B; ( Uiy i )) with radius 7 < % and centers u%,g @) and

Fo(er) where & = min {1, & } such that they are disjoint
€

=n_ 1 R 2
¥t S (””gm)) s (”f‘wz))

With ‘}lg(el)(s) - Hg(a)(s)‘ = 5 and
‘Vg(@)(f;) — Hg(a) (S)’ <5

Then 5 = B (ul ,u,zl
S I:B (M;llgm),uyg(a)) +B (uﬂg(a) ’
u? >} <S[F+7] <S[6/2S+45/28] =
'6(e)

Hg
\SH 0(5) = o) +
SN %%

=3 (.1
thus, uyg eBy (”ug(ﬁ)) ( /"g @) )

This contradicts the fact that the fuzzy soft balls are

disjoint. So, we conclude that ul o )2

Mo (er) H6(er)
Definition 3.9. A Fs5 — set(G,A) in a Fgg —
BMS (fss(U),g) is said to be Fgg-open if for each
Fss - point uy,, of (G,A) there exist a Fss-open ball
Br (i, ) (G, A).

Theorem 3.10. If <fSS(U), g) be Fis — BMS then the

Q
—~
S
N
\_/
IN

(1) (8) = Mg (es)

‘Vg(a)( — HG(er)

sphere B} (uyg@> is Fss-open set.

Proof: Let Mg ) eB; <uﬂg(5)> then

g(uyg(e),qu(eQ) < 7. With )]/lg(e) (S) *yg(ek)(s)‘ < &

choos ‘yg(e)(s) — yg(ek)(s)’ = & Then we
can consider a fuzzy soft real number % <
_g<”1‘§(e>’”ﬂg(ek)> + L  where S >

real number & in (0,1) such that & < €& — &, also

1 and a

”Vg(ez)ég%l gl that is, B(u,,g g ) < %1
with ‘Vg@Z)(S) — Hg(e) (5) ‘ (”ug pg,y) S
518 (st ) + B (gt )|
< 5|8 <”P‘9<s>'”%(ek)> +5]
S [5] = (e)(s) = P‘g(m(s)‘ <

5 H%‘g@( — Hg(e (s ) ]ﬂg (er) (5) — Vg(ez)(S)H
<S [% + %] —<é
Thus B <”#g(fk)> CBy (uyg@)), since iy, | is an arbi-

trary element of By ( Uug(e) ) We get B; (”#g@) is a fuzzy
soft open.
Definition 3.11. Let (}‘55 u), 5) be a Fss — BMS hav-

ing at least two Fgg-points then (fss(u), g) is said to
be Fss— Hausdorff-BMS if for any distance points in
Fss(U) if there exists two Fss— open ball B; (u?‘g(vl)) and

Br <”ﬂg(e2)> suchthat B; (ui‘c(e1)> N By (”%(m) =& for
each uyc(e ) ”Pc(e )
1 2

Proposition 3.12. Every F.s — BMS (fss(u),1§> is

Fss— Hausdorff-BMS. Proof: Let <}'55(U),3) be a
Fss — BMS having at least two Fgs— points. Let

”}49( Y 149( ) be two Fgs— points in Fsg(U) such that.

B <u#g @) ”149 @) ) > 0 Choose any fuzzy soft real number

7 such that
0<7< B (ul u?
25 TG CY)
two Fgs— open balls

5 (.1 _ ). = = 1
By (uﬂg(ﬁ) ) = {”Vg(al)ef”(u) B (u’*g(al)’u’*g(q)) <7

), where S > 1. Consider

3 =n_ 1 R 1 3 =
uyg("s) <Br (uyg(fl)) so B (uﬂg(fl) ”9(83)> <7
3 =5 (.2 (.3 2 =
H(es) <Br (uyg(fz)) sol5 (MV9(53), Ha(er) <7
by Condition 4 of a Fss — BMS
3,1 2 <
produce B (uﬂgm) F‘g(ez))
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R 1 3 23 3 2
S |:B (Myg(qyu‘ug(ﬂs)) + B (u?‘g(@)'u”g(gz))} <

S[F+7] =257

i = 2 . .
Therefore 7 > - B ( Ung, ) Uity (Bz)) which contradicts

: 1 (.2 _
the hypothesis. So clearly, B? (u"g(fl)> N By (uyg(@) =
® and henc (.Fss(U), g) is Fgg— Hausdorff-BMS.

Theorem 3.13. Suppose that <}'55(U),5> be Fs5 —

BMS. Then (Fss(ll),g) becomes complete space if for
every Fss— Cauchy sequence in Fsg(U) has a convergent
subsequence.

Proof: Let <u %(m> be a Fgs-Cauchy sequence in

(FSS(U), E) We show that if <u},g(en>> has a subsequence

o) then the
HG(en B N Q(eo)

Given ¢ > 0, there exists a 6 > 0 satisfying the
conditions first choose N = N(&) large enough

that B (i, wn ) < g, for all mm > N

(en)” " HG(em) -

<u”kyg( )> such that goes to Fss-point uy

Fss-sequence <u > itself converges to uy,

implies ‘Vg(e,,)() HG(en) (s )) 5= then choose

n > N and B( g, Pgto) i

’VG(e,,x.)(s) —yg(eo)(s)‘ 35 using the fact that
ny < np < ... which is monotone sequence exactly
increasing sequence of integers and <u”i Hg( en_)> goes

with

IN

to uyg thus n > N so one get; B u%(m),u

()

{ (g 2" g )>+g<umﬂg(e"")'u”e<m>)>
. |
)

— =
IN

S [% %} = 9 ’P‘g(en)(s) — Hg(e) (5) <
S [ HG(en) (5) ﬂg(gni)(s)‘ + | Vg(fnl-) (S — ]/tg(e())(s |]
<S[y+a] =¢

4. Conclusions

We established soft fuzzy b- metric in this paper, which dif-
fers from the concept of Fgg-metric found in some sources.
Inside this new space, we looked at various topological
structures and in theoretical mathematics sciences we can

refine our findings.
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