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1. Introduction

The Banach contraction principle ( B — cp ) asserts that a
self-mapping on a complete metric space, provided it satis-
fies a contraction condition, possesses a unique fixed point
[1]. Several writers have applied various generalizations of
the ( B — cp ) theorem because of its applicability. However,
one of the most significant fields of modern mathematics is
functional analysis. It is crucial. In representation theory,
probability, differential equation theory, and the study of
numerous attributes of various spaces, including metric
space, Hilbert space, Banach space, and others, see ([2-8]).
With the publication of Zadeh’s seminal paper [9], which
introduced the brilliant idea of a fuzzy set, a great num-
ber of mathematicians become cognizant of the numerous
ways in which the new fuzzy framework could be used to
extend the classical conclusions and their infinite possibili-
ties. The notation of fuzzy semi-norms was introduced by
Katsaras [10] in 1984. Sadepqi and Solaty [11] expanded
on this idea later, in 2007. Two such methods were used in
2021 by Ahmed Ghanawi and Al. Nafie [12, 13] developed
the idea of fuzzy Fréchet space.

As mentioned above, this motivates us in this study to
address rational-type contraction mappings within fuzzy
Fréchet spaces and establish several specialized fixed point
results under corresponding contraction conditions, accom-
panied by illustrative examples. The goal of our work
is to expand the applicability of fuzzy contraction theory
and contribute significantly to the understanding of fixed
point phenomena in such spaces. To support the theoretical
findings, an application of integral type aligned with the
approach of Jabeen et al. [14] is presented. This application
highlights the relevance of the results by encompassing a
range of nonlinear integral equations, thereby ensuring the
existence and uniqueness of solutions under the proposed
conditions.

Now, we present some fundamental definitions and
preliminary concepts that will be essential in developing
our main results.

[0,1] x
[0,1] — [0,1] a continuous t-norm if the following proper-

Definition 1.1. [15] We call a mapping * :

ties hold: 1. * is continuous, associative, and commutative,
2. For every ky < k3 and ky < k4, where kq, ko, k3, and
ky € [0,1],1*’(1 =ky and ky x ky < k3 * ky.
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The following definitions apply to the fundamental t-
norm; k1 * ky = min {ky xkp}, k1 * ky = kiky.

Definition 1.2. [11] Let V represent a vector space
across a field K. If the following requirements are met, a
fuzzy set i in V x R is said to be a fuzzy semi-norm on
V:Vw,z € Vand Vky,ky € R, if 1. ¢ (w, k1) =0,Vky <0
2. p(Awk) = (w ’%) VA € K/{0},Vk > 0 3.
Y (w+z,k1+ky) > ¢ (w, k1) * ¢ (z,k) 4. ¥ (w, k1) is non-
decreasing w.rt ki, Vw € V,limy, o9 (w, k1) = 0, and,
limy, oo ¢ (w, kq) = 1.

Definition 1.3. [11] If for every w # 0 in a vector
space V, there is at least one ¢ € E and k; > 0 such that
¢ (w, k1) # 1 then the family E of fuzzy semi-norms is said
to be separating.

Definition 1.4. [12] A vector space V is referred to as
fuzzy Fréchet space ( FFS ) if it is a fuzzy topological vector
space that is complete, and its fuzzy topology ¢ is deter-
mined by a countable, separating family of fuzzy semi-
norms denoted by E = {I'Uj}jel'

The construction of fuzzy Fréchet space as well as the
concepts of fuzzy convergence, fuzzy Cauchy sequence,
and fuzzy continuity in FFS, are examined in [12].

2. Main results

In this section, we introduce our basic definitions in this
study: the triangle property in fuzzy Fréchet space, the
fuzzy Fréchet contraction, and a rational-type fuzzy Fréchet
contraction. We also prove fixed-point theorems with illus-
trative examples.

Let V be FFS, with countable separating family of fuzzy
semi-norms E = {1[11 ier

Definition 2.1. A collection of fuzzy semi-norms E =
{l[)j }jel is said to satisfy the triangular property whenever

1 1
(wj<w—y,k> 1) * (wfw—z,k) 1)
1
= <lp](w—z,k) _1>

Vw,z,y € V,k>0,and V¢; € E
Definition 2.2. A mapping /i : V — V is called fuzzy

@

Fréchet-contraction, if there exists » € (0,1), so that

1 1
’ <¢j(w—z,k) _1> = <lpj(hw—hz,k) _1) @

Forallw,y,z € V,k > 0, and ij € E.
Definition 2.3. Let h : V — V be a mapping. If there are

r,s € [0,1), such that

s 1/1](w z k) _q
¥i(w — hw, k) * ;(z — hw, 2Kk)

1 1
+7’<1P],(wzlk)_1> > <1p](hwhz,k)_1>

VYw,z,y € V,k >0, and Vl[]j € E. Under this condition,
h is identified as a rational type fuzzy Fréchet-contraction.

©)

The following theorem demonstrates that if the mapping
is a rational type fuzzy Fréchet-contraction, it will have a
unique fixed point provided that the family E = {l/Jj} -
is triangular. :

Theorem 2.4. Leth : V — V a rational type fuzzy
Fréchet-contraction mapping with r +s < 1, and E =
{l[)j }jel is triangular. Then, in V,h has a unique fixed
point.

Proof. Let w; € V and w;1 = hw;,i > 0. Then, for
k>0,i> O,andej € E,

1 1
(%‘ (Wi —wit1,k) 1) - (‘Pj (hw;—y — hw k) 1)

vy
¥ (wi—1 — wj, k)

¥ (wi—1 —w;, k) 1
l/J] (wi,1 - hwi,l,k) * l/J] (wi - hwi,1,2k)

(
(
(
(

i (wig — wj k) .
¥ (wi—1 — wj, k) * ¢; (w; — w;, 2k)

—1 1
i (wig —wi, k)

=r
Then,
1 1
-1 1
(1/’] (Wi — Wit k) > = <¢’j (wi_1 — wj, k)
4
Alternatively,
1 1
_ -1 -1
(le (wi—1 — w;, k) ) =7 (4’;’ (wi—o — wi—1,k) )
)

By induction, for k > 0,i € N, and Vl,b]- € E, we obtain
that

1 1
- - S |
Wi (w; — Wiy, k) 1) = (%‘ (wi—1 — wj, k) )

2 1 _
=7 <le (Wi —wi1,k) 1)

—1> — 0, asi — oo.

; 1
< <l
- <¢j (wo — wr, k)
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Therefore,

lim ¢; (w; —wj_q,k) =1 (6)

i—o00

Vk > 0, and Vt/J]- € E. Now, we will demonstrate that
{w;};c is a fuzzy Cauchy

sequencein V. Let p € N,V¢; € E, and k > 0, we obtain
that
(Wi — Wiy p, k)
k k
2P | wi— wz+1, * P | Wit — Wiy, » *..

k
*1Pj (wi+p717wi+pr;)
—1xlx...x1=1

as i — oo. Thus {w; },cy is fuzzy Cauchy sequence in V.
Since V is complete, 3x; € V such that w; — x1,asi — oo,
ie.

lim ; (w; — x1,k) =1, (7)

i—00

Vk > 0, and V¢; € E. From Egs. (2), (6) and (7), and
since E = {l’bj}]el is triangular. Then, Vk > 0, and Vl[)j € E,

we have

(s )

- (%(xl—lwmk)l> ”(Ml)
o (%( hz)"]z( k) l/fjl(,x]?— s, 26) 1)

- (7w ) (Fwm )

lIJ]( _xlrk)
e (wj @ —wa2 )70

i — Wit1, k) * ; (x1
asi — oo. Then, ¢; (x; — hxy, k) = 1,Vk > 0, and V¢p; €
E. Hence, hx; = x1 and x; is a fixed point of & in V. Now

to show uniqueness, let y; € V such that hy; = yy, then,

Vk > 0, and ij €E,

S S IO O
¥ (x1 = y1,k) -~ \ ¥y (hxy = hyy, k)
lIJ]( Y1, ) .
=S <1pj (er — ey, B) = 9 (y1 — oy, 2K) 1)
1
o (lle (x1 —y1,k) 1>
s ¥i (x1 —y1 k) .
¥ (x1 = x1,k) % (y1 — x1,2k)
1
i (4’/‘ (x1 = y1,k) _1>
1
- <1Pj (x1 =y, k) 1)
(e 2 1 _
- <¢j (xy =y, ) 1) = (zpf (1 = y1,6) 1)

; 1
<..<r"|———-1] =0
N N (IP] (xl 7yl/k) )

*yl,k) = 1Vk > 0, and VIIJ] € E.
Therefore, x; = y; and x; is a unique fixed point for hin V.
Example 2.5. Consider the FFS V = [0, c0) with ¢ :

asi — co. Then, ¢; (x

V x (0,00) — [0,1] is triangular fuzzy semi-norm defined
as follows:
P k
Ylw—zk) = k+‘4w —4z)

Vw,z € V,and k > 0, withaxb = ab,Va,b € [0,1].
Now, we define a mapping I : V — V such that h(w) =

S ifw e [0,1]

18 ifwe (1,0

Then, we obtain

<WE5ERT*):§G@526‘Q

VYw,z € V, and k > 0. Thus, & is a fuzzy Fréchet-
contraction. For k > 0, we get that

w—z,k)
<1/J(w hwk ) *p(z — hw, 2k) 1)
<

(ww hwk*ﬂz—_;g ¢<w—hw,k>‘1)
(ww hw, k) *tp(w hw, k) 1)
O

-5z (5+9)

Therefore, Theorem 2.4’s requirements are all met with
r= %,s = %, and & has a fixed point 24 € V.



1402 Ahmed Ghanawi Jasim

The following theorem is a generalized fuzzy Fréchet-
contraction of rational type.

Theorem 2.6. Let E = {I/J]-} ; is triangular. If a map-
j€

ping h: V — V satisfies

1
(wj hw — hz,k) 1)

pj(w —z,k) = ¢j(z — hz, k) .
pj(w — hw, k) x p;(w — hz,2k)

—~

<s

/N

¥j
1
+r (lp]( —— —1> (8)
pj(w — hw, k) $j(z — hz, k)
i (q)(w hz, 2k) _1+1p]-(w—hz,2k) _1)

+v ( ! -1+ ! - 1)
¥j(w — hw, k) $j(z — hz,k) ’
VIIJ]' € E,Vk > 0,Vw,z € V,and r,s,t,v > 0 such that
r+s+t+ v < 1. Then, in V, h has a unique fixed point.
Proof. Letwy € V be fixed, and w; 1 = hw;,i > 0. Then,
fork >0,i > 1,and P € E,

. r 1] = 1 -1
¥ (w; — wiy1,k) -~ \¥j (hw;_1 — hw;, k)

Ts Y; (wi—1 —wj, k) * P; (w; — hw;, k) 1
¥ (wi—1 — hwi_q, k) = p; (w1 — hw;, 2k)
¥ (wi—q — hw;_q,k) ¥; (w; — hw;, k)
i ( g (wi—y —hw;, 2k) 1+ ¥j (wi_y —hw;, 2k) !
1 1
-1 -1
i <1Pj (wi—1 — hw;_1,k) ’ ¥ (w; — hw, k) )
1
- (%‘ (Wi 1 —wi k) 1)
Lo Y (Wi — wi k) * ¢ (Wi —wipq, k) .
¥ (wi—1 — wj, k) = j (wi—1 — wiyq,2k)
¥ (wi—g —wj, k) ¥ (Wi — w1, k)
- —1
o (1/’]’ (i w1, 20 j (wi—1 — Wi, 2k)

1 1
+o| —F—————— -1+ = -1
<1Pj (wi—1 — w;, k) ¥j (Wi — wiyq,k) >

From (3) in definition 1.2, and after simplifying, we

w;, k) N 1) !

1 1
- 1| <A
() < (G-

V; € E, and Vk > 0, where A = Lestlte < 1. Alterna-
tively, Vl[]j € E, and Vk > 0, we have that

1 1
_ A _
(4’]‘ (wi—1 — wj, k) 1) = <1Pj (wi—p — wi_1,k) 1)

obtain

By induction, ij € E, and Vk > 0, we obtain that

1 1
— ) <A
(l/J]' (wi — wit1,k) >§ (¢] (Wi —wi, k) )
> 1
=4 <1Pj (wi—p —wj_1,k) _1> =

i 1
A | — -
<A (wj(wowl,k) 1> —0,

©)

asi — co. Therefore, lim; o, ; (w; — w11, k) =1,Vk >
0,i > 1, and Y; € E. Now, we will demonstrate that
{w;};cn is a fuzzy Cauchy sequencein V. Let p € N, then
Vk > 0,i > 1,and V¢; € E, we obtain that

k
[ (wi - wierrk) 2> (wi — Wit1, ;)
k
*IIJ] Wit —wi_;,_z,; kLK

k
P; (wi+p+1—zui+p,;) —1x1*x...x1=1,

as i — oo. Thus, {w; }, is a fuzzy Cauchy sequence in
V. Since V is a complete, 3x; € V such that w; — x1, as
I — oo, 1e.

lim ; (w; — x1,k) =1, (10)

i—»00

Vk > 0, and V¢; € E. Since E = {1/)]- }jel is triangular,
then

1 1
(le (x1 — hxy, k) _1> = (#’j (x1 = wit1,k) _1>

(11)
Y . S
<¢j (Wig1 — hxy, k) >

Vk > 0,and Vy; € E. From Egs. (8) to (10), Vk > 0, and
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Vy; € E, we obtain Vk > 0,(t+v) < 1and Vy; € E. Therefore,
$j (x1 —hxy,k) = 1,Vk > 0, and V¢; € E. This mean,
(1 _ 1) x1 = hx1 and x7 is a fixed point of /.
¥ (wiy1 — hxy, k) Now to show uniqueness, let u € V such that hu = u.
< 1 ) ( 1 > Then, Vk > 0, and V; € E, we get
=|—- 1| <r| —F——F+ -1
¥ (hw; — hxy, k) ¥; (w; — x1,k) . ,
s ¥ (w; — x1,k) *; (x1 — hxy, k) 1) (% (x1 —u,k) 1) - <l/)j (hxq — hu, k) 1>
¥ (wi — hw;, k) = ; (w; — hxq, 2k)

¥; ( k) * j(u — hu, k) .
¥j (%1 hxl/ s p; (x — hu, 2k)

¥j (w; — hewi, k) $j (x1 = hxy k)
+t<¢’j(wi_hx112k) 1+zp,( ; — hxy, 2k) -1

1 1 <
+v -1+ -1
<%““_hmk) Py (x1 — hay, k) ) Lt Yo —hay k) gle—hwk)
., ¥ (w; — x1,k) * ¢j (x1 — hxy, k) . ¥; (x1 — hu, 2k) ¥; (x1 — hu, 2k)
P; (w;i — wiy1,k) * ¥; (w; — hxy, 2k) 1
4y ;,1 Jr0<1/’](xl_h3flrk)l
¥ (w; — x1,k) 1
4t (l[J] (wifwiﬂ,k) g l[)] (x1 — hxy, k) _1) +l/)j(u_hu’k) _1)
¥; (w; — hxq, 2k) ¥ (w; — hxq,2k) . ¥, (x1— k) A 1 »
T 1 _ 1 1 I,U] (X1 — hu, 2k) l[J] (xl —u, k)
17’)] (wl ZUlJrllk) IP] (X1 - hxl/k) 1
1 1 +t(¢j(x1—u,2k)
-1 1
(%‘ (wiy1 —hay, k) ) = <¢f (wi = x1,k) > Fo ) —1>

+S< ¥; (w; — x1,k) * i (x1 — hxy, k) - > ¥ (x1 —u,2k
i (w; — wit1, k) * ; (w; — x1, k) * j (x1 — hxy, k) . ( 9 (x1 — 1,K) ) 1)
¥ (w; — w1, k) ;i (x1 — u, k) = (u —u, k)
th<¢j(wi—x1,k)*zpj(x1—hxl,k)1 +r<1_1>
¥ (x1 — hxy, k) ¥ (x1 —u,k)

+¢] (wi - xl/k) * 1/1] (xl — hxl,k) N 1)

1
1 1 +t(llfj(x1u,k)*t/),-(uu,k)_
+ol—mMm —— 14— 1
<lp]( w1+1/k) 1P] (X1 *hxl,k) ) 1 1)
(1 —u, k) = i(u —u, k)

1
— (t+0) (B"j RN 1> ,

From (3) in definition 1.2, Vk > 0, and Vy; € E. we
obtain that asi — oo. Thus, Vk > 0, and Vqu € E. we have
that

¥ ( xl—uk 1> (r+2t)

v hxl o (e ) 1) (r+2t)
x

l[J] 1—uk 1> (1’+2t)2

1> (r+2t) =0,

IN

1
limsup [ ———————~ 1| < (t+v
i <1Pj (wiy1 = hxy, k) ) (+0)

.y
1IJ] (xl - hxl/k)

If i — oo, from Egs. (10) to (12), we obtain that

(12)

IN

asi — oo, if (r+2t) < 1. Then, ¢; (x; —u, k) = 1,Vk >

0, and lej € E. Hence, x; = u and x; is a unique fixed

1 1) < 1 1 pointof hin V
¥j (x1 — hxy, k) —1)s(t+9) Pj (x1 — hxy, k) ) Example 2.7. Consider the FFS V = [0,00) with ¢ :
(13) V x (0,00) — [0,1] is triangular fuzzy semi-norm defined
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as follows:

k

Yp(w—zk) = —F/——+
k+ ‘ (wgz)

Vw,z € V,and k > 0, with axb = ab,Va,b € [0,1].
Now, we define a mapping & : V — V such that h(w) =

{3;0 ifw e [0,1]

W1 ifwe (1,0)

(m‘l):g(m”)

Vw,z € V,and k > 0. Thus, h is a fuzzy Fréchet-
contraction. For k > 0, we get that

( e 2yCizh )
(w — hw, k) P(w — hz,2k)

_q 2w
(w— hwk T 7k

< ¥;( z—hz k) pj(w — hw, k) 1)

Then, we obtain

¥j(w — hz, 2k) $j(w — hz, 2k)

5w — z|

10 1 )
=7 \gi(w—2zk) T Tk
2|w — z|

1 1
<1pj(zhz,k) M k) 1) 7k

Therefore, Theorem 2.6’s requirements are all met with

r= %,s =t= %,andv: f—z,andhhasafixedpointél eV.

3. Application

To support our effort, we have demonstrated an integral-
type application. Consider V = C[0,n],n € Z*to represent
the space of continuous mappings with real values defined
on the closed interval [0,n],n € ZT. Let

o) = [ 9l % w(x)ix 19

is the nonlinear integral equation, where B,x ¢
[0,n],Vw € V,and ¢ : [0,n] x [0,n] x R — R is contin-
uous mapping with real values. Let A = {F,}, .+ be the
family of semi-norms defined as:

Fi(w—2z)= sup |w(B) —z(B)|,Vw,zeV

Bel0,n]
Consider the countable separating family of fuzzy semi-
norms E = {¢;, } .+ defined as:

k

n(w —z,k) = F(w—2) +F (15)

For k > 0,Vw,z € V, with continuous t-norm * define
as: axb = ab,Va,b € [0,1]. It can be easily verified that
E = {¢n},cz+is triangular and V is a fuzzy Fréchet space.

Now, consider the integral Eq. (14), Define the operator
h:V — Vby

o) = [ 9l % w(x))ax a6)
Yw € V,and JA,0 < A < 1, such that

Fu(hw — hz) < AM(h,w,z) (17)
VF, € A, and Yw,z € V where

M(h,w,z) = max {F,(w — z),2F,(w — hw)}  (18)

VF, € A, and Yw,z € V. So, there is only one solution
to the integral Eq. (14) in V. Observe that h has a unique
fixed point in V if and only if Eq. (14) has a unique solution.
Moreover, h is well-defined. we now have to demonstrate
that the integral operator / is covered by Theorem(2.4). We

have the following two situations, Vw,z € V

1. ¥ M(h,w,z) = F(w —
and (17) , we get:

z),in Eq. (18) , from Egs. (15)

1 1) — Fy(hw — hz)
(1pn(hw—hz,k) B ) - k
M(h,w,z)
< /\T
Fy(w —2)

k
:A(m*)

This suggests that,

(m‘l)“(m”)'
(19)

Vi, € E,Vk > 0, and Vw, z € V such that hw # hz. If
hw = hz the inequality Eq. (19) holds. With r = A and
s = 0, the integral operator  thus satisfies all Theorem
(2.4)’s requirement. Consequently, the uniqueness of
fixed point of h ensures that Eq. (14) admits a solution
in the space V.

2. If M(h,w,z) = F,(w — hw), in Eq. (18) , from equa-
tions Egs. (15) and (17), we get:

1 1 _ Fy(hw — hz)
<1/Jn(hw—hz,k) ) N k
M(h,w,z)
< )\T
. Fy(w — hw)
_)LT
< gy Il = hw)

k
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This suggest that

1
(zpn(hw —hz,k) 1) <22

Vi, € E, ¥k > 0,. Using (3) in definition(1.2) and
inequality Eq. (15), we may simplify the expression
Pu(w —z,k) 1
Pn(w — hw, k) x Py (z — hw, 2k) !
in this case. For k > 0, we have:

P (w — z,k) B
(wn(w — hw, k) * ¢, (z — hw, 2k) 1)
P (w — z,k)

Fy(w — hw)

Z . (20

= (zpn(w— hw, k) % Pu(z — w, k) * Py (w — hw, k) B 1)

1
— 1
($n(w — hw, k))?
(k + Fu(w — hw))? — k2
k2
_ 2B (w—hw) (Fn(whw))z

k k

This suggest that
P (w —z,k) _1
Py (w — hw, k) * Py (z — hw, 2k)
< 2F,; (w — hw) n Fy(w — hw) \ 2
- k k
Vi, € E, and for k > 0. From inequalities Egs. (20)
and (21), we have

@1

1 7 1)
Py (hw — hz, k)
w(w —z,k)
A (an(w - hlsz,k) * P (z — hw, 2k) B 1)
Vi, € E, for k > 0 and Vw,z € V such that hw # hz. If
hw = hz, the inequality holds. Withs = A and r = 0,
the integral operator & thus satisfies all Theorem (2.4)’s

requirement. The mapping / admits a single fixed point,
which implies that the nonlinear integral Eq. (14) possesses
a solution within the space V.

4. Conclusion

In this study, we established fixed point results within the
framework of fuzzy Fréchet spaces by employing the con-
cept of rational type contraction with the triangular prop-
erty of fuzzy semi-norms. As an application of these results,
we investigated a nonlinear integral equation and demon-
strated the existence and uniqueness of its solution, thereby
highlighting the pratical value of the theoretical findings.
The outcomes of this work lay a soild foundation for the
further exploration into the role of fixed point principles in
fuzzy Fréchet spaces, particularly in analysing the solvabil-
ity of various functional and integral equations.
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