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In this work, a set of laws has been proposed as a group of feedback control stabilizing a boundary law for a linear
fuzzy reaction-advection-diffusion equation. Stabilization is achieved by designing coordinate transformations
that form recursive relationships; by using the fuzzy finite difference method, we can convert coordinates into
other coordinates. This design process is unlimited to any specific kinds of boundary actuation and can handle
systems with an arbitrarily finite number of eigenvalues for the unstable open-loop system. We noticed that
there is another problem when converting coordinates, which is that the equation includes lower and upper
functions, so we wrote the equations in the form of matrices and then converted them into ordinary differential
equations. The problem of feedback, which becomes increasingly unbounded as the grid gets infinitely fine, is
solved by carefully selecting the target system to which the original system is transformed. Then we stabilize
the closed loop system and the regularity of control and solutions to the fuzzy reaction-advection-diffusion

equation.

Keywords: Fuzzy reaction-advection-diffusion equation, Fuzzy Backstepping control method, Fuzzy finite difference

method, Fuzzy Volterra transformation.
©The Author(’s). This is an open-access article distributed under the terms of the Creative Commons Attribution License (CC

BY 4.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original author and

source are cited.

http://dx.doi.org/10.6180/jase.202511_28(11).0007

1. Introduction

Since 1965, when Zadeh introduced for the first time the
theory of fuzzy sets as a logic which extends the classical
logic set theory, scientists have been interested in this the-
ory, as intended, the interest is dissected by some of them
towards fuzzy dynamical systems, because of their wide
importance in scientific fields, such as fuzzy reaction, ad-
vection, heat, and fuzzy wave equations, control, stability,
and other science areas (see for more details [1, 2]. Hence,
we can consider fuzzy logic has garnered significant inter-
est and its theory has become of researcher’s importance
in all areas of economic and scientific life starts from the
end of the last century. Moreover, since most of real-world

applied sciences and engineering systems, such as ther-
mal diffusion procedures and chemical engineering, can
involve spatial and temporal evolution, which can be mod-
eled in general using partial differential equations (PDEs)
and by reaction advection diffusion equation (RADE) that
can cover some natural phenomena like heat transfer, dif-
fusion, fluid flow, and fusion plasma transport.

In addition to the above, control theory for PDEs is an
active research field, and hence directed the main work of
this paper [3-7] and so for linear parabolic PDEs involving
systems of RADE, various control strategies have been
well investigated in the literature. In recent years, the so-
called backstepping approach has provided a surprising
systematic and boundary-stabilizing controller synthesis
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for these classes of PDEs [8-10].

Belman-Flores (2022), used the fuzzy control principle
in refrigeration and air conditioning systems [11], and stud-
ied of fuzzy control methods of robotic manipulators using
data-driven PID techniques is presented see [12]. In [13]
introduced a new combination called Fuzzy Backstepping
Control is established in this work to eliminate the influ-
ence of error and phase difference phenomena, which is
considered a new contribution to. in [14] proposes an adap-
tive fuzzy output feedback control approach for quadro-
tor unmanned aerial vehicles with stochastic disturbances,
besides which we consider the unmeasurable states and
unknown nonlinear functions. Motivated by the model uti-
lized in engineering applications, the authors provide an
approach for global stabilization of a larger class of linear
fuzzy parabolic PDEs.

The main objective of this article, as well as the cen-
tral principle of the proposed fuzzy PDE backstepping
approach, is to introduce a fuzzy Volterra integral trans-
formation (fuzzy VIT) that is capable to force an unstable
fuzzy PDE system to a well-chosen exponentially stable
target fuzzy PDE system. Kernel equations are used to
produce the kernel of a fuzzy VIT, and fuzzy backstep-
ping synthesis offers a framework for dealing with issues
involving control functions acting on boundary conditions.

The main issue with unstable linear fuzzy parabolic PDE
systems is the system of fuzzy into the target system being
transformed by coordinate transformation. Standard back-
stepping routes can result in finite kernels, while proper
selection of the target system leads to a bounded kernel
and continuous solutions to the controlled problem. There-
fore, it is crucial to choose the right system for accurate
transformation. The fundamental problem in unstable lin-
ear equivalent partial differential equation systems is the
target system to which the original system is transformed
by coordinates. Therefore, in this paper we take the stable
fuzzy PDE, to find the kernel and from it find the control
function.

The structure of this paper is as follows; In the introduc-
tion, we introduce a brief overview of the fuzzy set and
fuzzy theory, as well as, considering the fuzzy differential
equation. In the second section, we mentioned the most
important definitions that we need for this work. In the
third section, we discussed the fuzzy RADE in its general
form and also its special case. In the fourth section, we
mentioned the analytical solution of a special example of
fuzzy RADE with two different cases of the Hukuhara’s
derivation. In the fifth section, we applied the difference
method to the equation and derive the convergent kernel.
Finally, two different examples are given and applying the

obtained theoretical results for these equations.

2. Basic methods

Backstepping method and difference method are two meth-
ods used in the stability of systems of differential equa-
tions. First, we will start with the backstepping approach
for fuzzy RADE. The stable fuzzy system can be obtained
if the fuzzy differences method is used based on the follow-
ing the steps as the main scheme:

Step 1: Divide the space domain into N-equally spaced
node points, where N € IN and using the finite difference
approximations for the time derivatives.

Step 2: Defuzzification of the fuzzy differential equation
based on Hukukara differentiability and level wise crisp
sets related to fuzzy set.

Step 3: Rewrite the system in matrix form of ordinary
differential equations.

Step 4: Consider the finite-dimensional backstepping
approach of coordinate transformation.

Step 5: By performing multiple calculations, we obtain
the recurrence relationship through which we can obtain
the kernel function that can stabilize the unstable system
after substituting it into the control equation.

2.1. Backstepping Approach for Fuzzy Reaction-
Advection-Diffusion Equation

The fuzzy controller is defined and used based on the fact
that most problems in various applied sciences and also
in real-life applications include inaccurate, ambiguous or
vague information or parameters. Therefore, the decision
which must be taken when solving these problems cannot
be determined accurately, but rather it will be within a
range of values varying between 0 and 1 that are labeled as
the a-levels, w € [0,1]. This will depend on the extent of the
property’s realization, and this will also be a generalization
of non-fuzzy logic. Moreover, in the backstepping method,
the fuzzy controller will appear, which will be within a cer-
tain range of values ranging between 0 and 1. The method
followed in this research is through the combination be-
tween the theory of intervals and the interpretation of fuzzy
functions and variables through the a-level sets.

Consider the general 1-dimensional fuzzy parabolic
PDE is:

iy = yilxx + Pilpx + Pily

- . 1)
+ A(x)a(x, t) + G(x)a(0,t), x€[0,1],¢t> 0.
with initial and boundary conditions
4(0,t) =0, )
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a(1,t) = U(t) 3)

i(x,0) = g(x) 4
where 7 (x, 1), fix (x, 1), e (x, t), and @y (x, t) are fuzzy
partial derivatives in the sense of Hukuhara partial differ-
entiability [15, 16], 7y is a diffusion constant, i, (x,t) is
the diffusion term with A(x)ii(x, t) is the reaction term, 3
is the diffusion velocities in the x-direction [17-19], Cl(t) is
the fuzzy control, and A(x) is a fuzzy function defined as it
is defined in Definitions Egs. (4) and (5).
Now, let’s take the special case of the parabolic PDE,
which is of the form:

Iy = iy + Bl + A(2)i1(x, 1) ()
this equation is called the fuzzy RADE, and with initial
and boundary conditions as in Egs. (2) to (4).
Because Eq. (5) is unstable due to the introduction of
the fuzzy eigenvalues A(x). Now using coordinate fuzzy
backstepping approach fuzzy VIT equation (TVIE) as:

W(x,t) = il(x, t) — '/Ox F(x, £)ii(E, £)de,

(6)
xeR,t>0
with feedback control
1.
a(L0) = [ kLo, e, )

Then system Egs. (2) to (4) and Eq. (5) can be trans-
formed into the target following system:

Wi = YWyy + Wy — CW(x, 1),

8)

xeR,t>0
W(0,t) =0 )
W(1,t) =0 (10)

that are exponentially stable for C > 777;7’3 .

In this research we need to the most important defini-
tions that are important as follows:

Definition 1, [20, 21]: The crisp set which contains the
set of all elements of X with membership function p 4 (x) >
«, is called the a-level set can be written in mathematical
symbols to be described as:

Aw={(x,pz(x) >0a):ae01]}.

When concerned with fuzzy PDEs, fuzzy numbers (FNs)
play an important role in their definitions, in which differ-
ent types of FNs exist in the literature. In this work certain
type of FNs will be considered, which is the trapezoidal
FN, as in the following defined:

Definition 2, [22]: A FN with the membership function:

1 h<x<c¢
b 0<x<h
u(x,0,b,¢,0) = %’ c<r<d
0 x>0
is called a trapezoidal FN with the base [¢, 9] and ver-
tices at x = 0,x = ¢ where 7,h,¢c, and 0 € R, and
c<h<c<o.

Definition 3, [23]: A trapezoidal FN N in parametric
form is a pair [N (a), N(«a)],0 < « < 1, which satisfies the
axioms below:

1. N(w) is an increasing, bounded and monotonic func-
tion on [, b].

2. N(w) is a decreasing, bounded and monotonic func-
tion on [c, 9] .

3. N(a) < N(a), forall0 < a < 1.
4. [N(a),N(a)] = [b,q], ifa = 1.

Definition 4, [24]: Fuzzifying function (FF) §: X — Yis
the ordinary mapping of X into fuzzy power set P(Y),§ :
X — §(x), that is to say, the FF is a mapping from domain
to fuzzy set of range, FF and the fuzzy relation coincides
with each in the mathematical manner. So, to speak, FF can
be interpreted as fuzzy relation R defined as follows:

V(x,y) € X XY, gy (y) = un(x,y), wherey = g(x).

Definition 5, [24] : Let § be a FF from [0, ] C R to R,
such that, Vx € [0, h]§(x) is a FN, i.e., a piecewise contin-
uous convex normalized fuzzy set on R. For alla € (0, 1],
the equation p4(y) (y) = «, with x and « as parameters is
assumed to have two and only two continuous solutions
y = 8(x;a) and y = g(x;a), for & # 1 and only one solu-
tion y = g(x), for « = 1, which is also continuous. The
functions g(x; «) and g(x; «) are defined such that:

gxa) = glwe) = glx) = glxe) =
g(x; &), Vo, & with w > @&

These functions are called a-level curves of §(x).

Definition 6, [24, 25]: Let A, B € Rg and if there exist
P e Rg, such that B = A + P, then P is called the Hukuhara
difference of B and A, which is denoted by B © A.

As in FNs, the a-level representation of fuzzy-real val-
ued function § : [0, h] — Ry is expressed by the closed
interval, §(x;a) = [g(x; &), §(x;a)], x € [0, b], & € [0,1].

The generalized Hukuhara differentiation, which is a
core concept that extends Hukuhara difference and differ-
entiability, is almost the generic form of fuzzy differentia-
tion for interval-valued functions. Hukuhara invented the
Hukuhara derivative, or H-derivative, in 1976, which later
served as the foundation for research into fuzzy differential
equations. Hukuhara derivative is possibly considered a
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generalization of the nonfuzzy or crisp derivative, as it is
seen in the next definitions in [26, 27]:

Definition 7: Suppose that § : D C R — R is the fuzzy-
valued function of two variables are rule that assigns to
each order pair of real numbers, (x, f) in a set D, a unique
FN denoted by §(x, t). The set D is the domain of §(x, t)
and (§(x, t))a = [g(x,t;a),§(x, t;a)]. If there exist partial
derivatives of g(x;«) and g(x; &) with respect to x € D and

F) —
the interval { g(;;a)/ aggi’“)}, for (x,t) € D,a € [0,1] de-
fines the a-leval set of a FN , then §(x, t) is called differential
and written as:
~ ag(xta) ag(xta
(a0 = | %5, TEGa .
New our focus in this part is to analyse fuzzy

ARDE with p- gH-differentiability based on « level sets
which will be carried through assuming, uz(}, =

[—u(x, t;a),
PDE given by Eq. (5), we get:

u(x, t;a) =

~u(x, t;«)], then substituting in the governing

ot
min{ 8822 (xtzx)Jrﬁa u(x, o)+ Au(x, t;a)

'yaxZu(x t; oc)+[%a i(x, ta) + Ai(x, t; oc)}

%ﬁ(x, La) =
82

max{'ya (xttx)+,38 u(x, o)+ Au(x, ta),

'yaxzu(x a) +Ba ia(x, t;a) + A, d(x, t; oc)}

Therefore, two cases arise from above Equations, as
follows:

Case (i): If u,(x, t; ) < ii¢(x, t; a) then the possible PDEs
resulted from system Egs. (2) to (5) are:

Up = Ylyy + Pliy + )\J(xr t;’x)

iy = yilxx + Pily + All(x, )

with initial and boundary conditions for lower and up-
per respectively

u(0,t;a) =0, (11)

u(l,ta) =U(La)

(12)
u(x,0;0) = g(x;a)
and
7(0,;a) =0, 13)
i(1,t;a) = U(t; a) 14)

i(x,0) = g(x;a)
Case (ii): If u;(x, ;) > ii(x, t;a), then the possible
PDE:s resulted from system Eqgs. (2) to (5) are:

Yy + Bily + A(X)i(x, )

(X, t; ) = Yl + By + A(x)u(x, £ )

with the same initial and boundary conditions given by
Egs. (11) to (14).

In the next section, we will utilize the fuzzy finite differ-

up(x, ) =

ence technique (fuzzy FDM) to discover the kernel k(x, &)
for the purpose of studying the possibility of stabilization
of the fuzzy RADE.

2.2. Fuzzy Finite Difference Method with Fuzzy Back-
stepping Coordinate
In this section we use finite difference method, this ap-
proach may be illustrated using three steps:
Step 1: The followed approach starts by dividing the
space domain into N-points, and by using the finite dif-
ference approximations for the time derivatives [28], we

obtain: )
g =0
5 i1 — 20; + 11—
;= i+1 hzl i—1
+/3”1% T h0E, =120
ﬁﬂ+1 = (Pn (1’71/ 122/ ey ﬁn) 7
Wheren € N, h = (NlTl)'ﬁi = ii(ih, t), A; = A(ih), for all
i=0,1,...,N+1,il is the first boundary condition, i1

is the evaluated control function, and in terms of a— levels
as non—fuzzy parametric equations, we have two cases as
in the next:

Step 2: Fuzzifying the fuzzy differential equation based
on Hukuhara derivative cases.

For Case (i), obtain:

tp =0 (15)
1 — 20+ o
u;(x, o) = ,Yﬂerl h’;: T Uiy + ‘Bﬂurlh i "
+ A (0 a)u;(x, )
Up1 =9, (uq,un, - Uy), 17)
and
_ T oy 4 o
w(x, t;a) = Uil h%t + i ‘BulJrlh U )
+ A ()i (x, ta),
i1 = @n (1,002, ..., 00), 20)

Step 3: We can rewrite the system as a matrix differential
equation of ordinary differential equation as:
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vg =0, (21)

= (v +hB)vip1 — (2y +hp) [ v;

) (22)
+yvi_1 + hA(x; a)v;,
U1 = @i (01,02,...,0i-1), (23)
Where n € N,i = 0,1,...n+ 1. With v, 1 as control,
] wi(x )
where v; = { (%, ta)
1 0
I = |: O 1 :|/¢1 =
{ Q. (uy, ... 1) 0 }
0 @i (d1, ..., 0n) |’
_ | A0
Al—{ 0 A }
o 0 1
=119

Noting that, Eq. (22) is unstable because of the existence
of the eigenvalues for all A;, for all i, and applying fuzzy
FDM for TVIE by into ODE as follows:

wi(x, ) =vi(x, ta)

-/ C Ik, & )01 £ )dE

Where k;(x, §) is a gain kernel function, in addition to

(24)

feedback control defined as:

abe) = [ TOGuEs0E 09

Where k;(x,y;a) = % ]—?
1

Step 4: We start the methodology with a finite-
dimensional fuzzy backstepping transformations:

0
=7 = |= 26
wp = v {0} (26)
w; =0; — Il(pl',l (Ul,l)z,.. .,ZJ,‘,l) (27)
0
Wni1 = H , (28)

Now convert Egs. (7) to (9) into new target system by
finite different method and matrix differential equation

|

= (v +hB)wit1 — (27 +hp)I w;

obtain:

} (29)

clo| ©

30
+ ywi_q — 12T C(x; a)w; 0
wnaut) = [§] (31)

Now, from system Egs. (21) to (23) and system Egs. (29)
to (31), and upon using system transformation to find the
function is ¢;, and hence the backstepping coordinate trans-
formation by substituting Egs. (26) to (28) into Egs. (29)
to (31), we get:

i—1
"N 99i-1
o —1Y,
Pl
=~y +hp)I (vi — Ipi1)

+7 (vi1 — Ipip) — Sy (vi — Igi—1)

Since 9; = (v + hB)vit1 — (27 + hp)lo; + yviq +
W2 Ai(x; a)v;,

Upy1 = @i (01,02,...,0i_1)

0j (v1,02,.-,0i-1)

then .
(v +hB)ei — (27 +hB) v; + ;4
—1
d
+h2/\i( ) — I Pi1 - U]‘ (U], U2, ,01‘71)
j=1 ZJ]

—@y+ )1 (0= pi1)

+7 (Ui—l - 1/601'—2) — 121 (0 — Ig; 1)
By solving the above equations and applying Egs. (21)
to (23) we can find ¢; as follows:
pp— I’
i = Py
( (27 + 1) @iy + W1 CL gy — 4T pia— )
, d9;
h? (I C+ Az) v + Izl % g‘u '0] (Ul,Uz, . ’Uj—1>
foril?. ,n, andfromgoofgo 1 =0, we have
p1 = ’Y*W” (IC+)L1) 1.
We can write the ¢; by linear summation as:
Qi = ): kz]v]
through simple calculations, we can derive a general

recursive relationship:

—I'n? /.,
ki1 = IC+Aq) ki
1,1 7+ hlB ( 1> i—1,1 (32)
—ih?
+ B (ki1p —ki—21)
—I'n? /.
= (TCH M) ki
& 7+hl3< )i (33)
I'n?
+kictj1t 0= B ( i-1,j+1 _kifz,j)
kii_1=
I’hZ , (34)
B (1 c+ Ai—l) ki—1io1+ki—1i-2
+I/h2 ’
ki,i = ki—l,i—l — 77 T h,B (1 c+ )\1> (35)
for i=1,2,3,4 with initial conditions:
—I'n? /.,
= I
k11 7+h5< C+A) (36)
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I ht h .
f21 = 7+Ihl3 < (f‘fhﬁ)ﬁ) (resm) -1 -
N aih:zﬁ (rer (re+a) + (fe+x) m)
12 , 12 ,
T (IC+A1) - T (1 C+/\2) (38)
fon I'n? /.
33 = ’YTh,B (I C +/\1) .
no W
—;Thﬁ (IC+A2) _'yIThﬁ (1C+A3)
and,
kyz = (7_41-22/3) (I/C + /\3) k33 + k32 (40)
kyg = (%IL;’; (I’C + /\4> +has (41)

Let’s take A;(x) = Ajisa TFN defined in Definitions 2
and 3, and letting A; = [A, 4], C
Egs. (32-41) is a similar manner give in [29-31], getting:

= [C, C], then, we can solve

—(i-pr sag-ny(ic Ny HE, -
D i\i-1)\j-2

fori=1,2,...,n,j=i—1,i—2,...,1,0 where N, =
h? A C_ _ 7 i
B C A }En = TTRB’ and { i1 } refer to the

computation of I to kernel j + 1,

Regarding the infinite-dimensional system (5) with (2)
and (3), the linearity of the control law ¢; = Zj’:l ki,jv]-
offers a stabilizing the boundary feedback control of the
form U(t;a) = ¢;(v) = f01 Tk ;1 (x)vj(x, t; a)dx

Step 5: By performing multiple calculations, we obtain
the recurrence relationship through which we can obtain
the kernel function that makes the unstable system stable
after substituting it in the control equation.

The next theoretical results are given in order to be used
later for the purpose of proving the stability of Eq. (42).

Theorem 1, [29-31]: The sequence {(n + 1)kn,]-}yvl e
]:
mains uniformly bounded in n and jas n — co.

Lemma 1: The components of the matrix sequence
{k,-,]-} defined in Egs. (32) to (41) satisfy

4, )

o T(j=I\[i=1Y\ 241y
+i=I 1211<1_1) (j_21>N En
Where A = maxxg[ol A(x)]
A C
Proof: |kq 1| < W+h/5 { Cc X } = Ny
I my+mp) [ A C ’
kol < _ I | = = I—-1
|2'1|_'Y+h.3< (’Y+hﬁ) {Q /\}( )+
h4 ! A C & A E —
a2 7]+ )=
I'h2(2y +B) 2
Thﬁl\h’+h (CNu + NuAq)
k22| < 2N7
k33| <3Ny

Then let i = j from Eqgs. (34) and (35) we get:
|kii| <iNy

In*(2
|ki,i71| < %Nn + h2 (CNn + Nn/\l) +

+hp
Then inequality Eq. (43) of lemma 1 have been proved.

Lemma 2, [29-31]: The mapping k : [0,1] —
Leo(0,1) given by x — k(x
[29-31]:

,.) is weakly continues.

Lemma 3, Suppose that two func-

tions  W(x;a) € Le(0,1) and V(x;a) €
Leo(0,1) satisfying the following relationship,
W(x, ta) =

V(x,t;oc)f/(;xlvc(x,é‘;a)V(C;a)d *[0,1]

where k € Cyy ([0, 1];Lm(0,1)}).

There exist positive constants m and M , depend-
ing on k, such that m|W|e < |[V|]o < M|W|e and
m|WI2[[VII2M[W]|2-

Now from Theorem 1 and Lemmas 1-3, the infinite-
dimensional coordinate transformation resulted with a spe-
cific boundary condition could be found and then used to
prove the next theorem, with is exponentially stable in the
L; (0,1) space and maximized with decay rate C.

Theorem 2: For any A(x) € Loo(0,1) and 7, B > 0 there
exista function k € Lo (0, 1) such that for any V? € Lo (0,1)
the unique classical solution V(x, t) € C! ((0,0); C2(0,1))
of system Egs. (5), (2), (3) and (42) is stable exponentially
in the space L,(0,1) and maximum with decay rate C. The
precise statements of stability properties are the following;:

There exists a constant M, which is positive so that for
all >0, [[V(t)[2 < M [[VO||, e " and max,¢po 1) [V(x,1)] <

Msup, o1 [VO(x)| e=Ct.
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Where A(x) and C are 2 x 2 matrix of lower and upper
functions of TFNs and V(x, t) vector of function.

Now applying the fuzzy backstepping method for case
(ii) of the fuzzy RDE, which is found previously in Section
4, that will mention it again as in case (ii) as follows:

Case (ii) : If u; > i; then the possible RADE resulted
from the system (2-5) are:

(X, t;00) = yilxy + Bilx + A(x)i(x, t; ) (44)

ﬂf(x/t;“) YY+ﬁu +)‘( ) (x t; “) (45)

with the same initial and boundary conditions given by
Egs. (11) to (14).
By using FDM to Egs. (44) and (45), and by we get:

0
=1 |= 4
=1 (46)
0; = (7 +hB)I vy — (27 + hB)
i ('Y/ ) 1+/1 ( Y ) i (47)
—I—’)/I Vi1 —|—h2[ /\i(x;lx)v,-
Up+1 = 0y (48)

Noting that Eq. (47) is unstable because of the existence
of the eigenvalues for all A;, for all i. Therefore, we follow
the same previous steps in which obtained ¢; to obtain ¢;,
by applying fuzzy FDM for TVIE we obtain:

wy =0 (49)
w; = I,Z)i—l%',l (01,2)2,...,221',1) (50)
Wyt1 =0 (51)

One can find the target system as:

= (v + ) wip1 — 27+ hB)w; 2
+ 9l w; g — W2C(x; ) w;

We will find ¢; with the same steps we found ¢; , as
show below: )

0= ——
"o (v +hp)
( (2’Y+h‘3+h2 )191 1—’}/191'_2— )
7 90,
B2 (CI' 4 Aj) o + X2} %5510 (01,02, 01)

fori=1,2,...,n with Egs. (46) to (48) we have:

_ -Ir 4
b1 = gy (C1+ M) oo
Writing the ¢; in the linear form

0; = 2 él]v]

through simple calculations, we can derive a general
recursive relationship:

—I'n2

R (C1' +) i

+ 'y_JIr];:B (bis1p —4i21)

b= ;i :; (€I + M) b,

+4i1j1+ __5;; ( i—1,j+1 _éifz,j>

where j = 1/2 -2

biji1 = 7_41_7];; (CI/I + /\ifl) by +4liogia
bij="Li1i1— ;—_il_];; (CI( + )\i)

for i:1’2’3’,4 with initial conditions:

011 = %Z; (CI’ + Al)

ly1 = vi};; (- ((pr‘:hh/f))c (crien)a-1)
- ﬁz’ (c (CI’ + /\1) + (CI’ + A1> I’Al)
lry = —#Zhﬁ <c1’ n /\1) - % (cz’ +/\2>
U35 = 7_—11-};12[3 (CI’ +/\1)2 - Mh_hﬁ (c’ +A2)
- 7:}-12;1;5 (CT+As)

and, /

lys = % (CI'+23) £33+ 3

lys = (y_fr };12/3) (CI' +24) + 35

Let’s take A;(x) = A; is a TEN defined in Definitions
2 and 3, and letting A; = [A,A], C = [C,(] and we can
solve above equation

l} 1/j—-1 | — 1 9
B (1 B ])I/ Z T <; : 1) (]1_—21) N’]1721+1E’l/l

Fori = 1,2,...,n,j = i—1,i—-2,...,1,0, where
-l 5]

"Taaxnpl T R

__

T+

We notice that Eq. (53) is similar to Eq. (42) , then we can
prove stability of Eq. (53) by Theorem 1 and Lemma (1-3).
3. Result and discussion

In this section one can taking many examples about ap-
plication the results of Fuzzy RED and prove stability of



2368 Zainab John et al.

Table 1. Results solution of N,; and E;;, where y = g =1,
and h = 0.5 For case (i)

o2 1+a 2—« oy
& N”77+hﬂ{1+a 4—« Eu =

_o2s| 1 2 _ 1
0 N, = %25 [ 1l ] En= 15
h " oas | 133 166 T
3 Nn=7%5 { 066 3.66 En=1s
1.66 1.33
2 _ 025 _ 1
3 N=737 { ~033 333 } En=15
_o0xs| 21 _ 1

solution. Now we take two types for different fuzzy RADEs
as: First, let’s take at the first type of the one-dimensional
fuzzy RADE as.

iy = 7yilyy + Biix + [2, 3] (x, t) (54)

with initial and boundary conditions given by Egs. (2)-
(4), with target system given by

Wi = YWax + BWy — [0,1]W(x, 1),

with initial and boundary conditions presented in
Egs. (9) and (10).

Then by apply the coordinate transformation backstep-
ping method based on of fuzzy FDM of case I, we get:

_ ! ]+l

LI
(] l)(] ZZZ>N] 2I+1El

17]12

For1—12 onj=1i-1,i-2,...,1,0, where N, =
2 1+a 2—rx
THB | —1+a 4—uw
_
andEn—,yThﬁ.

The results of N, and E,;,Vn =1,2,3,...,
ferent values of & = 0, %, %, 1 guarantee that the theoretical

o0, and for dif-

results given in Theorem 1 and 2 as well as Lemmas 1-3
are satisfied and hance the fuzzy solution is exponentially
stable.

Note: When substitute result of N, and E;; ink; ;_ i, we
are getting a negative kernel. In the backstepping approach,
obtaining a negative kernel is crucial for ensuring the sta-
bility of the controlled system. This concept is especially
important when dealing with boundary control problems

Table 2. Results solution of N;; and E;;, where y = g =1,
and h = 0.5 For case (ii)

« N[ 300 ] e
0 NH:%“ _41} E, = =
A
pon- |0 ] B
1 Nn:%H gw E, = 15

in partial differential equations (PDEs) where the goal is to
stabilize the system by appropriately influencing its bound-
ary behavior.

For case ii we have:

T j+1
fiimj = (j + 1) N

H J=I\[(i=1Y\  j-2+1
(i) ()

1—]12

for i = 1,2,...,n,j = i—-1,i—-2,...,1,0, where
N, — h? 1+a —1+a
"y hp 4—u
Y
E =
"+ hp

Similarly, as in above, for this case the results of N, and
E,, ensures the exponentially stability of the fuzzy solution.

Now, let’s take Eq. (54) of the one-dimensional fuzzy
RADE as.

iy = Yilyy + Biix + [2,3]ii(x, t)

with initial and boundary condition Egs. (2) to (4). And
target system is,

Wi = 'nyx + ,BWX - CW(x,t),

where C crisp constant, with initial and boundary con-
dition Egs. (9) and (10).

Then by apply coordinate transformation of backstep-
ping by FDM for case I we get

R / ]+1

I &]ﬁ(;—l) (]7211>N] 2+1plL

=1
fori =1,2,...,n,j=i-1,i—2,...,1,0, where N, =
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Table 3. Results solution of N;; and E;;, where y = g =1,
and h = 0.5and C = n,n € R. For case (i)

w N"*fyfhﬂ{l—r’z_u 4ﬁa} Ex = 52np

0 Nn:%H H En =15

3 Nn:%{l}iﬁ 3.126} Bn =13

: Nn:%{l'f 323} Bn =13

1 Nn:%{i ;1} En=15
% (1—C|—06) (450‘) andEn:’y%hﬁ

From above note the results of N, and E,;,Vn = 1,2,3,
and for different values of & = 0, %, %, 1 guarantee that
the theoretical results given in Theorem 1 and 2 as well as
Lemmas 1 — 3 are satisfied and hance the fuzzy solution is
exponentially stable.

For case ii, one can get:

(i +1

g
BT A S N0 Rk AW Rl S RN RS
(i~ 1 HI(H)(].Z,)Nn )

for whichi =1,2,...,n,j=i—-1,i—2,...,1,0 where
N, — h? 1+4a C
T+ hB C 4—n |’
14
E, = .
"y +hp
In this example one can notice that there exist now dif-

ferent between case i and case ii.
Similarly, as in above, for this case the results of N,; and
E,, ensures the exponentially stability of the fuzzy solution.

4. Conclusions

In this work, a new approach has been introduced for de-
signing fuzzy boundary feedback controller fraction for the
unstable fuzzy RADE based on fuzzy coordinate backstep-
ping transformation through applying fuzzy FDM. Also, it
is notable that the lower and upper function appears in the
same equation. Therefore, we transform Egs. (15) to (20),
and Egs. (44) and (45) for case i and case ii respectively into

Table 4. Results solution of N;; and E;;, where y = g =1,
and h = 0.5and C = n,n € R. For case (ii)

R 1+« n _
Nu = [ n 4—0(} E"i“ﬁhﬁ

y+hh

_o02s| 1 n _ 1
0 Nn_ﬁ{ 4} En= 15
1 0.25 % n 1
3 Nn:ﬁ[n %} En= 15
2 0.25 % n 1

2 n
_ 025 1

matrix differential equation. The resulting fuzzy kernel
and control plant will dependent on the a-level. The ob-
tained results are exponential stable due to the application
of Theorems 1 and 2 as well as Lemmas 1-3.

For future study, one can take v and § to be FNs and can
consider different method of fuzzy backstepping approach.
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