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Sergei Alexandrov!?, Yeong-Maw Hwang®’, Elena Lyamina!, and Jun-Ru Chen?

Lishlinsky Institute for Problems in Mechanics RAS, 101-1 Prospect Vernadskogo, Moscow 119526, Russia
2RUDN University, 6 Miklukho-Maklaya St., Moscow 117198, Russia
3 Department of Mechanical and Electro-Mechanical Engineering, National Sun Yat-sen University, Lien-Hai Rd., Kaohsiung 804,

Taiwan
* Corresponding author. E-mail: ymhwang@mail.nsysu.edu.tw

Received: Nov. 28, 2023; Accepted: Jul. 25, 2024

This paper is devoted to developing an experimental/theoretical procedure for identifying yield criteria for
powder materials. The experimental part includes several compression tests. The variation of the loading

paths in these tests is achieved by deforming a plastically incompressible ring and powder material together.

The description of the ring’s material behavior is not required to interpret experimental results, which is an
advantage of the proposed method. The theoretical description of the test is provided using an analytical
solution, which is also an advantage of the proposed method. The method is adopted for identifying Green’s
yield criterion for aluminum powder. Comparison with other predictions of the yield criterion for this material
is made.
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1. Introduction

The phenomenological theory of plasticity is an efficient
tool for modeling the deformation processes, including
the deformation of powder and porous materials. A full
account of this theory for the latter materials has been pro-
vided in [1]. Several non-standard issues of the theory have
been considered in [2]. In most cases, neglecting the elastic
component of the strain is a reasonable assumption. The
yield criterion fully determines the material behavior if
the associated flow rule is accepted. Therefore, the yield
criterion’s accuracy controls theoretical solutions’ accuracy.

Several yield criteria for powder and porous materials
are available in the literature. Reviews of such yield criteria
can be found in [1, 3, 4]. The most widely used criteria
have been proposed in [5, 6]. Like any other yield crite-
ria for powder and porous materials, these yield criteria
depend on porosity or relative density. It is a challenging

task to identify this dependence. One method for this is
purely theoretical. This method considers a representative
volume element that consists of a pore (or pores) in a plas-
tically incompressible material. The element is subjected
to various loading paths, which allows a yield criterion
to be calculated using analytical or numerical solutions
[5-12]. The effect of non-uniform pore distribution of the
yield criterion has been investigated in [13]. Paper [14] has
shown that the Tsai-Hill failure criterion for transversely
isotropic materials under plane stress conditions can be
used as a yield criterion. The plastically incompressible
matrix’s material behavior is assumed and is supposed to
be determined from independent experiments. However, it
has been pointed out in [15] that the mechanical properties
of powder materials are usually different from those of the
corresponding wrought material, which requires different
testing procedures. The other method is purely experi-
mental. This method assumes a yield criterion involving
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arbitrary functions of the relative density and determines
these functions through a series of tests. Paper [16] has
utilized the purely experimental method in conjunction
with the yield criterion proposed in [5].

The present paper is partly based on the approach de-
veloped in [16]. However, there are essential differences.
In particular, the test procedure in [16] has been applied
to sintered porous materials and included tension tests.
Therefore, it is not feasible for powder materials. The pro-
cedure proposed in the present paper consists of several
compression tests that generate different loading paths in
the powder material tested. The geometry of the tests is
very simple, which permits its analytical description. The
variation of the loading paths is achieved by deforming
together a plastically incompressible ring and the powder
material. The description of the ring’s material behavior is
not required to interpret experimental results, which is an
advantage of the proposed method.

2. Design of experiment

A schematic diagram of the proposed axisymmetric upset-
ting test is shown in Fig. 1. For the description of this test, it
is convenient to use a cylindrical coordinate system (7, 6, z)
whose z -axis coincides with the axis of process symmetry
and the plane z = 0 with the bottom of the die. The test
setup consists of a closed die, a punch, a ring made of plas-
tically incompressible material, and powder whose yield
criterion is under investigation. It is assumed that friction
is negligible. The ring’s outer radius and the die’s radius
are Ry, and the initial inner radius of the ring is ry. The
initial height of the ring is Hy. The powder occupies the
domain 0 < r < rpand 0 < z < Hy. The punch compresses
both the ring and powder material. As the deformation
proceeds, the ring’s inner radius decreases. This deforma-
tion of the ring imposes additional loading on the powder
material. Therefore, choosing different values of rg can cre-
ate different stress fields in the powder material, allowing
for a portion of the yield surface to be determined. It will
be shown below that plastic incompressibility is the only
property of the ring’s material required for interpreting
experimental results.

The current inner radius of the ring is denoted as r., and
its current height is H (Fig. 1(b)). Since the ring is plastically
incompressible,

Ho (R} ~13) = H (R§—12). (1)

In what follows, it is convenient to use the following
dimensionless quantities:

H H
h=—r, =2 (=2, p=—, s=_,
Hy Ro Hy Ry Ry @)
and s I
0= Ry’

Then, Eq. (1) becomes

h<1—52> :1—5%. 3)

Let 0, 0y, and 0, be the normal stresses in the cylindrical
coordinate system. Since friction is neglected, these stresses
are the principal stresses. The experimental procedure con-
sists of two steps for each value of sy. The first step is to
compress the ring with no powder, and the second is to
compress the ring with its hole filled with the powder. Let
Fr(h) be the dependence of the compression force on h de-
termined during the first step. The radial and axial stresses
of the stress field that produces this force are denoted as
U’r(o) and Uéo), respectively. The superscript ’ 0 “ emphasizes
that this stress field appears in the ring compressed with
no powder. This stress field must satisfy the following

condition:

o —o @)

for p = s. The force Fg(h) can be represented as

Ry
Fr(h) =21 / ol | rdr ®)

It is understood here that the stress (TZ(O) is calculated at
z = H. Using Eq. (2), one can rewrite Eq. (5) in the form
1
Fr(h) = 27tR3 /
S

One may superimpose uniform hydrostatic pressure on

ol \ pdp. ©)

the stress field in the ring without violating the equilibrium
and constitutive equations if the ring’s material obeys a
model of pressure-independent plasticity. The radial and
axial stresses become 0, = 0, ' —gp and 0, = UZ(O) — qo,
where g is independent of space coordinates but depends

on h . The condition Eq. (4) is replaced with

0r = —4o @)

for p = s. The force produced by the auxiliary stress
field over the plane z = H is

Fa(h) = 2n/R° (

Te

(72(0>) + q0> rdr. 8)

Using Egs. (2) and (6), one transforms this equation to

Fa(h) = Fr(h) + R3q0 (1 - 52> . )
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Fig. 1. Schematic diagram of the process: (a) initial instant, (b) after any amount of deformation.

Eliminating s in this equation employing Eq. (3), one
gets

R340 (1 - s5)
7

If one can connect g to the yield criterion for the pow-

Fap(h) = Fr(h) + . (10)

der material, equation Eq. (10) provides the basis for iden-
tifying this criterion. It requires a solution in the domain
occupied by the powder material.

3. Solution for the powder material

3.1. Material model

The elastic component of the strain is neglected. The yield
criterion is assumed to be

@ (I, I, 8) = 0. (11)

Here I, is the linear invariant of the stress tensor, I, is
the quadratic invariant of the stress tensor, ¢ is the relative
density, and oy is a reference stress. Also, ® (I, I, ¢) is an
arbitrary function of its arguments satisfying the standard
requirements imposed on the yield criteria. The stress
invariants are defined as

L[ =0y4+0,+03 and
(12)

h=\(01- 0+ (-0 + (0 —0)

where 01,07, and 03 are the principal stresses. Let 1, (o,
and &3 be the principal strain rates. The plastic flow rule
associated with the yield criterion Eq. (11) is

_ [0D (2(71 — 0y — 173) 0D ]
6=~ oL + I ol |’
L [0® | (20p —03 —07) 0P ]
H=A E + L K (13)
C _A-ag (20-3_0'1_0-2)82-
R T I, ol |’
where A > 0.

The constitutive equations above must be supplemented
by the stress equilibrium equations and the continuity equa-
tion. The latter can be represented in the form

ae

54'19(51-1-524‘53):0/ (14)

where d/dt denotes the material derivative.

3.2. Initial and boundary conditions

A cylinder of powder material is compressed in the axial
direction. The initial relative density is ¢y. The boundary
condition in Eq. (7) is valid. The speed of the punch is U.
Therefore, dH/dt = —U. Using Eq. (2), one transforms this
equation to

dh u
FT
Let u, and u; be the radial and axial velocities. By defi-
nition, u, = dr./dt at r = r.. Using Egs. (2) and (15), one

(15)
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transforms this equation to

u ds
Ur = — % an (16)
for p = s. Differentiating Eq. (3) with respect to h yields
ds 1-—s2
dh ~ 2hs (17)
Substituting Eq. (17) into Eq. (16) gives
u(1-s2)
=" Zhohs (18)

for p = s. The other velocity boundary conditions are

u, =0 (19)
forp =0,
u; =0 (20)
for { =0, and
uy = —U 1)
for{ = h.

3.3. Solution
An inverse method widely used in plasticity is employed
for finding the solution in the domain occupied by the
powder material. Neglecting friction suggests uniform
distributions of the stress and strain rate components. A
suitable velocity field satisfying the boundary conditions
Eq. (18) to Eq. (21) is
2
Uy, = _UTC and u, = _7112(]10}132 )p. (22)

Then, the normal strain rates in the cylindrical coordi-

nate system are

u (1-s%) u (1-s%
ST e ST I R g
and CZ:—L.
Hoh

One can put without loss of generality that §, = &1,y =
¢y, and ¢; = ¢3. Then, 0, = 0y, 09 = 07, and 0; = 03.
Substituting Eq. (23) into Eq. (13) yields

7&(1—52)_/\ 0> (207 — 0y —0z) 9D
2Hy hs2 T |9L b ol

LU (-8 130 (00 =0:—0n) 3] oy
ZH() hs2 - 811 12 812 !
u

_ o> (20, — 0y —0y) 0D
=2 [311 + I |

The first two equations show that

oy = 0y. (25)

Using this equation and eliminating A between the sec-
ond and third equations in Eq. (24) results in

(1-5") _ 0 (0y —0z) 0P [0P | 2(0z —0r) P !
252 |9 L, 9L | |9L I oL |
(26)

The boundary condition Eq. (7) is satisfied by putting

0y = —qo = —q0p (27)

everywhere in the powder material. The corresponding
value of 03 is denoted as —poy.
Then, equations Egs. (11), (12) and (26) become

L =—(29+p)oy, L=v2p-q)mn, (28)

®[-(29+p)oo V2(p )00, 9] = 0f  (29)

and

(1-5) [o@ 1 0@]700 0@
252 o 811 ﬁalz 811 312

The second equation in Eq. (28) is valid if

-1
} . (30)

p>q. (31)

This inequality should be verified a posteriori. Using
Eq. (3), one can transform Eq. (30) to

(1-s3)  [od , 1 od] [0 op] !
i-teq ~ Lon "3l oy o8]
(32)

Egs. (29) and (32) compose the system for determining
p and g if ¢ is known. This system is compatible if the
distribution of ¢ is uniform.

Assuming that the distribution of ¢ is uniform, Eq. (14)
becomes 190H01% = OHr2. Using Egs. (2) and (3), one can
rewrite this equation as

__dosh 33)
h—1+s3
The total compression force is
nR200p (h — 1+ 83
Fih) = Fa(h) + X002 { LN

I .
Here Egs. (2) and (3) have been used. Eliminating Fy4 (h)
employing Eq. (10), one gets
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7RGoo [p (h—1+s5) +4q (1 - s3)]
I

In this equation, F4 (h) and F(h) are known from the

F(h) = Fr(h) + . (35)

experiment. Equation Eq. (29) allows g (or p ) to be elimi-
nated in Eq. (35). The resulting equation determines p (or g
) as a function of k.

Using Eq. (33), one can transform this function into a
function of ¢. It is convenient to rewrite Eq. (35) in the
following dimensionless form:

p(h=1+s5) +4(1-5f)

where
_ Fn) _ Fr(h)
f0) = g and )= S @)

4. Green'’s yield criterion

The yield criterion proposed in [5] is obtained from Eq. (11)
if

@ (h, b, 9) = g1(8) 1} +g2(9)13, (38)

where g1 (¢) and g (9) are the functions of the relative

density. These functions must satisfy the following condi-
tions:

@(#) =0 and g2(19):% (39)

at ¢ = 1. The second condition is valid if the pore-free
material obeys the von Mises yield criterion and oy is the

tensile yield stress of this material.
The derivatives 0®/dI; and 0® /09I, involved in Eq. (32)
are determined from Eq. (38) as
g% =2¢1(9); and 3%12 =2¢(9)hL.  (40)

Using Eq. (28), one can transform these equations to

od oo

oL L

(41)
In the case of the yield criterion Eq. (38), Eq. (29) be-

comes

§1(0)(29+p)* +25(0)(p—9)* = 1. (42)
Substituting Eq. (41) into Eq. (32) gives

(-3
2(h—1+5s3)

_ 29+ p)81(89) = (p—9)82(8) (3)
(29 +p)g1(®) +2(p — 7)82(9)

=-2¢1(8)(29+p)oy and = =2v2g(9)(p - q)00.

The left-hand side of this equation can be transformed
into a function of the relative density using Eq. (33). As a
result,

(L=s))8 _ q+p)n®)=(p=)®) )
28953 (29 +p)g1(8) +2(p —9)g2(8)°

One can solve Egs. (42) and (44) for p and q to get

1 (cos'y " ﬁsin'y)

P=3 N @)
and 1 (cos'y_sin'y)
Tism\Uk )
where
_ & _ V2k(1—A)
k= = v = arctan 1A |’
, (46)
1—s5)9
and A(9) = %.
219050
It follows from Eq. (39) that
k=0 47)

at ¢ = 1. Using Eq. (33), one can rewrite equation
Eq. (36) as

-1
_ _ (POt | (s,
t(9) tR(ﬁ){ 3 q(l 50”( 3 +1—s; ,
(48)
where

t(ﬁ)—f<‘9f:5+1_sg)

(49)
80§ 2
and tr(9) = fr <19 +1 50) .
The functions #(9), tr(9), p(9), and g(#) depend on the
process (i.e., they involve s ), whereas the functions g1 (9)
and g»(¢) do not. To emphasize the process-dependence
of the former group of functions, the new notation for
these functions is t() (), tg) (8), p(9), and g (9). Here
different numbers i correspond to different processes.
In the special case of the upsetting without the ring,
s =so = 1, and fr(h) vanishes. The superscript (0) will be
used for this special case. Eq. (48) supplies

t0) = p(0), (50)

Eq. (46) shows that A = 0. Therefore, Eq. (45) and
Eq. (50) combine to give

#0) — 3\;?2 (Coz% + ﬁsin’m) , (51)
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where g = arctan(/2k).
In a generic, non-special case, Egs. (45) and (49) supply

T35 | 9

k 853 B
(1—5%) (cos'y—ﬁsiny)} ((1)9()4—1—5%) .

(52)

1 | %s]
[Oso(cosv + V2ksiny)—

Egs. (50) and (52) combine to yield

{%Tffz’(cos’er V2ksiny) — (1—s3) (COS’Y - %sinv)]

w(9) =
®) <l9°—;%+1—s%) <cos'yo+\@ksin'yo>
(53)
where
0(9) — 1 (@)
t0)(9)
Eq. (53) provides the relationship between k and the
experimental data on its left-hand side. Once the depen-
dence of k on the relative density has been found, Eq. (51)

w(9) = (54)

provides g as

1 €os 7o . 2
5 ( 7 + \/ESIII’)/()) . (55)

Note that the definition of t() involves 0y, which is still
undetermined. The second equation in Eq. (39) supplies
the condition for determining this quantity.

It follows from Eq. (45) that the inequality in Eq. (31) is
equivalent to

siny > 0. (56)

5. Experimental

The powder material tested was aluminum alloy AL-6061-
Té. Teflon sheets were used to minimize friction on contact
surfaces (Fig. 1). The die’s radius was 15 mm . Two series
of tests were carried out. One series tested the powder
material without using the ring. The ring of inner radius
12 mm was used in the other series. The initial height of
the powder cylinder was 40 mm in both series. Therefore,
as follows from Eq. (2), the first series was classified by the
following dimensionless parameters: sp = 1 and kg = 8/3,
and the second series by sy = 4/5 and hy = 8/3. The
initial relative density was ¢y = 0.55. The experiment was
conducted according to the procedure described in Section
2.

Fig. 2 depicts the experimental dependencies of the com-
pression force on the stroke. These experimental data were

approximated by employing first-order polynomials to cal-
culate £(9) and fr(9) using (49). These dependencies are
illustrated in Figure 3. They allow the right-hand side of
(54) to be calculated, assuming that ¢() (9) = ¢(1)(9) and
tl(;)(ﬂ) = tg)(ﬂ) correspond to sy = 4/5. Note that the
value of 0 involved in the definition of +(0)(8), (1) (9), and
tz(zl) (9) is immaterial in this case because the ratio of the
dimensionless forces is required in this calculation.

<
400} 2 - Ring filled with powder
A - Ring without powder
Z . . A
~ & - Powder without ring
2 i
5 300
2
S
8
S) A
‘% 200F . 1
8 A
A
Q
S s
O 100 A . A
5 a, *
A
*
Oh " "
0 5 10 15
Hy—H in mm

Fig. 2. Dependence of the experimental compression force
on the stroke.

Eq. (563) can now be employed for determining k. This
function was determined in [16] for sintered copper using
another experimental procedure. The final result can be
represented as

k =k (8) = 1.17(1 — 9)%514, (57)

It was hypothesized in [16] that Eq. (57) would be valid
for sintered aluminum. Therefore, the present paper as-
sumes that

k=kS)(8)+ A1 - 9). (58)

This function satisfies Eq. (47) at any value of A. The
latter was found using the experimental data above and the
least squares method. As a result, A = 0.188, and Egs. (57)
and (58) combine to give

k=117(1— )% 1 0.188(1 — 0). (59)

Another equation for k can be derived by employing the
theoretical solution provided in [4]. It is

3(1—-y1-19)
V2(3-2Y1—8)In(1-9)’

k=kC)(9) = - (60)
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Fig. 3. Dependence of the experimental compression force
on the average relative density.

It can be verified that limg_, k(C) () = 0. This theoreti-
cal solution can be modified to account for the experimental
data as

k =k (8)+B(1-9). (61)

This function satisfies Eq. (47) at any value of B. The
latter was found using the experimental data above and the
least squares method. As a result, B = 1.03, and Egs. (60)
and (61) combine to give

3(1-v1-9)
V23 -2v1—9)In(1-0)

Fig. 4 illustrates the above variations of k with the rel-
ative density (Curve 1 corresponds to k(5)(8), curve 2 to
Eq. (59), curve 3 to k(©)(8), and curve 4 to Eq. (62)). It
is seen that the scatter is rather large. Fig. 5 shows the

k=—

+1.03(1—-9). (62

left-hand side of Eq. (53) found using the experimental
data (the discrete line) and its right-hand side calculated
using the above dependencies of k on the relative density
(Curve 1 corresponds to k(S) (9), curve 2 to Eq. (59), curve
3 to k() (), and curve 4 to Eq. (62)). It is seen that the
predictive capacity of the k-functions is reasonable except
for k(%) (9).

Substituting k from Eq. (59) or Eq. (62) into Eq. (46),
one can show numerically that the inequality in Eq. (56) is
satisfied.

It is now necessary to determine the function g»(9).
The difficulty here is that no experimental data can be
used to directly satisfy the requirement formulated in
the second equation in Eq. (39). It is, therefore, reason-
able to approximate the experimental compression force
f(8) = tO(9) first. In particular, Eq. (51) shows that

@] [t(o)(ﬂ)} =0 (p([))) as ¥ — 1. Fig. 6 shows the ex-
perimental values of the compression force and its approx-
imations based on Egs. (59) and (62). All three curves
practically coincide. In the course of this calculation, the
value of 0y was also found. In particular, 0y = 210MPa.
The function g, (?) is determined from Eq. (51). It can be
accurately approximated as

0.28

0(0) = % + 0.48 tan>® {(1 — 19)} . (63)

. . . . ;
0.6 0.7 0.8 0.9 1.0

Fig. 4. Empirical dependencies of k on the relative density.

0.90F
0.85F
0.80F
0.75F

0.70F

. . . . Loy
0.6 0.7 0.8 0.9 1.0
Fig. 5. Experimental dependence of w on the relative
density and its empirical representations.

Two curves in Fig. 7 correspond to the function g, (%)
calculated using the approximating functions for k and
t0)(9), and one corresponds to Eq. (63). All three curves
practically coincide.

Using Egs. (59), (62) and (63), one can rewrite Eq. (38) as
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"\

L L L Lo
0.7 0.8 0.9 1.0

Fig. 6. Experimental dependence of the dimensionless
compression force and its theoretical approximations for
the compression of the powder material without the ring.

&2

: . . = ¢
0.7 0.8 0.9 1.0

Fig. 7. Illustration of the behavior of the function g, ().

@ (I, I, 0) = {% + 0.48 tan®® {(102819)} } {1§+ o
[1.17(1 - 9)°%14 4+ 0.188(1 - 0) ’ 112}

or

® (I, Ip, 8) = {% +0.48 tan®5 {(10;;)} } {

3(1-v1-9) 2
_ V3G 20— 9) +1.03(1 — 19):| 112 )

2+

(65)

The yield criterion (11) can now be derived using the

abovementioned oy — values. The range of the used experi-

mental data suggests that Eqs. (64) and (65) are reliable for
9 >0.6

6. Conclusions

This paper has proposed an experimental/theoretical pro-
cedure for identifying yield criteria that depend on the
relative density and the linear and quadratic stress invari-
ants. The experimental part requires the compression of
a ring whose hole is filled in with the powder material
tested. This part also includes the compression of the same
ring without the powder material and the compression
of the powder material without the ring. The advantages
of the procedure are a simple theoretical description and
the independence of the final result on the properties of
the ring. The quality of the experimental data can be in-
creased using rings with different initial inner radii. It is
also possible to compress the testpieces using a rotating
punch [17], allowing for the deformation mode with pro-
nounced shearing. Although, the theoretical description
may be more complicated in this case.

The procedure has been specialized to the yield criterion
proposed in [5] using the ring with a hole of an initial
radius of 12 mm . Another set of experimental data was
obtained using powder compression without a ring. As
a result, the functions of the relative density involved in
this criterion have been determined. These new functions
shown in Egs. (64) and (65) modify the functions proposed
in [5, 16]] to more accurately describe the experimental data.
Moreover, the yield stress of the pore-free material has been
determined from the same experimental data rather than
taken from an independent test on wrought material of the
same chemical composition.

The subjects of subsequent investigations will be ex-
panding the experimental program to other materials and
ring geometry and identifying other yield criteria.
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