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This paper retrieves pure-cubic optical solitons for the nonlinear Schréodinger’s equation when chromatic
dispersion term is dropped due to its low count. This model with the inclusion of third-order dispersion after
dropping chromatic dispersion maintains the necessary balance between dispersion and self-phase modulation
for the solitons to sustain. The Laplace-Adomian decomposition scheme is applied to recover such pure-cubic
soliton solutions. The surface plots as well as the contour plots for bright and dark soliton solutions are displayed.
The results are profoundly significant and novel. The numerical simulation for pure-cubic solitons is being
reported for the very first time in this paper. While in the past, solitons were studied with chromatic dispersion,
this is the first-time solitons are being addressed, and that too numerically, with pure-cubic dispersion format.
The radiation effects are ignored to focus on the core soliton regime. The results are impressive and promising.
The two-dimensional numerical simulation and the exact solutions to the model are almost a perfect match. The
error table displays a measure of the order of 10~7.

Keywords: Pure-cubic optical solitons; Generalized third order NLSE; Cubic nonlinearity; Laplace-Adomian

decomposition method

©The Author(’s). This is an open-access article distributed under the terms of the Creative Commons Attribution License (CC
BY 4.0), which permits unrestricted use, distribution, and reproduction in any medium, provided the original author and
source are cited.

http:/ /dx.doi.org/10.6180/jase.202410_27(10).0003

1. Introduction

The nonlinear Schrodinger’s equation is the standard
model for studying the propagation of solitons through
optical fibers, metamaterials, and other forms of optical
waveguide. This equation comprises of three important
terms. They are the linear temporal evolution, chromatic
dispersion (CD) and the nonlinear term that is from Kerr

law which accounts for self-phase modulation (SPM). The
solitons result from a delicate equilibrium between CD and
SPM.

Occasionally, it can so happen that the CD runs low.
In that case, the equilibrium between CD and SPM has
been compromised. The consequential pulse collapse is
inevitable. In order to avoid such an impending catastro-
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phe, the low count CD is replaced with the third-order
dispersion (30D). The solitons that are thus produced are
referred to as pure-cubic solitons. The current paper re-
trieves the pure-cubic bright and dark soliton solutions to
the model with a couple of perturbation terms taken into
consideration. The inclusion of the two Hamiltonian type
perturbation terms is justified for integrability purposes.
The unperturbed version of NLSE with CD replaced by
30D is not rendered to be integrable, since it will not pass
the Painlevé test. Therefore, to salvage the integrability of
the NLSE, the Hamiltonian perturbation terms are included.
These two perturbative effects are from self-frequency shift.
The main reason for this study stems from the extensive
theoretical and experimental investigations conducted over
a duration of more than 50 years, which have shown the
significant role of solitons in the realm of nonlinear wave
mechanics. The nonlinear Schrodinger equation is of sig-
nificant practical importance due to its involvement in the
self-focusing phenomenon observed in non-linear media
[1]. This phenomenon occurs during the continuous propa-
gation of non-propagating electromagnetic pulses.
Laplace-Adomian decomposition technique is the in-
tegration scheme. Both bright and dark soliton solutions
are recovered using the scheme. The recovered numeri-
cal results are compared with the recovered analytical ap-
proaches [2]. The match is almost exact. The surface plots
of bright and dark solitons are displayed along with their
respective contour plots. The error measure is presented is
a range of tables where it shows that this impressive count
is of the order of 10~7. After a succinct introduction to the
model and a review of the model’s reported results, the
remainder of the paper presents the specific details.

2. Mathematical expression of the model

We analyze the movement of a very bright light pulse
through an optical waveguide, where the evolution of the
pulse is controlled by the generalized third-order nonlinear
Schrodinger equation [3-6]:

iq; + iaqxxx + b|Q|2q =
i[o1laPax+o2 (1) 4],

where g represents a complex function that is depen-

@

dent on the temporal variable t and the spatial variable x;
a represents a coefficient of 30D, the cubic nonlinearity is
governed by b, meanwhile the dispersive terms are con-
trolled by 07 and ¢>. By assuming 07 = 0o = 0, Eq. (1) is
transformed into the modified KdV equation, the integra-
bility of which may be determined by the inverse scattering
transform.

The nonlinear Schrodinger Eq. (1) hold considerable
importance within the context of nonlinear evolution equa-
tions, as they appear in various scientific fields including
optical fibers, hydrodynamics, biology, elastic media, quan-
tum mechanics, magneto-static rotating waves, and optics,
among others. This field of study is now experiencing
significant research activity, with many researchers being
actively involved in investigating this specific direction [7-
11].

The preceding model has been explored by a variety
of authors using different methodologies. For instance, in
[3], the authors obtain several families of solitons using the
exp-expansion and extended simple equation techniques,
in [4], the authors report multiple families of solitons using
the modified Riccati approach, the authors of [5] have been
able to obtain many families of solutions by using a variety
of analytical techniques, auxiliary equation type strategies
were used to analyze in [6], and in [12], elliptic solutions
for the same model are obtained. In [13], the model was
also researched using fractional derivatives.

3. Bright and dark solitons of Eq. (1) obtained using
LADM

3.1. Overview of the Method

The proposed technique, known as the Laplace-Adomian
decomposition method (LADM), was originally imple-
mented in 1986 by G. Adomian and R. Rach [14]. LADM
is based on the Adomian decomposition method and the
Laplace transform. This method allows numerical solu-
tions to be described as a quickly convergent series [15].

Consider a general nonlinear partial differential equa-
tion, given in symbolic form as:

Fq(x,t) =0, ()

subject to initial condition

q(x,0) = f(x). ©)

The differential operator F in Eq. (2) may be written

as F = Ly — R — N, where L;q = g;. The nonlinear com-

ponent and the linear operator are denoted by N and R,
respectively. In general, Eq. (2) may be represented as

Liq(x,t) = Rq(x,t) + Ng(x, t). (4)

Through the application of the Laplace transform and
its well-known transform over a time derivative property,
LA{qe(x,t)} = sL{q(x,t)} —q(x,0), the Eq. (4) might be
rewritten as

sq(x,s) —q(x,0) = L{Rq(x,t) + Nq(x,t)}. ()
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Taking into account the initial condition in Eq. (3), we
have

f(x)

s

aes) = 15 4 LeRe(on + Ng( 1)) @)

Applying the inverse Laplace transform £~! to both
sides of the equation allows for the easy determination of
the dependent variable g(x, t) :

a6t = f()+ £ | LR 1)+ Ng(x, 0} ©)

The approach assumes that the unknown function 4 may
be decomposed into a series of functions, and the nonlinear
component N can be decomposed into a series of Adomian
polynomials. The respective decompositions are as follows:

EI(X' t) = Z Qn(x/f)~ 8)
n=0
NQ(x/t): an(l]O/q1/-~-/l]n)/ (9)
n=0

where {P, };;_, is the series of so-called Adomian poly-
nomials. The following formula will be used to get the
Adomian polynomial P, for any nonlinear function [16]:

Py (qor'“rqﬂ) =

N (q0) ifn=0
1yn—1 o) : (10)
n Zk:() (k+1)qx41 %Pﬂflfk ifn > 1.

Substituting Egs. (8) and (9) into Eq. (7) gives rise to

1! 5 g (x, 5 Py (g0 rg) b ) |-
o oo ()} (gl

The components of the series (8), derived from the
Eq. (11), are computed using the following algorithm, for
everyn=0,1,2,...:

qo(x, 1) = f(x),
{ In+1 (x,t) = L1 [%E {an (x,t) + Py (‘70/ qi,--- r‘]ﬂ)}] .
(12)
Hence, the explicit solution of Eq. (2) is written as fol-
lows:

qlx,t) =Y qu(x,t). (13)
n=0

Finally, a numerical approximation to K-terms will be
given by the partial sum

K-1
ak(x,t) =Y qu(x,t), K>1. (14)
n=0

Principal highlight of LADM is its immediate applica-
bility to all differential equation types, whether linear or
nonlinear, ordinary or partial, homogeneous or inhomoge-
neous, and with constant or variable coefficients. Impor-
tantly, the LADM can solve nonlinear problems without
linearization, discretization, or perturbed parameters [17].
However, the LADM has limitations, as we know that this
method provides an approximation of the solution to the
problem through a series of functions. The difficulty may
be the region and rate of convergence of the series solution.
As the resulting series may be rapidly convergent in a very
small region, but has a slow convergence rate in wider re-
gions, the approximated series is an unacceptable solution
in this region, thereby restricting the method’s applicability
[18].

Now we will implement the LADM-supplied technique
to solve the generalized third-order nonlinear Schrodinger

Eq. (1).

3.2. Application of the Method for Eq. (1)

The following notation is used to implement this ap-
proach for solving the generalized third-order nonlinear
Schrodinger Eq. (1):

Lig = Nqg+Rg, (15)

where, the differential operators N and R act on u as

Ng = ib|q|%q + o1|q]%qx + 02 <|11|2)x‘1/

Rq = —aqyxx.

(16)

The nonlinear differential operator N may be divided
into the following parts:

Nu= (N1 +N;+N3)g, 17)
considering:
Nyu = ibul?q,
Nog = 01914, (18)

Nag =0, (Iqlz)xw

According to the formula Eq. (9), the nonlinear parts are
decomposed into Adomian polynomials as follows

Nig = iblg|*q

Y Au(q0,91,---.n)

n=0

(19)
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Noq = o1]q1%4x

o (20)
Z Bn (‘70/‘71/- . -11711)/

n=0

and

N3u = o3 (\q\z)xq

w0 1)
=Y Cu(qo,q1, -, 4qn)-
n=0

In order to get the adomian polynomials A;, B,, and C;,
we may use the formula given by Eq. (10), that is,

=Ni(90), Bo=N2(q0), Co=Nz(q), (22

and
1 n—1 a
= — >
An= - kgo(kﬂ)qmaquka, n>1, (23
B, = l i k+1) 9 >1 (24)
n_n = qurlaq n—1—-k =21

1= d
Cn:;;kﬂqmaq n1k n=1 (25)

A few of the first Adomian polynomials are given by

Ag = ibgsdo,

Ay =ib ( o910 + %ql)

Ay = (Zqoqzqo + 430 + 2900171 + ﬂ/oqz)
Az = ib (2909370 + 2919240

+2q0q201 + 01 + 2900172 + 11%073) ,

Ay = im (‘70‘75 + 2904094 + 2409193 + 2407143

+201012 + 290722 + T2 + 290103 + 7371

By = a1q04090x

B1 = o1 (qod0q1x + 909190« + G19090x) ,

By = 01 (qod092x + God191x + God290x
+41091x + q19190x + 9290q0x) ,

B3 = 01 (qod043x + God1492x + God291x
+qo93q0x + q19092x + 919191 + 919290x
+42q091x + 929190« + 9390q0x) ,

By = 01 (qod094x + G0193x + God292x
+ 904391x + J09aq0x + G19093x

+ 919192 + 919291x + G19340x

+ 92G092x + 920191x + 2G290x

+43G0q1x + 939190x + 94G0q0x) ,

Co=0 (q%%x + qo%%x) ,

C1 = o> (200010x + e + Qoo
+q07190x + 19090z ,

G =0n (2‘705]2570x + 7id0x + 2909101x + G072+
+ qofoq2x + qoq191x + Go9290x + 919091«
+q1G1q0x + 924090,

Cs = 02 (2909370« + 2919200x + 2909201
+ 4101x + 2900192x + 9503 + Godod3x
+qog192x + q09291x + 9093q0x + g19092x
+ 919191x + 919290x + 929091

+421q0x + 93G090x) ,

Ci=0m (%x’ﬁ + 2q0q0xq4 + 2q0x9193

+ 2q071x93 + 29101292 + 29092x2

+ 4 02x + 29071293 + G574

+ q09094x + 909193x + q0g292x

+q09391x + q0d490x + 914093«

+ 919192x + 919291x + 914390x

+ 920092x + 929191x + 2420x

+43G0q1x + 939190x + 9ad0q0x) ,

Eq. (12) provides a recurrence relation, from which we
can retrieve the following components:



Journal of Applied Science and Engineering, Vol. 27, No 10, Page 3225-3236 3229

=
=
—
=
$
-
N’
Il

571

—

%E {Rqo(x,t) + (Ao + By + Cp) (‘70)}] ,
qZ(x/ t) =

£t S Rm ) + (4 B ) (o], @O

111
gr(x,t) = £ {gﬂ {Rgx-1(x,t) + (Ax—1+ Bn—1

+CK—1) (qO/ qai,--- /‘iK—l)}] .

The above methodology will be shown with examples
in the section that follows.

4. Graphical representations of the results of nu-
merical simulations

4.1. Pure-Cubic Dark Solitons

Consider the following cases of Eq. (1) with the given set
of parameters: Set A : a = 1.0,b = 05,00 = 43,07 =
—32,k=15andé = —1.2.SetB:a=12,b = —-1.2,00 =
04,00 = —05,k =16and § = 2.2.

In order to run the simulations successfully, we take into
account the starting condition at time zero (t=0) as per [5]:

q(no):aAmnh(gx)e““+WL 27)

where:

A — \/EbK
2/ —(+20)] (28)
w="5(k?2+60%) and A = ¢ (3aw — 8x6?) .

Taking the inherent constraint:

01+ 20y < 0. (29)

Now, we present the results of the dark soliton simula-
tion corresponding to these two cases:

e In Table 1, we consider a choice of t values and com-
pare them to the exact solution for parameter Set A. For
the same situation and with the same parameters, 2D
simulations for values ranging from t=0.1,0.2,0.3,0.5
and the 3D soliton profile and contour plot of the ap-
proximate solution are shown in Figs. 1 and 2, corre-
spondingly.

e In Table 2, we consider a choice of t values and com-
pare them to the exact solution for parameter Set B. For

the same situation and with the same parameters, 2D
simulations for values ranging from t=0.1,0.2,0.3,0.5
and the 3D soliton profile and contour plot of the ap-
proximate solution are shown in Figs. 3 and 4, corre-
spondingly.

The result of the simulation of the soliton correponding
to the set of parameters A can be seen in Appendix A.

4.2. Pure-Cubic Bright Solitons
Consider the following cases of Eq. (1) with the given set of
parameters: SetC:a =2.2,b =1.1,00 =3.3,00 = —02,x =
17and 6 = —1.0. Set D : a = 0.3,b = 22,04 = —0.1,0» =
31,k =18and é = —0.2.

In order to run the simulations successfully, we take into
account the starting condition at time zero (t=0) as per [5]:

q(x,0) = Bsech <§x> el @) (30)
where:
B — \/gbK

Vor+20,” (31)
and A =2 (3aw —8kd?).

w =% (30> — «?)

Taking the inherent constraint:

o] -|—2(72 >0, (32)

Now, we present the results of the dark soliton simula-
tion corresponding to these two cases:

e In Table 3, we consider a choice of t values and com-
pare them to the exact solution for parameter Set C. For
the same situation and with the same parameters, 2D
simulations for values ranging from t=0.1,0.2,0.3,0.5
and the 3D soliton profile and contour plot of the ap-
proximate solution are shown in Figs. 5 and 6, corre-

spondingly.

e In Table 4, we consider a choice of t values and com-
pare them to the exact solution for parameter Set D. For
the same situation and with the same parameters, 2D
simulations for values ranging from t=0.1,0.2,0.3,0.5
and the 3D soliton profile and contour plot of the ap-
proximate solution are shown in Figs. 7 and 8, corre-

spondingly.

4.3. Graphical View

Some solutions for Eq. (1) were derived by assigning par-
ticular values to the parameters of the system, categorized
as sets A, B, C, and D. The solutions encompass both dark
solitons and bright solitons. The solutions produced in this
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Table 1. The absolute error when t=0.1, t=0.2, t=0.3 and t=0.50 for the case of parameter Set A and choosing K=12.

X error whent = 0.1 | errorwhent = 0.2 | error whent = 0.3 | error whent = 0.5
—1.00 1.6 x 1077 21x1077 34x1077 6.6 x 1077
—0.50 7.6 x 10°8 1.4 x 1077 3.1x 1077 51x 1077

0.00 3.0x10°8 45 %1078 33x1077 46 %1077
0.50 78 x 1078 1.6 x 1077 38 %1077 6.1x 1077
1.00 1.4 x 1077 24 %1077 41x1077 75 %1077

Table 2. The absolute error when t=0.1, t=0.2, t=0.3 and t=0.50 for the case of parameter Set B and choosing K=14.

x error whent = 0.1 | error whent = 0.2 | error whent = 0.3 | error whent = 0.5
—1.00 33x10°8 39x10°8 51x108 7.7 x 1077
—0.50 23x107° 1.9 x 108 3.6 x 1078 55x 107

0.00 1.1 x 1077 22%x107° 2.6x 1078 50x 107
0.50 20x107° 7.6 x 1077 41x1078 5.9 x 10~
1.00 35x 1078 38x10°8 52 %1078 6.9 x 1077

study are novel, and the model is being examined for the
first time using the proposed technique. We have shown 2D
and 3D graphics to illustrate the features of a few simulated
solutions. Graphs 2 and 4 depict the presence of two dark
solitons as described by Eq. (1) . Plots 1 and 3 illustrate the
temporal evolution of these solitons at various values of
t. Graphs 6 and 8 illustrate two bright solitons of Eq. (1),
while their temporal evolutions are depicted in graphs 5
and 7. The findings of this study illustrate the ability to
achieve various solitary wave solutions in optical fibers
by successfully handling the dispersive effects and nonlin-
earities. These solutions are capable of maintaining their
form and speed during propagation. The acquisition of
such solitons yields significant insights for the application
of practical engineering in the field of fiber optic commu-
nication. All the computational work is accomplished by
using Mathematica 12.2 version software.

5. Conclusions

The current paper displayed the pure-cubic bright and dark
optical solitons that are recovered from the NLSE by the
application of the LADM scheme. The error measure is
strikingly small. The results included the surface plots
and the contour plots as well for both kinds of solitons.
Additionally, the two-dimensional plots showed that the
match with the exact soliton solutions to the model is exact.
The results carry a formidable future. Later, the model
will be studied with power-law form of SPM followed by
additional structures of it [2]. The analytical results are
going to be first reported followed by the numerical scheme
by LADM.

In future, the model will be taken up with birefringent
fibers where the LADM will be applied to recover the bright

and dark solitons there using the LADM scheme. There-
after, the study will naturally extend with DWDM topology.
Moreover, additional and yet powerful numerical schemes
will be implemented. They are the variational iteration
scheme, finite element method, finite difference method
and other such schemes. This would lead to a contrast with
the range of such implemented schemes. Such comparative
studies exhibit the efficiency of the schemes applied to the
photonics world!
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Fig. 2. 3D profile of the solution |g(x, t)|? for the case of
the parameter Set A (above). 2D contour plot of the dark
soliton solution with the same parameter (below).

Fig. 1. LADM and exact solution comparison for
—1 < x <1and t=0.1,0.2,0.3,0.5. Case of parameter Set A
with K=12.
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Fig. 3. LADM and exact solution comparison for

—1 < x <1and t=0.1,0.2,0.3,0.5. Case of parameter Set B
with K=14.
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Fig. 4. 3D profile of the solution |g(x, t)|? for the case of
the parameter Set B (above). 2D contour plot of the dark
soliton solution with the same parameter (below).
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Fig. 6. 3D profile of the solution |g(x, t)|? for the case of the parameter Set C (above). 2D contour plot of the bright soliton
solution with the same parameter (below).
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Fig. 7. LADM and exact solution comparison for —1 < x < 1 and t=0.1,0.2,0.3,0.5. Case of parameter Set D with K=14.
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Fig. 8. 3D profile of the solution |g(x, t)|? for the case of the parameter Set D (above). 2D contour plot of the bright soliton
solution with the same parameter (below).
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