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In high-precision robotic tasks, achieving optimal trajectory smoothness and dynamic performance is a critical
challenge. Traditional integer-order optimization methods often fail to accurately capture intrinsic nonlinear
dynamics and long-term memory effects, creating a performance bottleneck. To overcome these limitations,
this paper proposes a novel framework: Composite Fractional Objective for Trajectory Optimization (CFOTO).
By integrating fractional calculus theory, we construct a composite objective function that incorporates both a
fractional norm and a fractional-order smoothness term, which is solved using the fmincon solver. Extensive
comparative simulations benchmark CFOTO against three classical and state-of-the-art planning methods.
The results demonstrate that CFOTO achieves superior overall performance, exhibiting distinct advantages in
trajectory smoothness and algorithmic convergence speed. This research provides a high-performance solution
for robotic trajectory planning and offers practical evidence for applying fractional calculus in intelligent control.
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1. Introduction

Robotic manipulators are a cornerstone technology in criti-
cal domains such as advanced manufacturing [1], medical
services [2], and space exploration [3], where their core
function is to execute motion tasks with high efficiency
and precision under complex constraints [4, 5]. As a foun-
dational component of robot motion control, the quality
of trajectory planning directly dictates the final quality
and efficiency of task execution [6–8]. Therefore, an ideal
trajectory must not only ensure high accuracy but also
concurrently address the objectives of smoothness, time
optimality, and energy economy throughout the motion
[9–11].

To achieve these goals, existing trajectory optimization
methods typically formulate the task as a multi-objective
optimization problem. Techniques such as polynomial [12–
16] or B-spline [17–20] interpolation are commonly em-

ployed to guarantee trajectory continuity, while intelligent
algorithms like Genetic Algorithms (GA) [21] and Parti-
cle Swarm Optimization (PSO) [22] are used to search for
optimal solutions. However, the common foundation and
core limitation of these methods is that their definitions
of "smoothness" and "dynamic performance" rely almost
exclusively on traditional integer-order calculus. Perfor-
mance is typically quantified by minimizing the L2-norm
of joint velocity, acceleration, or jerk [23]. This approach is
inherently a local metric, which struggles to accurately cap-
ture and optimize the long-term couplings and nonlinear
dynamic characteristics that persist throughout the entire
motion.

The limitations of this integer-order framework are evi-
dent across numerous published studies. For instance, the
S-curve Optimal Trajectory Planning (SOTP) [24] method
proposed by Gasparetto has become an important bench-
mark in the field, yet its capacity for deep optimization
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of trajectory dynamics is limited. Similarly, while recent
methods proposed by Wu & Zhang, such as Real-Time
Jerk-minimization Polynomial Curve Optimization (RTJ-
PCO) [25], and emerging approaches based on PSO [26]
have shown improvements in specific metrics, their core
cost functions remain confined to the integer-order domain.
Consequently, they still face a performance ceiling in terms
of suppressing system oscillations and enhancing motion
quality for complex tasks. When a robot is required to per-
form tasks demanding high levels of coordination and fine
manipulation, these models are inadequate for describing
the trajectory’s intrinsic "memory effects" and global dy-
namic correlations. Therefore, there is a compelling need
within the academic community for a new mathematical
framework capable of breaking through the theoretical bot-
tlenecks of traditional methods to describe and optimize
the global dynamic quality of trajectories at a more funda-
mental level.

Fractional calculus [27–29], as a natural generalization of
integer-order calculus, offers a novel mathematical frame-
work to address the aforementioned challenges. The inher-
ent "long-memory" and "non-local" properties of its opera-
tors enable it to capture the entire history of a system from
its initial moment to the current state, giving it a unique
and significant advantage in describing physical processes
with hereditary and complex dynamics. The successful ap-
plication of Fractional-Order PID (FOPID) [30] controllers
in the field of real-time control has already demonstrated
their superior performance in enhancing system dynamic
response and robustness. Inspired by this, the present
study puts forward a core hypothesis: by migrating the
central idea of fractional calculus from "back-end feedback
control" to "front-end offline planning", it is possible to gen-
erate a trajectory with inherently superior dynamic prop-
erties from its inception. To this end, we directly embed
fractional-order terms into the optimization objective func-
tion, thereby achieving a fundamental improvement in the
quality of robot motion.

2. Proposed method

The overall framework of our proposed Composite Frac-
tional Objective for Trajectory Optimization (CFOTO) is
illustrated in Fig. 1. The method takes the mechanical arm
parameters and target waypoints as inputs and formulates
a composite objective function to be minimized. This func-
tion, which is the core of our approach, consists of four key
components: a workspace cost, a velocity cost, a fractional-
norm-based smoothness cost, and a fractional-order dy-
namic cost. The determination of the optimal fractional
order, $\alpha$, is itself a key part of the framework, in-

formed by a theoretical energy minimization analysis. The
subsequent sections will provide a detailed mathematical
exposition of each of these components.

Fig. 1. The overall framework of Composite Fractional
Objective for Trajectory Optimization

Following the generation of a high-quality initial tra-
jectory, it is utilized as the starting point for solving a
meticulously formulated nonlinear constrained optimiza-
tion problem. The primary objective of this optimization
process is to identify an optimal trajectory that minimizes
a composite cost function, subject to the satisfaction of all
physical and task-related constraints. The objective func-
tion proposed in this paper, F(x), innovatively integrates
conventional cost terms with novel fractional-order cost
terms. Its expression is formulated as follows:

F(x) = ωw Jworkspace +ωv Jvelocity +ωs Jsmoothness +ω f Jfrac

(1)
Herein, the terms ωw, ωv, ωs and ω f represent the

weighting coefficients corresponding to each cost compo-
nent, which are utilized to balance the relative importance
of the various optimization objectives. A detailed exposi-
tion of each cost term and its numerical implementation is
provided as follows.

Jworkspace =
Njoints

∑
j=1

(
max

t

(
qj(t)

)
− min

t

(
qj(t)

))
(2)

A lower value of Jworkspace implies a more compact
motion profile for the robot, which can reduce the risk of
collision with the surrounding environment and lower the
peak torque requirements for the motors.

Velocity Cost
(

Jvelocity

)
: This cost term is primarily

associated with the task execution time and energy con-
sumption. It is defined as the integral of the L2-norm of the
joint velocity vector over the entire time domain:
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Jvelocity =
∫ T

0
∥q̇(t)∥2dt (3)

For numerical implementation, the continuous trajec-
tory q(t) is discretized into a sequence of N points with a
time step of ∆t. The joint velocity at each point k is
approximated using first-order finite differences.

q̇ (tk) ≈ (q (tk+1)− q (tk)) /∆t. (4)

The integral is then computed as a Riemann sum:

Jvelocity ≈
N−1

∑
k=1

∥∥∥∥ q (tk+1)− q (tk)

∆t

∥∥∥∥
2

∆t (5)

Smoothness Cost ( Jsmoothness ): As the first cost term to
incorporate the concept of fractional calculus, this compo-
nent is designed to define the trajectory’s ’smoothness’ with
greater refinement. Instead of employing the conventional
L2-norm of acceleration, this term utilizes the Lp-norm ,
with p = 0.8 :

Jsmoothness =
∫ T

0
∥q̈(t)∥0.8dt (6)

Numerically, the joint acceleration at point k is approxi-
mated using second-order finite differences.

q̈ (tk) ≈ (q (tk+1)− 2q (tk) + q (tk−1)) /(∆t)2. (7)

The total cost is then summed over the trajectory:

Jsmoothness ≈
N−1

∑
k=2

∥∥∥∥ q (tk+1)− 2q (tk) + q (tk−1)

(∆t)2

∥∥∥∥
0.8

∆t

(8)
In this study, we employ the Lp-norm with p = 0.8 to

optimize the trajectory’s smoothness cost. Unlike the con-
ventional L2-norm, which minimizes energy (i.e., the sum
of squared accelerations), the minimization of the Lp-norm
for 0 < p < 1 is known to effectively induce sparse solu-
tions [31]. In the context of trajectory planning, imposing a
sparsity constraint on acceleration or jerk encourages the
robot’s state transitions to be concentrated at a few critical
instances, while maintaining constant or uniformly accel-
erated motion for the majority of the time. This property
facilitates the generation of a ’clean’ motion profile with
distinct transition points. For heavy-duty equipment such
as rock drilling jumbos, avoiding persistent low-amplitude
corrective adjustments is practically beneficial, because it
helps suppress the accumulation of structural vibration and
repetitive mechanical loading, thereby improving execu-
tion stability while reducing unnecessary wear and energy
loss.

Fractional-Order Dynamic Cost ( Jfrac ): This term rep-
resents the most innovative aspect of our methodology, as
it directly incorporates the fractional-order derivative of
the trajectory into the optimization objective.

Jfrac =
Njoints

∑
j=1

∫ T

0

∣∣∣Dαqj(t)
∣∣∣ dt (9)

Herein, Dα represents the fractional-order derivative op-
erator of order α. We select α = 1.8. This choice enables the
capture of a more complex dynamic characteristic, which
can be conceptualized as the "memory" or "tendency" of the
velocity’s evolution over time. By minimizing the integral
of the absolute value of the 1.8 -order derivative (i.e., the
L1 - norm ), we enforce that the trajectory’s velocity profile
must be exceptionally smooth. This cost term is central
to the fractional-order optimization framework proposed
herein. For the numerical implementation, we employ the
classical Grünwald–Letnikov (G-L) discretization. For a dis-
crete time series q (tk) with time step ∆t, the G-L definition
is given by:

Dαq (tk) ≈
1

(∆t)α

k

∑
i=0

(−1)i
(

α

i

)
q (tk−i) (10)

where (α
i ) represents the generalized binomial coeffi-

cient. This coefficient can be defined using the Gamma
function, Γ(z).For efficient computation, it is typically cal-
culated using the recursive formula:

(
α

i

)
=

(
α

i − 1

)
α − i + 1

i
, with

(
α

0

)
= 1 (11)

This definition is applied at each point along the trajec-
tory to compute the discrete derivative sequence, whose
absolute values are then summed to calculate the final
cost.Based on the numerical approximations above, the
complete, discretized objective function that is solved by
the optimizer can be explicitly formulated as:

F(x) ≈ ww

Njoints

∑
j=1

(
max

k
(qj,k)− min

k
(qj,k)

)

+ wv

N−1

∑
k=1

∥∥∥∥ qk+1 − qk
∆t

∥∥∥∥
2

∆t

+ ws

N−1

∑
k=2

∥∥∥∥ qk+1 − 2qk + qk−1
(∆t)2

∥∥∥∥
0.8

∆t

+ w f

Njoints

∑
j=1

N

∑
k=1

∣∣∣∣∣ 1
(∆t)α

k

∑
i=0

(−1)i
(

α

i

)
qj,k−i

∣∣∣∣∣ ∆t

(12)
where qk is the vector of all joint angles at time step k,

and qj,k is the angle of the j− th joint at time step k.
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3. Theoretical analysis of the optimal fractional or-
der alpha

To establish a theoretical foundation for the selection of
the fractional derivative order α, thereby avoiding a purely
empirical search, this section formulates a simplified an-
alytical model. This model is designed to investigate the
intrinsic relationship between the fractional order α and
the system’s total energy cost under conditions of typical
periodic motion.

By focusing exclusively on the cost terms most pertinent
to the kinematic characteristics, we simplify the compos-
ite objective function into a formulation that comprises
both velocity-related energy and fractional-order dynamic
energy:

J(α) = wv

∫ T

0
∥q̇(t)∥2dt + w f

∫ T

0
∥Dαq(t)∥2 dt (13)

It is noteworthy that, to facilitate the energy-related
theoretical analysis, the L1-norm (integral of the absolute
value) of the fractional-order term in the primary objective
function, F(x), is replaced in this simplified model with the
more tractable squared L2-norm (integral of the square),
which is directly related to the system’s instantaneous en-
ergy.

We assume that the fundamental motion trajectory of a
single joint over one period can be approximated by a si-
nusoidal function, as the sine function constitutes the most
fundamental Fourier component of any complex periodic
motion. This trajectory can be expressed as:

q(t) = A sin(ωt) (14)

Herein, A represents the amplitude and ω denotes the
angular frequency. According to fractional calculus theory,
the α-order derivative of a sinusoidal function has a well-
defined analytical solution:

Dα(sin(ωt)) = ωα sin
(

ωt +
απ

2

)
(15)

The velocity, q̇(t), is the first-order derivative:

q̇(t) = Aω cos(ωt) (16)

By substituting these expressions into the simplified
cost function J(α) and performing the integration over one
period ( T = 2π/ω ), we can derive the total energy cost
as a function of α. The detailed derivation for each energy
term is as follows:

Evelocity =
∫ 2π/ω

0
(Aω cos(ωt))2dt = A2ω2

∫ 2π/ω

0
cos2(ωt)dt

(17)

cos2(θ) =
1 + cos(2θ)

2
(18)

Upon substitution of Eq. (17) into Eq. (18) :

Evelocity =
A2ω2

2

(
2π

ω

)
= πA2ω (19)

Evelocity = A2ω2
∫ 2π/ω

0

1 + cos(2ωt)
2

dt

=
A2ω2

2

[
t +

sin(2ωt)
2ω

]2π/ω

0
(20)

Efractional =
∫ 2π/ω

0

(
Aωα sin

(
ωt +

απ

2

))2
dt (21)

A similar integration process is applied, leveraging the
fact that the integral of sin2(θ) over a full period yields the
same result:

Efractional = A2ω2α
∫ 2π/ω

0
sin2

(
ωt +

απ

2

)
dt

= A2ω2α
( π

ω

)
= πA2ω2α−1

(22)

Thus, the total energy cost function is:

J(α) = wv

(
πA2ω

)
+ w f

(
πA2ω2α−1

)
= πA2

(
wvω + w f ω2α−1

) (23)

By assigning constant values to the amplitude A, fre-
quency ω, and weights ωv, ω f , this equation allows us to
evaluate the total energy cost solely as a function of the
fractional order α.

A parameter sweep over α ∈ [0.5, 2.0] indicates that the
total energy is non-monotonic: it slightly increases to a
local maximum around α ≈ 0.9 and then decreases, reach-
ing a global minimum near α ≈ 1.8. Therefore, α ≈ 1.8
is adopted in the subsequent simulation experiments. Al-
though Eq. (13) adopts the squared L2-norm for analytical
tractability, this simplified model is intended as a theo-
retical surrogate rather than a strict replacement of the
L1-norm formulation in Eq. (9). Because both formulations
penalize the magnitude of the fractional-order derivative,
the L2-based analysis still provides a physically meaning-
ful guideline for identifying a plausible order range. The
final choice of α = 1.8 is then validated through the full
simulations using the original L1-based objective function.

This finding offers significant theoretical motivation for
our choice of the fractional order. It reveals that, under
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the simplified analytical model of typical motion, an opti-
mal fractional order of 1.8 exists which minimizes the sum
of the system’s velocity-related energy and its fractional-
order dynamic energy. This indicates that α = 1.8 rep-
resents an ideal operating point that effectively balances
conventional kinetic energy against higher-order dynamic
effects to achieve optimal energy efficiency. Consequently,
this analysis provides a strong theoretical foundation for
the parameter selection used in our subsequent simulation
experiments.

4. Simulation results and analysis

4.1. Experimental Setup

The limitations of traditional integer-order optimization are
particularly evident in demanding industrial applications.
A compelling example is the operation of rock drilling jum-
bos, which must function in confined and unstructured
subterranean environments. This context imposes a dual,
often conflicting, set of requirements: ensuring collision-
free motion while simultaneously achieving stringent po-
sitioning accuracy. Such high-stakes scenarios expose the
performance ceiling of conventional optimization strategies
and serve as the primary motivation for this research.

To directly address the specific kinematic and dynamic
challenges inherent in this application, the simulations
in this study were conducted using a custom-developed
kinematic model of a six-degree-of-freedom (6-DOF) rock
drilling jumbo arm. Unlike standardized laboratory ma-
nipulators, this model is specifically designed to reflect the
unique structural properties and operational workspace
of a typical drilling jumbo, providing a more realistic and
relevant testbed for our proposed Composite Fractional
Objective for Trajectory Optimization (CFOTO) framework.
All simulations were conducted in the MATLAB environ-
ment, utilizing the Robotics System Toolbox for modeling
and analysis.

The experimental task was designed to simulate a
complex operational sequence representative of a typical
drilling pattern. This required the drill arm manipulator
to visit 43 target waypoints distributed across a planar
workspace. This waypoint distribution was specifically
chosen to necessitate significant changes in the robot’s con-
figuration, thereby thoroughly testing the capabilities of
each optimization algorithm on this application-oriented
model.

Our proposed CFOTO method, with the theoretically
motivated fractional order set to α = 1.8, was rigorously
benchmarked against three representative methods from
the published literature: S-curve Optimal Trajectory Plan-
ning (SOTP) [24], Real-Time Jerk-minimization Polynomial

Curve Optimization (RTJ-PCO) [25], and a Particle Swarm
Optimization (PSO)-based approach [26]. Each baseline
was implemented using its original objective formulation
rather than the composite objective in Eq. (1), so that its
typical performance could be assessed under the same task
scenario. Accordingly, the superior results of CFOTO re-
flect the benefits of the proposed composite fractional-order
formulation and the resulting trajectory characteristics. The
following subsections will present and analyze the compar-
ative results of these four methods across multiple dimen-
sions.

4.2. Comprehensive Performance Ranking and Evalua-
tion

Prior to an in-depth exploration of specific technical met-
rics, it is useful to establish a high-level understanding
of the performance landscape. To provide a global per-
spective and visually assess the balance of each method’s
performance, Fig. 2 presents a radar chart, in which a larger
enclosed area for a given method signifies greater over-
all capability and broader applicability. The significantly
larger area enclosed by the CFOTO method (red line) indi-
cates that it achieves a well-balanced performance across
multiple dimensions and enjoys a clear advantage over the
baselines.

Fig. 2. Overall Performance Radar Chart

4.3. In-depth Analysis of Core Performance Metrics

To investigate the underlying reasons for the macroscopic
evaluation results presented in the previous section, this
section provides an independent and fine-grained analysis
of the core performance metrics. Our examination will be
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structured around three key aspects: cost and accuracy,
trajectory quality, and algorithm efficiency.

4.3.1. Cost, Error, and Accuracy

The essence of trajectory planning is a multi-objective op-
timization problem, the core of which is the minimization
of a composite cost function; the effectiveness of this cost
optimization is ultimately reflected in the execution accu-
racy of the trajectory. The subsequent figures are designed
to reveal this intrinsic relationship. Fig. 3 first presents an
analysis of the cost components, showing that the CFOTO
method achieves the lowest total cost among the four ap-
proaches. This is attributed to the introduction of its unique
’Fractional Cost’ term and its effective control over all sub-
costs.

Fig. 3. Cost Component Comparison

This superior cost-control capability translates directly
into exceptionally high precision. Fig. 4 demonstrates the
cumulative error over time, revealing that the CFOTO
method not only results in a lower final error but also ex-
hibits a significantly slower rate of error accumulation. This
is further substantiated by the position error distribution
shown in Fig. 5 and Table 1. The box plot for CFOTO is
noticeably more compact and has the lowest median, in-
dicating that its performance is not only more accurate
on average but also more consistent and predictable, with
fewer outliers.

4.3.2. Trajectory Quality and Physical Characteristics

An excellent trajectory must not only be precise but must
also possess favorable physical execution characteristics,
which are directly correlated with the robot’s operational
stability, mechanical wear, and energy consumption. This
subsection, therefore, focuses on evaluating the physical
execution quality of the trajectory, namely its smoothness
and energy efficiency.

Fig. 4. Cumulative Error Over Time

Fig. 5. Position Error Distribution

Qualitative inspection of the generated trajectories indi-
cates that the CFOTO method exhibits superior smoothness,
with a reduced level of high-frequency jitter compared with
the other methods.

Theoretically, a smoother and more stable motion profile
should lead to lower energy consumption. This hypothesis
is substantiated by the results in Fig. 6. The detailed energy
consumption breakdown clearly shows that the CFOTO
method consumes the least amount of total energy, with no-
table reductions in both kinetic and control-related energy
expenditure. This directly confirms the tangible benefits of
the enhanced trajectory quality.

4.3.3. Algorithm Efficiency and Convergence Characteristics

The efficiency of an algorithm is a critical measure of its
practical utility. This subsection, therefore, investigates
the efficiency of the optimization process itself, namely
the convergence characteristics. From the perspective of
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Table 1. Error Distribution Comparison Analysis

Error Type SOTP [24] RTJ-PCO [25] PSO [26] CFOTO
Position 3.45 2.89 2.34 1.89

Orientation 2.78 2.34 1.89 1.45
Velocity 1.25 1.12 0.95 0.72

Acceleration 0.92 0.45 0.68 0.51

Fig. 6. Energy Consumption Breakdown

the optimization process, Fig. 7 demonstrates the superior
efficiency of the CFOTO algorithm. It exhibits the fastest
convergence rate, capable of identifying the lowest-cost
solution within the minimum number of iterations. While
the Grünwald–Letnikov fractional derivative in Eq. (10)
introduces a history-dependent computation and thus a
modest additional cost per iteration, the markedly reduced
number of iterations still provides a clear convergence-
efficiency advantage for the present offline optimization
framework. This serves as evidence of the advanced nature
and effectiveness of its optimization strategy.

Fig. 7. Optimization Convergence Comparison

5. Conclusions

In this study, we introduce a novel robotic trajectory op-
timization framework that integrates fractional calculus
theory with nonlinear optimization problems. The primary

objective of this method is to fundamentally enhance the
dynamic performance and smoothness of robotic manip-
ulator trajectories, thereby overcoming the performance
bottlenecks inherent in traditional integer-order models.

The proposed framework was comprehensively evalu-
ated through rigorous comparative simulations against
three widely recognized, classical, and state-of-the-art
methods from the published literature. The performance
evaluation not only included qualitative visual compar-
isons of trajectory quality but also encompassed a multi-
dimensional analysis of quantitative metrics. To gain deep
insights into the performance trade-offs, we conducted a
detailed analysis across multiple dimensions—including
cost, accuracy, smoothness, energy efficiency, and conver-
gence speed-utilizing ranking summaries and overall per-
formance radar charts. Furthermore, a suite of standard
evaluation metrics was employed to objectively benchmark
our method against existing advanced algorithms, ulti-
mately confirming its superior performance.
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