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This study aims to compare efficiency methods for the estimated parameter of Generalized Extreme Value
Distribution (GEVD), which consists of location, scale, and shape parameters. The parameter estimation
employs the maximum likelihood (ML), generalized maximum likelihood (GML), Bayesian, and L-moments
methods. The data is generated through simulation data in Gumbel, Fréchet, and Weibull distributions verified
by shape parameters. The performance of these methods is evaluated using the minimum mean squared error
(MSE) and mean absolute percentage error (MAPE). The results indicate that the Bayesian, ML, and GML
methods consistently achieve the lowest MSE values, such as 0.0120 for location, 0.0066 for scale, and 0.005
for shape parameters when the sample size is 100 of the Gumbel distribution. In the real data application
using 29 years of Bangkok rainfall data (1994-2023), the GEVD model estimated return levels for 2 to 9 years,
with MAPE values ranging from 32.57% to 56.92% across different stations. The findings suggest that ML and
GML methods outperform others in simulated and real-world applications. The proposed approach provides
accurate and reliable forecasts of extreme rainfall, which are crucial for Bangkok’s urban planning and flood
risk management.
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1. Introduction

Inferential statistics is a critical branch that focuses on mak-
ing statistics or estimators based on a sample of data to
infer about a parameter population. An estimator is a sam-
ple function, while an estimate is the estimated value of an
estimator obtained when a sample is taken [1]. Inferential
statistics is essential for making data-driven decisions in
the face of uncertainty that extends beyond the immediate
data, enabling us to understand and act upon the patterns
and trends within data. The fundamental concepts of infer-
ential statistics are focused on estimation and hypothesis
testing across various fields such as Holms and Walker [2],
Siebert [3], Cal et al. [4], Chong et al. [5], and Wadsworth
and Campbell [6].

There are two primary types of parameter estimation:
point and interval estimations. Point estimation offers a
single value as an estimate of a population parameter. In
contrast, interval estimation generates a range of values,
known as a confidence interval, within which the param-
eter is expected to fall. Various methods for parameter
estimation include the moments, maximum likelihood,
and Bayesian methods [1]. By employing various estima-
tion methods and understanding key concepts like bias,
consistency, efficiency, and sufficiency, statisticians and
researchers can accurately interpret population characteris-
tics [7–9].

Extreme Value Theory (EVT) is a field of statistics focus-
ing on extreme deviations from the median of probability
distributions. These are the values in a dataset that are sig-
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nificantly higher than the majority of the data points. These
extreme values represent the tail ends of the distribution
and are critical for understanding rare but impactful events
such as floods, heatwaves, and financial crises. The benefit
of extreme value theory is that the origin distribution and
its cumulative distribution do not need to be known as the
distribution of the extremes asymptotically approaches a
known distribution [10]. Block maxima are the maximum
values within a specified data block, such as the monthly
flood volume and the yearly highest daily temperature.
Tabari [11] studied extreme value theory to confirm the the-
oretical foundation for the statistical modeling of extreme
hydrological events using block maxima. Raiman et al. [12]
utilized climate variables, including air temperature, wind
speed, maximum and minimum temperatures, and rain-
fall, to determine the magnitude of risk by applying block
maxima. These variables are used to model the distribution
of block maxima, which is one of the three types of dis-
tributions in the Generalized Extreme Value Distribution
(GEVD) family.

The GEVD is widely used in EVT to model the dis-
tribution of block maxima over a specified period. The
GEVD incorporates three types of distributions, Gumbel,
Fréchet, and Weibull, depending on the tail behavior of
the underlying data. Accurately estimating GEVD param-
eters, including location, scale, and shape, is crucial for
reliable modeling and forecasting of extreme events. Re-
cent advancements in EVT have introduced novel parame-
ter estimation techniques and more robust computational
methods, such as improved numerical optimization algo-
rithms for maximum likelihood [13, 14], L-moments [15],
and Bayesian methods [14, 16, 17].

The Maximum Likelihood (ML) method is a power-
ful statistical tool for estimating parameters based on the
probability distribution by maximizing the likelihood func-
tion. When applied to the GEVD, ML aims to approxi-
mate the parameters that maximize the likelihood function,
representing the probability of observing the given sam-
ple. Numerical optimization is necessary because the log-
likelihood function of the GEVD is often complex and does
not have a closed-form solution. Louzaoui and Arrouchi
[18] studied the existence and consistency of the maximum
likelihood method via the extreme value index based on
k-record values.

The Generalized Maximum Likelihood (GML) method
extends the traditional ML estimation. It is beneficial
when the likelihood equations are complex and cannot
be solved analytically. The GML uses numerical meth-
ods to maximize the likelihood function, performing a ro-
bust framework for parameter estimation in generalized

extreme value analysis. Adlouni et al. [19] developed effi-
cient estimation methods for using the GEVD for quantile
estimation in the presence of nonstationary, which was
generally done with the ML estimation method.

The Bayesian method provides a robust framework for
parameter estimation, incorporating prior knowledge and
observed data to form a comprehensive analysis. The
Bayesian approach of GEVD allows for integrating prior be-
liefs about the parameters with the likelihood derived from
the data, leading to a posterior distribution that reflects
both sources of information. Yoon et al. [14] developed
a comprehensive Bayesian estimation approach to GEVD,
incorporating a semi-Bayesian framework of GML to fully
leverage several advantages of the Bayesian approach, par-
ticularly in uncertainty analysis. Markov Chain Monte
Carlo (MCMC) methods are a class of algorithms used to
sample from probability distributions by constructing a
Markov chain with the desired distribution as its equilib-
rium posterior distribution. The application of GEVD, the
MCMC method, employs a powerful tool for estimating the
distribution parameters, particularly in a Bayesian frame-
work. Krüger et al. [20] used the Bayesian inference to
predict distributions generated via Markov chain Monte
Carlo or related algorithms.

L-moments are statistical measures used to summarize
the probability distributions of data, offering a robust alter-
native to conventional moments for parameter estimation.
This method is exhibited in the form of linear combina-
tions based on order statistics, offering more robustness
to outliers and better efficiency in small samples. Further-
more, L-moments provide a straightforward and reliable
method for characterizing the distribution’s shape, scale,
and location parameters. Khan et al. [21] developed re-
gional frequency methods based on L-moments and partial
L-moments to derive generalized extreme value, general-
ized logistic, generalized normal, and generalized Pareto
distributions.

Choosing the appropriate method for parameter esti-
mation depends on various factors, including the sample
size, computational resources, and the availability of prior
information. In practical applications, ML method is often
preferred for its efficiency and accuracy, especially with
large datasets that extend to GML method. However, the
L-moments can be helpful for a quick and straightforward
estimation, while Bayesian estimation is valuable when in-
corporating prior knowledge or dealing with small sample
sizes. However, these methods must be applied to real-
world climate data and assessed for their robustness under
non-stationary conditions induced by climate change. This
study aims to address these gaps by comparing the effi-
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ciency of parameter estimation methods, including MLE,
Generalized Maximum Likelihood (GML), Bayesian, and
L-moments, in forecasting maximum rainfall events in
Bangkok.

Bangkok, Thailand’s bustling capital, is prone to ex-
treme weather events and hefty rainfall during the mon-
soon season. Forecasting maximum rain volume is crucial
for urban planning, flood management, and disaster pre-
paredness. Tanprayoon et al. [22] presented an extension
of the GEVD based on the T-X family of distributions: the
Gompertz-generated family of distributions, which makes
the existing distribution more flexible. This extension,
called the Gompertz-general extreme value distribution,
was used to estimate the return levels of rainfall values in
Lopburi Province. Martins and Stedinger [23] estimated
the three parameters of GEVD, which have broad applica-
tions in describing yearly floods, rainfall volume, speeding
wind, and other maximum values. Ng et al. [24] studied the
GEVD to identify the best-fit probability distribution for
monthly and annual extreme temperatures in hydrological
studies and event forecasting. Generalized extreme value
analysis offers a robust statistical approach for modeling
and predicting extreme rainfall events, allowing us to es-
timate the return levels of specific magnitudes of rainfall
expected to occur within a given return period.

The objectives of this study are directly linked to prac-
tical applications in urban infrastructure and flood miti-
gation planning. Accurate estimation of extreme rainfall
levels is essential for designing drainage systems, optimiz-
ing flood control measures, and developing early warning
systems to mitigate the impact of extreme weather events.
With Bangkok experiencing increasing rainfall intensities
due to climate variability, this research provides valuable
insights for urban planners and policymakers to enhance
resilience against extreme weather conditions.

This study comprehensively compares parameter esti-
mation methods for GEVD under varying sample sizes
and data characteristics, evaluates their performance using
real-world rainfall data, and provides recommendations
for urban planning based on predicted extreme rainfall lev-
els. The findings contribute to improved decision-making
in urban flood management and disaster preparedness.

2. Materials and methods

The Generalized Extreme Value Distribution (GEVD) is suit-
able for analyzing extreme values over specified intervals,
such as weekly, monthly, or yearly. The analysis involves
selecting the maximum value from each time interval of
interest. This approach uses the block maxima method, a
widely used and appropriate technique for data exhibiting

GEVD characteristics.
Let X1, . . . , Xn be the independent random variable

and denote the cumulative distribution function as F(x; θ).
The maximum value of the random variable is defined
as X(n) = max (X1, . . . , Xn) and is supposed GEVD as
X ∼ GEVD(µ, σ, ξ). The maxima of the sequence, when
properly normalized, converges in distribution to a limiting
form. This is expressed as P

(
X(n)−an

bn
≤ x

)
→ F(x; θ), as

n → ∞, where an and bn > 0 are normalizing
sequences and F(x; θ) is the limiting extreme value distri-
bution.

According to the Fisher-Tippett-Gnedenko theorem [25],
the possible limit distributions for block maxima belong
to one of three families: Gumbel, Fréchet, and Weibull,
which can all be encompassed the cumulative distribution
function of GEVD and represented in Eq. (1) as

F(x; µ, σ, ξ) =

 exp
{
−
(

1 + ξ
(

x−µ
σ

))−1/ξ
}

, ξ ̸= 0

exp
{
− exp

(
x−µ

σ

)}
, ξ = 0

(1)
The derivation of the Generalized Extreme Value Dis-

tribution (GEVD) follows from the extreme value theorem,
which states that the distribution of block maxima con-
verges to a limiting form under specific conditions. The
derivation details can be found in Coles [25] and Beirlant
et al. [26], which provide comprehensive discussions on the
asymptotic behavior and parameter estimation techniques.
The probability distribution function [26] is given by

f (x; µ, σ, ξ) =


1
σ

[
1 + ξ

(
x−µ

σ

)](−1/ξ)−1

exp
{
−
(

1 + ξ
(

x−µ
σ

))−1/ξ
}

, ξ ̸= 0

1
σ exp

(
x−µ

σ

)−1
exp

{
− exp

(
x−µ

σ

)}
, ξ = 0

(2)

where
{

1 + ξ
(

x−µ
σ

)}
> 0,−∞ < µ, ξ < ∞, σ > 0.

The GEVD is characterized by location (µ), scale (σ),
and shape (ξ) parameters. These parameters are interpreted
as location parameters that determine the central tendency
or the location of the distribution. Scale parameter controls
the dispersion or the scale of the distribution.

The shape parameter governs the tail behavior of the
distribution when different values correspond to different
types of GEVD. Depending on the shape’s parameter, the
GEVD encompasses three types such as Gumbel distribu-
tion (ξ = 0), Fréchet distribution (ξ > 0), and Weibull
distribution (ξ < 0). Understanding these parameters is
essential for practical applications, such as designing flood
control systems, planning drainage infrastructure, and de-
veloping disaster mitigation strategies based on estimated
return levels. Applying GEVD to historical rainfall data can
estimate return levels over different time horizons, provid-
ing valuable insights into the probability and magnitude
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of extreme rainfall events crucial for urban planning and
climate adaptation efforts.

The GEVD’s suitability for modeling extremes derives
from extreme value theory, which states that the distribu-
tion of maxima converges to one of three types, depending
on the tail behavior of the underlying distribution. The
shape parameter (ξ) plays a critical role in defining the tail
behavior of the distribution and determines which type
of GEVD applies to Gumbel distribution as the light-tail
data, where extreme values decay exponentially, and is
often used for environmental data, like annual maximum
rainfall, where extreme values are not overly large. Fréchet
distribution is suitable for heavy-tailed distributions. This
form captures data where extreme events are significantly
large, making it applicable to fields where the probability
of extreme, impactful events is substantial. Weibull Distri-
bution performs on bounded data with a finite upper limit
on possible extreme values. In the context of rainfall, this
distribution would be relevant if the physical conditions
naturally limit the maximum rainfall that can occur. The in-
teresting methods for estimating the parameters of GEVD
are maximum likelihood, generalized maximum likelihood,
Bayesian, and L-moments methods.

2.1. Maximum Likelihood (ML) Method

ML method is the most widely used method for estimat-
ing the parameters of the GEVD. This method mentions to
approximate the parameter values that maximize the likeli-
hood function, representing the probability by observing
the given data under the assumed model. The steps for
parameter estimation are as follows:

Step 1: Consider the GEVD of the random variable from
Eq. (2).

Step 2: Construct the likelihood function of the random
variable based on the GEVD (ξ ̸= 0) that L(µ, σ, ξ). There-
fore as

L(µ, σ, ξ) =
1

σn

n

∏
i=1

[
1 + ξ

(
xi − µ

σ

)](−1/ξ)−1

exp

{
−

n

∑
i=1

(
1 + ξ

(
xi − µ

σ

))−1/ξ
} (3)

The score function of the location parameter:

∂L
∂µ

=
n

∑
i=1

(
1

ξσ

)(
1 + ξ

xi − µ

σ

)−1

− 1
σ

n

∑
i=1

(
1 + ξ

xi − µ

σ

)−(1+1/ξ)

= 0

The score function of the scale parameter:

∂L
∂σ

= −n
σ
+

1
σ

n

∑
i=1

(
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xi − µ

σ

)−1 ( xi − µ

σ

)
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σ
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(
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xi − µ

σ

)−(1+1/ξ)

= 0

The score function of the shape parameter:

∂L
∂ξ

=
n

∑
i=1

(
xi − µ

σ

)(
1 + ξ

xi − µ

σ

)−1 (
1 − 1

ξ2 ln
(

1 + ξ
xi − µ

σ

))

−
n

∑
i=1

(
1 + ξ

xi − µ

σ

)−(1+1/ξ)

= 0

Step 3: Take the logarithm of the likelihood function
from Eq. (3) to obtain the log-likelihood function of GEVD,
which is called l(µ, σ, ξ). It can be written by

l(µ, σ, ξ) =− n log(σ)−
(

1 +
1
ξ

) n

∑
i=1

log
[

1 + ξ

(
xi − µ

σ

)]

−
n

∑
i=1

(
1 + ξ

(
xi − µ

σ

))−1/ξ
(4)

Step 4: Differentiate the log-likelihood function with
respect to each parameter (µ, σ, ξ) to obtain the score equa-
tions. Then, the MLE estimators (µ̂, σ̂, ξ̂) are evaluated
by

∂l(µ, σ, ξ)

∂µ
= 0,

∂l(µ, σ, ξ)

∂σ
= 0,

∂l(µ, σ, ξ)

∂ξ
= 0

Taking partial derivatives to maximize the likelihood
function is difficult due to the complexity of the equations,
making it impossible to solve the likelihood equations an-
alytically. Therefore, parameter estimation is performed
using numerical analysis, precisely the Newton-Raphson
method [27]. The likelihood equations for GEVD involve
partial derivatives with respect to the µ, σ, and ξ. Including
the ξ introduces a nonlinearity that makes the equations
complex and, in most cases, prevents closed-form solutions.
The functional form of the ξ affects the tail behavior, which
is crucial for extreme value modeling, but this complexity
also means that direct analytical solutions are not feasi-
ble. Due to this nonlinearity, iterative numerical methods
are essential. The impact of the initial parameter selection
on convergence is significant. If the starting values are
too far from the optimal solution, the iterative procedure
may require more iterations or even fail to converge. This
study defined a tolerance level

(
10−6) to address this to

determine when the iterative process should stop. The
Newton-Raphson method refines the parameter estimates
iteratively, adjusting based on the slope of the likelihood
function until the difference between successive estimates
is below the specified threshold. Sensitivity analysis was
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conducted by varying the initial parameter values across a
reasonable range and observing convergence patterns. The
analysis indicated that starting values close to the empirical
estimates resulted in faster convergence and more stable
solutions. Additionally, multiple runs with different start-
ing values were performed to ensure the global maximum
of the likelihood function was attained

Newton-Raphson, a root-finding technique, is particu-
larly suited for solving these equations. Approximating
the solutions iteratively refines the parameter estimates at
each step based on the slope of the likelihood function, ad-
justing until convergence is achieved. Accurate estimation
is critical for distributions like GEVD, where the ξ governs
the tail behavior and the risk of extreme events. Numeri-
cal optimization methods like Newton-Raphson provide
a reliable approach to handling this complexity, making
them indispensable for extreme value applications where
traditional analytical solutions are insufficient.

When dealing with large datasets, the computational
complexity of solving the likelihood equations increases
significantly, mainly due to the shape parameter (ξ), which
introduces non-linearity and sensitivity in the estimation
process. The Newton-Raphson method, commonly used
for parameter estimation, may require numerous iterations
to achieve convergence, leading to high computational
costs. To address these challenges, alternative optimization
techniques such as quasi-Newton methods, expectation-
maximization algorithms, or stochastic gradient descent
can be employed to enhance efficiency. Additionally, par-
allel computing and subsampling strategies can reduce
computational time while maintaining estimation accuracy.

The ML method for estimating GEVD parameters can be
summarized as follows: construct the likelihood function
based on this model, then simplify the process by taking
the logarithm to form the log-likelihood function. Differ-
entiate the log-likelihood with respect to each parameter
to find where the function is maximized. Finally, these
equations are solved, often using numerical methods like
the Newton-Raphson method, to obtain the parameters’
maximum likelihood estimator.

2.2. Generalized Maximum Likelihood (GML) Method

The GML method is a method used for parameter estima-
tion in cases where the assumptions of the standard ML
estimation are not met. ML method typically assumes that
the data follow a specific distribution, such as the normal,
binomial, or unknown distribution.

In contrast, GML assumes that the data follow a more
flexible function that can accommodate a variety of data
distributions, including nonparametric statistics. Some lit-

erature considers GML the nonparametric maximum likeli-
hood estimator. The principle of GML is similar to that of
ML: finding the parameters that maximize the generalized
likelihood estimator. Methods such as empirical likelihood,
quasi-likelihood, or estimating equations [28]. As shown
below, they assigned a prior density to the shape parameter,
assuming it follows a Beta distribution as

π(ξ) =
(0.5 + ξ)u−1(0.5 − ξ)v−1

B(u, v)
, − 0.5 ≤ ξ ≤ 0.5,

u = 6, v = 9
(5)

where B(u, v) = Γ(u)Γ(v)
Γ(u+v) , the mean and variance are de-

fined by E(ξ) = −0.1 and Var(ξ) = 0.015. The informative
prior of Beta distribution [23], derived from the geophysi-
cal prior, would likely provide narrower credible intervals,
enhancing the robustness and reliability of the Bayesian
inference. The Beta distribution is particularly suited as
a prior distribution for the shape parameter because it is
defined on a bounded interval, allowing control over the
tail behavior in the GEVD model. By setting parameters
for the beta distribution, the prior can represent various
tail shapes, which is essential in extreme value modeling
where tail heaviness is critical.

In this study, the Beta distribution for the shape param-
eter (−0.5 ≤ ξ ≤ 0.5) is bounded within a specific range,
making it easier to control and interpret the tail behav-
ior without risking extreme or non-physical values. This
bounded nature aids in modeling realistic rainfall extremes,
ensuring the resulting posterior distribution aligns with
the prior knowledge of likely rainfall behaviors in extreme
scenarios.

The parameter estimators of the GML method are sim-
ilar to those of the ML method, with the generalized like-
lihood function in Eq. (3) being based on Bayesian theory,
which combines prior distribution with new evidence to
update beliefs or probabilities about an uncertain event,
such as the beta distribution. It can be represented as fol-
lows:

GL(X; µ, σ, ξ) = L(X; µ, σ, ξ)π(ξ) (6)

Therefore, the generalized log-likelihood function can
be represented as and can be calculated from Eq. (6) by

lG = log (L (X | θi)) + log{π(ξ)} (7)

The Hessian matrix [27] H is the matrix of second deriva-
tives of the log-likelihood function with respect to the pa-
rameters: H = ∂2 lG

∂θ∂θT . The addition of the prior log π(θ)

modifies the curvature of the log-likelihood, impacting the
elements of the Hessian matrix: H = Hdata + Hpiac, which

Hdta =
∂2 log(L(X|θi))

∂θ∂θT comes from the likelihood function,

and Hpia =
∂2 log{π(ξ)

∂ξ∂ξT .
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The parameter estimation procedure using the GMLE
method for the GEVD consists of four steps as follows:

Step 1: Consider the probability distribution function of
the random variable X from Eq. (2) and the prior probabil-
ity π(ξ) from Eq. (5).

Step 2: Construct the generalized likelihood function of
the random variable based on the GEVD when ξ ̸= 0 as

GL(µ, σ, ξ) =
1

σn

n

∏
i=1

[
1 + ξ

(
xi − µ

σ

)](−1/ξ)−1

exp

{
−

n

∑
i=1

(
1 + ξ

(
xi − µ

σ

))−1/ξ
}

π(ξ)

(8)
Step 3: Define the log-likelihood function of the ran-

dom variable based on the GEVD as lG(µ, σ, ξ), this can be
represented as

lG(µ, σ, ξ) =− n log(σ)−
(

1 +
1
ξ

) n

∑
i=1

log
[

1 + ξ

(
xi − µ

σ

)]

−
n

∑
i=1

(
1 + ξ

(
xi − µ

σ

))−1/ξ

+ log{π(ξ)}

(9)

Step 4: Estimate the parameters by taking the partial
derivatives of the function obtained in Step 3, and the
GMLE of µ̂, σ̂, ξ̂ can be derived from

∂lG(µ, σ, ξ)

∂µ
= 0,

∂lG(µ, σ, ξ)

∂σ
= 0,

∂lG(µ, σ, ξ)

∂ξ
= 0

Due to the equations’ complexity, taking partial deriva-
tives to maximize the generalized log-likelihood function
is difficult and complex, making solving the likelihood
equations analytically impossible. Therefore, parameter
estimation is performed using numerical analysis methods,
specifically the Newton-Raphson method, similar to the
ML approach [14].

The GML method extends the traditional ML approach
by allowing for greater flexibility and the incorporation of
prior information on Beta distribution, making it a power-
ful tool for estimating the parameters of the ML process.

2.3. Bayesian Method

Bayesian estimation incorporates prior information about
the parameters in the form of prior distributions and up-
dates this information using the observed data to obtain
posterior distributions. In a Bayesian context, parameter
estimation involves computing the posterior distribution
of the parameters given the data. Markov Chain Monte
Carlo (MCMC) methods [29] facilitate this by generating
samples from the posterior distribution when direct analyt-
ical methods are infeasible. The Metropolis-Hastings (MH)
algorithm [30] is the most widely used MCMC method,

which is a general term for a family of Markov chain simu-
lation algorithms useful for sampling from Bayesian pos-
terior distributions [31]. It proposes new sample points
and accepts or rejects them based on a specific probabil-
ity criterion, ensuring the chain converges to the desired
distribution.

The process of parameter estimation using the Bayesian
method based on GEVD consists following steps:

Step 1: Define the posterior distribution of the GEVD
parameters (µ, σ, ξ) given the observed data x1, x2, . . . , xn.
It combines the likelihood function and the prior distribu-
tions of the parameters:

p(µ, σ, ξ | x) ∝ p(x | µ, σ, ξ)p(µ)p(σ)p(ξ) (10)

where p(x | µ, σ, ξ) is a likelihood function, and
p(µ), p(σ), and p(ξ) are the prior distributions.

The appropriate priors for the GEVD parameters are
µ ∼ N

(
µ0, σ2

0
)

or normal distribution, σ ∼ IG(a, b) or
inverse-gamma distribution, and ξ ∼ U(a, b) or uniform
distribution. Using a normal prior for location or scale
parameters often leads to posterior distributions centered
around expected values, but it might not adequately cap-
ture extreme variability in the shape parameter. For the
scale parameter, an inverse-gamma prior helps capture
higher levels of uncertainty by allowing a heavy tail, which
is often necessary for extreme value modeling, where vari-
ability can be significant. A uniform prior for the shape
parameter could illustrate the broadest range of outcomes,
particularly useful if there is limited prior knowledge, and
shows a baseline against which the informativeness of other
priors can be compared.

This sensitivity analysis could involve comparing the
posterior distributions of GEVD parameters across differ-
ent priors, assessing convergence, and observing any shifts
in the posterior mean or variance that different priors intro-
duce. Such an analysis would demonstrate how Bayesian
estimation is adaptable based on the information encoded
in priors, thus reinforcing the robustness of the GEVD pa-
rameter estimation framework within the Bayesian context.

Step 2: Choose the initial value θ(0) =
(

µ(0), σ(0), ξ(0)
)

from prior distribution and generate a proposed new state
θ′ = (µ′, σ′, ξ ′) from a proposal distribution q

(
θ′ | θ(t)

)
.

Step 3: Compute the acceptance probability α :

α = min

1,
p (θ′ | x) q

(
θ(t) | θ′

)
p
(

θ(t)x
)

q
(

θ′ | θ(t)
)
 (11)

where p(θ | x) is the posterior distribution.
Step 4: Check convergence diagnostics: The Gelman-

Rubin statistic [32], also known as the potential scale re-
duction factor (R̂), is a diagnostic tool used to assess the
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convergence of Markov Chain Monte Carlo (MCMC) sim-
ulations. It compares the variability within each MCMC
chain to the variability between multiple chains to deter-
mine if they have converged to a common distribution. The
formula for the Gelman-Rubin statistic is:

R̂ =

√
V̂
W

(12)

where W is the within-chain variance as W =
1
m ∑m

j=1 s2
j , s2

j is the sample variance of chains j, and m is
the number of chains. From Eq. (11), B is the between-

chain variance as B = n
m−1 ∑m

j=1

(
θ̄j − θ̄

)2
, θ̄j is the mean

of chain j, and θ̄ is the is the overall mean across all chains,
and n is the number of samples per chain. The total vari-
ance estimate V̂ is computed by V̂ = n

n−1 W + B
n , then the

R̂ is close to one, indicating that the chains likely converged
to the target distribution.

Step 5: Autocorrelation Plots:
Autocorrelation measures the correlation between sam-

ples at different steps in the chain. Low autocorrelation
values suggest that the samples are relatively independent,
which is crucial for accurate posterior estimation. Examin-
ing these plots helps ensure that the chain has sufficiently
mixed and that the parameter estimates are reliable.

Step 6: Parameter estimation using posterior samples:
After convergence diagnostics confirm that the chain has

reached stationarity, the posterior samples can be used to
estimate the parameters by setting θ(t+1) = θ′ with proba-
bility α; otherwise θ(t+1) = θ(t), and compute the estimator
(µ̂, σ̂, ξ̂) by mean θ′.

Using the Bayesian method gives us a more compre-
hensive understanding of the parameters; this explanation
simplifies the process by focusing on the key steps and re-
moving some of the more technical details. First, the prior
information about the parameters will be estimated and
expressed as a probability distribution. Next, the observed
data is collected to update our prior beliefs and calculate
the likelihood, which shows that the observed data is given
different possible values of the parameters. Combining
the preceding information and the observed data is called
the posterior distribution. This distribution represents our
updated belief about the parameters after considering the
data. Using MCMC to estimate the posterior distribution
can help sample data from the posterior distribution, allow-
ing the estimation of the parameters more easily. Finally,
the results of the MCMC sampling are used to estimate the
parameters of the GEVD.

2.4. L-Moments method

L-moments [33] are statistical measures used to summarize
the probability distributions of data. They offer a robust

alternative to conventional moments for parameter esti-
mation, which are linear combinations of order statistics.
L-moments have several advantages over conventional mo-
ments, particularly their robustness to outliers and small
sample sizes [34].

The approximation of L-moments can be arranged from
the order statistics of the observed data in the following
steps:

Step1: Calculate the sample L-moments (l1, l2, l3) :
L-Mean: l1 = 1

n ∑n
i=1 x(i)

L-Scale: l2 = 1
2

(
2
n ∑n−1

i=1

(
ix(i) − (i − 1)x(i−1)

))
L-Skewness: l3 = 1

3

(
3
n ∑n−2

i=1

(
i(i + 1)x(i) − 2i(i − 1)x(i−1)

+(i − 1)(i − 2)x(i−2)

))
Step 2: Compute the L-moment ratios [35] ( τ2, τ3),

which are necessary for estimating the shape parameter
(ξ) :

L-coefficient of variation (τ2) =
l2
l1

L-skewness (τ3) =
l3
l2

Step 3: Estimate the shape parameter ( ξ̂ ) by using the
relationship between the third L-moment ratio (τ3) and
(ξ) :

τ3 =
2
(

1 − 3−ξ
)

1 − 2−ξ
− 3

This equation is nonlinear and must be solved numeri-
cally for ξ̂. A common approach is to use iterative methods
such as the Newton-Raphson method.

Step 4: The Newton-Raphson method is used to estimate
the shape parameter (ξ), it iteratively refines the parameter
estimate until convergence. Let the function of the shape pa-
rameter f (ξ) = 0 represent the nonlinear equation for the
shape parameter derived from the L-moments equations.
Calculate the derivative of f (ξ), denoted as f ′(ξ) which
is necessary for the iterative updates in Newton-Raphson.
Start with an initial guess for the shape parameter, ξ0. This
initial guess should be close to the expected value to ensure
fast convergence.

Step 5: Using the Newton-Raphson formula, update the
value of ξ iteratively as

ξn+1 = ξn − f (ξ)
f ′(ξ)

In each iteration, calculate the f (ξ) and f ′(ξ) to update
ξn+1 by using the Newton-Raphson formula to compute
the next estimate for ξ.

Step 6: Define a tolerance level ε = 10−6 to determine
when the iterative process should stop. The iteration con-
tinues until the difference between successive estimates of
ξ is smaller than ε as |ξn+1 − ξn| < ε. Once this criterion is
met, the process has converged, and the current estimate
ξn+1 is accepted as the solution for the shape parameter.



2616 Autcha Araveeporn and Paradorn Sukpan

Step 7: Estimate the shape parameter (σ) that can be cal-
culated using the second L-moment (l2) and the following
relationship:

σ̂ =
l2 ξ̂(

1 − 2−ξ̂
)

Γ(1 + ξ̂)

Step 8: Estimate the location parameter ( µ ) by using
the first L-moment (l1) and the following relationship:

µ̂ = l1 − σ̂

(
1 − Γ(1 + ξ̂)

ξ̂

)
The L-moments method approach simplifies parameter

estimation and provides reliable data distribution character-
izations. It calculates L-moments such as L-mean, L-scale,
and L-skewness to summarize the data’s distribution. The
shape, scale, and location parameters are then estimated
using these L-moments, often with iterative methods like
Newton-Raphson.

In terms of computational efficiency, the L-moments
method offers a relatively faster approach than ML and
Bayesian methods, as it relies on linear combinations of or-
der statistics rather than solving complex likelihood equa-
tions. Nevertheless, iterative procedures can introduce
additional computational burdens, especially when preci-
sion is crucial. Regarding error propagation, small sample
sizes can lead to higher variability in the shape parameter
estimates, affecting the accuracy of subsequent estimates
of scale and location parameters.

Small sample sizes may also amplify the impact of
rounding errors and numerical instability during the it-
erative estimation process, potentially resulting in biased
estimates. To mitigate this, careful initial value selection
and numerical techniques such as adaptive step-size ad-
justments and convergence checks are employed to ensure
stable and reliable parameter estimation.

3. Simulation study and results

This section describes how to simulate data from a GEVD
and presents the results in point estimation. The main focus
of this study is to address the performance of parameter
estimation, namely ML, GML, Bayesian, and L-moments
methods. Through the Monte Carlo simulation, the study
generated the random variable from the GEVD that encom-
passed three types of distributions: Weibull, Gumbel, and
Fréchet distributions. The density characters of the three
distributions are shown in Fig. 1.

From Fig. 1, the R program creates the GEVD with loca-
tion parameter (µ) of three, a scale parameter (σ) of one,
and the shape parameter for -0.7 (Weibull distribution), 0
(Gumbel distribution), and 0.7 (Fréchet distribution) on

Fig. 1. GEVD with different shape parameters

1,000 replications. In setting the number of replications
allowed for each algorithm to ensure that the simulation
process is thorough and accurate, the convergence criteria
are based on the change in parameter estimates between
iterations. The computation will stop when the difference
between successive parameter estimates is below a speci-
fied threshold, indicating that further changes in parameter
estimates are minimal and the solution has stabilized. Early
termination due to meeting convergence conditions en-
sures that the estimates are stable, enhancing the accuracy
of MSE as a measure of estimator performance. The sam-
ple sizes (n) are 30, 50, 70, and 100. The extRemes 2.0 [36]
package in R approximates parameters in GEVD on 1000
replications. The performance of the estimators ( θ̂ = µ̂, σ̂, ξ̂

) is evaluated using minimum of mean square error crite-
rion as follows:

MSE(θ̂) =
∑m

i=1
(
θ̂i − θ

)2

m

In Table 1, the results show that ML outperforms for all
parameters when the mean square error is minimal in all
situations. The standard deviation values for each method
and parameter are similar, and as the sample size increases,
the standard deviation decreases. When the sample sizes
increase, the MSE decreases, as shown in Fig. 2.

The lower MSE of ML in Table 1 can be attributed to
the method’s inherent statistical advantages, particularly
its efficiency and ability to leverage likelihood-based esti-
mation effectively. Additionally, the characteristics of the
simulated dataset, including the controlled environment
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Table 1. Estimating mean, standard deviation (SD) of estimated parameter, and mean square error with true parameter
µ = 3, σ = 1 and ξ = −0.7

n Methods
Mean and SD of Estimated Parameter Mean Square Error
Location Scale Shape Location Scale Shape

( µ ) (σ) ( ξ ) ( µ ) (σ) ( ξ )

30

ML
3.014 0.968 -0.713

0.0496 0.0544 0.0496(0.222) (0.231) (0.222)

GML
3.067 1.056 -0.545

0.0645 0.0915 0.0551(0.245) (0.297) (0.177)

Bayesian
3.077 1.169 -0.762

0.0721 0.1320 0.0538(0.257) (0.322) (0.223)

L-Moments
3.074 1.109 -0.517

0.0649 0.1154 0.0659(0.244) (0.322) (0.181)

50

ML
3.006 0.974 -0.704

0.0292 0.0307 0.0303(0.171) (0.173) (0.174)

GML
3.040 1.051 -0.577

0.0365 0.0672 0.0316(0.187) (0.254) (0.129)

Bayesian
3.039 1.079 -0.725

0.0340 0.0464 0.0306(0.180) (0.200) (0.173)

L-Moments
3.052 1.093 -0.550

0.0399 0.0750 0.0483(0.193) (0.257) (0.162)

70

ML
2.999 0.982 -0.714

0.0187 0.0213 0.0202(0.137) (0.145) (0.141)

GML
3.027 1.061 -0.597

0.0267 0.0667 0.0250(0.161) (0.251) (0.121)

Bayesian
3.026 1.055 -0.727

0.0212 0.0296 0.0206(0.143) (0.163) (0.141)

L-Moments
3.042 1.101 -0.577

0.0292 0.0748 0.0355(0.166) (0.254) (0.144)

100

ML
3.001 0.987 -0.708

0.0136 0.0161 0.0123(0.117) (0.126)) (0.111)

GML
3.031 1.054 -0.606

0.0181 0.0336 0.0204(0.131) (0.175) (0.108)

Bayesian
3.018 1.034 -0.715

0.0148 0.0194 0.0126(0.120) (0.135) (0.111)

L-Moments
3.042 1.085 -0.591

0.0204 0.0408 0.0284(0.137) (0.183) (0.129)
Note: The underlined letter indicates the minimum mean square error.

and alignment with ML assumptions, further contribute to
its superior performance. In practical applications, how-
ever, real-world complexities might influence the relative
performance of different estimation methods.

The plots of Fig. 2 indicate that the ML method gen-
erally outperforms the other methods in terms of lower
MSE across all parameters, especially as the sample size in-
creases. The ML method consistently achieves lower MSE
values, especially at larger sample sizes, indicating its ef-
ficiency in parameter estimation. The L-moments method
tends to have higher MSE, particularly for smaller sam-
ple sizes, suggesting it may be less reliable under those
conditions.

Table 2 shows that the minimum mean square error is
reasonable for all methods with slightly different values.

GML exhibited the minimum mean square, but Bayesian
and L-moments methods outperformed in more than large
sample sizes at the location parameter. The scale parame-
ters of ML and GMLE perform well, and the GML method
is robust in estimating the shape parameter. The standard
deviation of the GML method is the lowest, and as the sam-
ple size increases, the standard deviation further decreases.
The MSE decreases when samples increase, as shown in
Fig. 3.

From Fig. 3, when the sample size increases, the differ-
ences in performance between the methods increase, with
all methods showing low MSE at larger sample sizes. The
ML and Bayesian methods perform well across all param-
eters, particularly in smaller sample sizes. The GML and
L-moments methods also perform well but show slightly
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Table 2. Estimating mean and standard deviation (SD) of estimated parameter and mean square error with true parameter
µ = 3, σ = 1, and ξ = 0

n Methods
Mean and SD of Estimated Parameter Mean Square Error
Location Scale Shape Location Scale Shape

( µ ) (σ) ( ξ ) ( µ ) (σ) ( ξ )

30

ML
3.017 0.966 0.008

0.0494 0.0258 0.0280(0.222) (0.157) (0.167)

GML
3.054 1.002 0.078

0.0460 0.0235 0.0122(0.208) (0.153) (0.079)

Bayesian
2.999 1.087 -0.055

0.0491 0.0389 0.0312(0.222) (0.177) (0.168)

L-Moments
3.002 0.993 -0.007

0.0465 0.0266 0.0197(0.216) (0.163) (0.140)

50

ML
3.012 0.972 0.006

0.0256 0.0157 0.0153(0.160) (0.122) (0.124)

GML
3.044 1.000 0.067

0.0246 0.0146 0.0085(0.150) (0.121) (0.063)

Bayesian
3.002 1.036 -0.028

0.0254 0.0183 0.0157(0.159) (0.130) (0.122)

L-Moments
3.003 0.991 0.007

0.0249 0.0168 0.0131(0.158) (0.129) (0.114)

70

ML
3.010 0.987 0.006

0.0193 0.0100 0.0099(0.139) (0.099) (0.099)

GML
3.037 1.008 0.056

0.0192 0.0097 0.0067(0.133) (0.098) (0.059)

Bayesian
3.003 1.030 -0.017

0.0192 0.0117 0.0100(0.139) (0.104) (0.098)

L-Moments
3.003 0.999 0.005

0.0191 0.0110 0.0094(0.138) (0.105) (0.097)

100

ML
3.006 0.991 0.006

0.0121 0.0066 0.0058(0.110) (0.081)) (0.076)

GML
3.029 1.008 0.047

0.0122 0.0067 0.0050(0.107) (0.081) (0.053)

Bayesian
3.002 1.020 -0.009

0.0120 0.0073 0.0058(0.110) (0.083) (0.076)

L-Moments
3.002 1.000 0.005

0.0121 0.0074 0.0060(0.110) (0.086) (0.077)
Note: The underlined letter indicates the minimum mean square error.

higher MSE at smaller sample sizes in some cases.

Table 3 shows the location parameter has the minimum
mean square error in the Bayesian and L-moments methods.
The L-moments method has a performance method on the
scale parameter, and the Bayesian outperforms in the shape
parameter. In most cases, the Bayesian method provides
the lowest standard deviation for the location and shape
parameters. In contrast, the L-moments method gives the
lowest standard deviation for the scale parameter. Fig. 4
shows the trending of MSE in all methods.

The ML method may experience instability or poor per-
formance at specific sample sizes (notably around n = 50 ),
as evidenced by the spikes in MSE shown in Fig. 4. In
contrast, the GML, Bayesian, and L-moments methods
demonstrate more stable and reliable performance, with

the L-moments method generally showing the lowest MSE
across all parameters. This suggests that the L-moments
method may be the most robust and reliable across varying
sample

In specific scenarios, Bayesian and GML methods may
outperform ML, particularly in small sample sizes or when
highly informative priors are available, helping stabilize
estimates.

Including diagnostic comparisons, such as likelihood
convergence and standard errors, can provide insights into
why ML tends to have lower variability and higher accu-
racy. Additionally, discussing the trade-off between estima-
tion accuracy and computational cost can help determine
the most suitable method for practical applications, balanc-
ing precision with resource efficiency. sizes, particularly
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Table 3. Estimating mean, standard deviation (SD) of estimated parameter, and mean square error with true parameter
µ = 3, σ = 1, and ξ = 0.7

n Methods
Mean and SD of Estimated Parameter Mean Square Error
Location Scale Shape Location Scale Shape

( µ ) (σ) ( ξ ) ( µ ) (σ) ( ξ )

30

ML
2.988 1.040 0.761

0.0607 0.1910 0.1116(0.246) (0.435) (0.328)

GML
2.932 0.927 0.576

0.0477 0.0347 0.0414(0.208) (0.172) (0.162)

Bayesian
2.929 1.032 0.649

0.0576 0.0786 0.0263(0.229) (0.279) (0.154)

L-Moments
2.979 0.950 0.644

0.0390 0.0281 0.0343(0.197) (0.160) (0.177)

50

ML
2.997 1.044 0.745

0.0813 0.2619 0.0347(0.285) (0.510) (0.181)

GML
2.953 0.957 0.616

0.0369 0.0221 0.0197(0.187) (0.143) (0.113)

Bayesian
2.976 1.015 0.688

0.0263 0.0227 0.0119(0.160) (0.150) (0.108)

L-Moments
2.999 0.997 0.679

0.0264 0.0174 0.0189(0.163) (0.130) (0.136)

70

ML
3.044 1.007 0.727

0.0220 0.0540 0.0120(0.148) (0.232) (0.106)

GML
2.944 0.975 0.619

0.0299 0.0148 0.0162(0.164) (0.119) (0.098)

Bayesian
2.975 1.014 0.692

0.0194 0.0138 0.0070(0.137) (0.117) (0.083)

L-Moments
2.984 0.987 0.673

0.0193 0.0118 0.0121(0.138) (0.108) (0.107)

100

ML
2.984 1.046 0.735

0.0381 0.0998 0.0132(0.195) (0.313)) (0.109)

GML
2.924 0.994 0.626

0.0593 0.0226 0.0142(0.232) (0.150) (0.093)

Bayesian
2.985 1.013 0.700

0.0125 0.0105 0.0048(0.111) (0.102) (0.069)

L-Moments
2.990 0.994 0.683

0.0126 0.0082 0.0084(0.112) (0.091) (0.090)
Note: The underlined letter indicates the minimum mean square error.

when estimating location, scale, and shape parameters.

Tables 1 to 3 can summarize the key findings in Table 4.

The instability in maximum likelihood (ML) estimates
at n = 50 can be attributed to several factors. Firstly, the
small sample size may prevent the ML method from achiev-
ing reliable convergence, leading to higher variability in
estimates, especially for complex distributions like the Gen-
eralized Extreme Value Distribution (GEVD), which may
have multiple local optima. Secondly, the shape parameter
(ξ) significantly affects the tail behavior of the distribution;
when ξ is close to zero, the distribution approximates a
Gumbel distribution, resulting in more stable estimates.
However, large deviations in ξ, particularly in the Fréchet
or Weibull cases, can make the likelihood function more
sensitive to data fluctuations, causing estimation spikes.

Thirdly, numerical convergence issues may arise due to the
complexity of the likelihood equations, with iterative meth-
ods such as Newton-Raphson facing challenges in stability,
possibly due to initial value selection or step sizes. Lastly,
the bias-variance tradeoff is more pronounced in smaller
samples, where ML estimation may exhibit higher variance.
At the same time, methods like Bayesian or L-moments,
which incorporate prior information, tend to provide more
stable results.

4. Rainfall volume application

To evaluate the performance of the parameter estimation
on extreme data, we utilized the rainfall volume data from
Bangkok, the capital of Thailand, the largest city in the
country, and served as its economic, cultural, and political
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Table 4. The summarized strengths and limitations of parameter estimation methods

Method Strengths Limitations

Maximum Likelihood Computationally efficient,
High computational cost for large samples(ML) performs well across sample sizes

Generalized Maximum Robust for moderate sample sizes,
Requires additional computational timeLikelihood (GML) balances accuracy and computation time

Bayesian
Incorporates prior knowledge, Computationally intensive,

accurate for small samples requires convergence diagnostics

L-Moments
Fast for large samples,

Slightly higher MSE in smaller samplesdoes not require iterative optimization

Fig. 2. The mean square error of parameter estimation
with location, scale, and shape parameters as µ = 3, σ = 1,

and ξ = −0.7

center. The data was collected from Queen Sirikit National
Convention Center (QSNCC) as station 1, Don Mueng dis-
trict as station 2, Bang Na district as station 3, and Khlong
Toei district as station 4. From this data, we selected the
maximum yearly rainfall volume from 1994 to 2023 as 29
years. The data used in this research were obtained from
daily rainfall records, measured in millimeters, from the
website https://tmd.go.th/service/tmdData. After acquir-
ing the data, the highest daily rainfall for each month was
selected, followed by the highest monthly rainfall for each
year. This data was then analyzed for the study.

Before the data analysis, the stationary data were
checked using the Augmented Dickey-Fuller test [37] and
the Mann-Kendall test [38]. The data from all four sta-
tions exhibited stationary characteristics. We employed
ML, GML, Bayesian, and L-moments methods to approx-
imate GEVD parameters for forecasting the return level

over nine years.
To check the performance of parameter estimation, we

used these estimated parameters to forecast the future
value for estimating the confidence interval of the return
level for nine years. The formula utilized for computing
the return level:

x̂T = µ̂ − σ̂

ξ̂

{
1 −

[
− log

(
1 − 1

T

)]−ξ̂
}

, T = 2, 3, . . . , 9

where is the location estimator, σ̂ is the scale estimator,
ξ̂ is the shape estimator, and T is the return period.

The variance of the return level (x̂t), using the Delta
method [25], is given by:

Var (xT) ≈
(

∂g
∂µ

)2
Var(µ) +

(
∂g
∂σ

)2
Var(σ)

+

(
∂g
∂ξ

)2
Var(ξ) + 2

∂g
∂µ

∂g
∂σ

Cov(µ, σ)

+ 2
∂g
∂µ

∂g
∂ξ

Cov(µ, ξ) + 2
∂g
∂σ

∂g
∂ξ

Cov(σ, ξ)

The partial derivatives with respect to each parameter
indicate the return level’s sensitivity to changes in each
parameter (µ, σ, ξ) following:

∂g
∂µ

= 1,
∂g
∂σ

=
1
ξ̂

((
− ln

(
1 − 1

T

))−ξ̂

− 1

)
, and

∂g
∂ξ

= − σ̂

ξ̂2

((
− ln

(
1 − 1

T

))−ξ

− 1

)

+
σ̂

ξ̂
ln
(
− ln

(
1 − 1

T

))(
− ln

(
1 − 1

T

))−ξ̂

To handle numerical instability in ln
(

1 − 1
T

)
for ex-

treme return periods, regularization techniques [25] like
threshold limiting, Taylor series approximation, or rescal-
ing the argument can be applied. Regularization tech-
niques are used to address numerical instability in esti-
mating return levels for extreme periods, such as threshold
limiting, Taylor series approximation, and rescaling the

https://tmd.go.th/service/tmdData
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Fig. 3. The mean square error of parameter estimation
with location, scale, and shape parameters as µ = 3, σ = 1,

and ξ = 0

Fig. 4. The mean square error of parameter estimation
with location, scale, and shape parameters as µ = 3, σ = 1,

and ξ = 0.7

argument. However, their impact on return-level estimates
is not fully explained. To address this, a sensitivity analysis
should assess how these techniques affect estimation accu-
racy, particularly for long return periods. Additionally, a
comparison using metrics like Mean Absolute Percentage
Error (MAPE) and confidence intervals can help evaluate
their effectiveness, enhancing the clarity and reliability of
the study. These methods prevent the logarithmic argu-
ment from approaching unstable values.

Additionally, higher-precision arithmetic ensures accu-

racy for small differences.
To compute the variances and covariance of the loca-

tion (µ), scale (σ), and shape (ξ) parameters for the GEVD,
the Bayesian analysis framework is typically employed
to refine estimation techniques. This involves deriving
posterior distributions for the parameters based on the
observed data and prior distributions, often utilizing the
inverse-gamma distribution for modeling the variance com-
ponents. The computation uses Markov Chain Monte Carlo
(MCMC) methods, such as the Metropolis-Hastings algo-
rithm, to sample from the joint posterior distribution of
µ, σ, and ξ. Then, the confidence interval is constructed by
x̂T ± Zα/2 ×

√
Var (xT).

To compare the forecasting performance of the return
level, MAPE (Mean Absolute Percentage Error), Root Mean
Square Error (RMSE), and Mean Absolute error (MAE) will
be used, which are approximated by

Mean Absolute Percentage Error (MAPE) =

1
9

9

∑
t=1

∣∣∣∣ xt − x̂t
xt

∣∣∣∣× 100

Root Mean Square Error (RMSE) =

√√√√1
9

9

∑
t=1

(xt − x̂t)
2,

Mean Absolute Error (MAE) =
1
9

9

∑
t=1

|xt − x̂t|

where xt is the real maximum rainfall volume and x̂i is
the estimated return level. We choose the minimum MAPE,
RMSE, and MAE from all methods to exhibit in Table 5.

From Table 5, ML proposes a good performance at sta-
tion 3, implying that the coefficient of skewness is almost
the close value. On the other hand, the performance of
GML in stations 1, 2, and 4 is proposed to have a higher
coefficient of skewness than in station 3. The coefficient of
skewness affects forecasting the return level. The values in
parentheses represent the confidence intervals for the rain-
fall measurements at each station and return level. These
intervals indicate the range within which the real rainfall
amount is expected to fall with a certain confidence level.

The comparison shows that the estimated return lev-
els generally fall within the 95% confidence intervals of
observed values, demonstrating a reasonable model fit.
ML performs well at Station 3, where skewness is low,
while GML is more effective at stations with higher skew-
ness. The variation in MAPE, RMSE, and MAE values
across stations suggests that model performance depends
on location-specific rainfall patterns. Notably, the lowest
MAPE (32.57%), RMSE (35.08), and MAE (27.09) at Sta-
tion 3 confirms the effectiveness of the ML method in less
skewed data conditions.
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Table 5. The real dataset of maximum rainfall volume and the estimated return levels ( 95% confidence interval) of Station 1,
Station 2, Station 3, and Station 4

Station 1 Station 2 Station 3 Station 4
Return (SQQRS) (Don Mueng) (Bang Na) (Khlong Toei)

Level Maximum
GML

Maximum
GML

Maximum
ML

Maximum
GMLRainfall Rainfall Rainfall Rainfall

1
(95% Confidence ) (95% Confidence ) (95% Confidence ) (95% Confidence )

(Interval) (Interval) (Interval) (Interval)

2
60.3 104.43 107.7 99.71 91.6 96.98 165.5 98.83
(89.65, 119.22) (90.53, 108.89) (93.95, 100.01) (82.04, 115.63)

3
174.3 118.49 108.9 111.45 92.9 111.01 132.0 110.76
(82.78, 154.21) (89.44, 133.47) (102.86, 119.15) (69.28, 152.23)

4
141.5 127.32 83.9 118.77 119.0 120.57 190.3 118.41
(78.60, 176.04) (88.87, 148.68) (108.93, 132.65) (61.08, 175. 75)

5
188.3 133.76 93.2 124.09 110.9 128.47 152.5 124.09
(75.61, 191.92) (88.50, 159.68) (113.61, 143.33) (54.98, 193.18)

6
74.3 138.84 65.0 128.26 57.7 134.86 62.2 128.61
(73.30, 204.38) (88.25, 168.27) (117.46, 152.26) (50.12, 207.09)

7
54.4 143.02 78.6 131.69 88.0 140.37 103.4 132.36
(71.42, 214.61) (88.07, 175.31) (120.75, 159.99) (46.07, 218.66)

8
118.0 14657 62.2 134.59 120.9 145.23 108.4 135.58
(69.84, 223.29) (87.93, 181.26) (123.62, 166.83) (42.60, 228.56)

9
132.5 149.65 74.9 137.11 126.0 149.58 130.3 138.40
(68.49, 230.82) (87.82, 186.40) (126.17, 172.99) (39.57, 237.23)

10
87.2 152.38 53.0 139.33 129.8 153.55 74.8 140.90
(67.30, 237.45) (87.73, 190.93) (128.48, 178.61) (36.87, 244.93)

MAPE - 56.92 - 40.08 - 32.57 - 40.80
RMSE - 53.34 - 53.35 - 35.08 - 48.64
MAE - 48.08 - 45.93 - 27.09 - 42.77

Note: The underlined letter indicates the minimum MAPE, RMSE, and MAE

A comparison of forecasted versus observed extreme
rainfall values shows that the predicted return levels for
shorter return periods (2 to 5 years) align well with histori-
cal extremes, demonstrating the reliability of the estimation
methods. However, specific years reveal anomalies where
observed rainfall exceeds predictions, likely due to climate
change, localized weather patterns, or changes in land use
impacting runoff.

Accurate return-level estimates of extreme rainfall
events help city planners design drainage systems that can
handle peak rainfall levels, preventing system overload.
These estimates support flood mitigation strategies and aid
policymakers in improving emergency preparedness by
setting early warning thresholds and allocating resources
efficiently. Incorporating return-level data into urban plan-
ning ensures proper stormwater management and zoning
regulations in flood-prone areas.

5. Discussions

The application of GEVD in forecasting maximum rainfall
volume for Bangkok has provided significant insights into
the city’s extreme weather patterns and the methodologies
for their analysis. This study’s findings underscore the
effectiveness of the GEVD in capturing the characteristics of
extreme rainfall events, which is crucial for urban planning,
infrastructure development, and disaster risk management
[39].

The results are obtained from estimating a parameter of
the GEVD distribution to the Weibull, Gumbel, and Fréchet
distributions. Firstly, the parameter estimation methods
used in this study, namely Maximum Likelihood (ML), Gen-
eralized Maximum Likelihood (GML), Bayesian Estimation,
and L-moments that each methods have their strengths
and limitations. ML method, in particular, provides robust
frameworks for parameter estimation, enabling the accu-
rate modeling of extreme events in Weibull distribution.
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The GML method also proves effective due to its resistance
to Gumbel distribution and straightforward computation
for small sample sizes. For Fréchet distribution, Bayesian
and L-moments methods perform the performance method
in robust estimating parameters. Considering the standard
deviation of each method, it was found that as the sample
size increases, the standard deviation decreases. This leads
to the conclusion that the estimation methods are consistent
and suitable for parameter estimation. The results from
both the simulated data and real data studies indicate that
the methods used for parameter estimation yield consistent
outcomes.

The findings of this study align with previous research
on using GEVD for extreme value analysis in hydrological
studies. Similar studies have demonstrated the GEVD’s
capability to model extreme precipitation events and its
application in assessing flood risks and managing water
resources. By comparing the GEVD under a stationary
process with different parameter estimation methods, this
study contributes to the broader literature by providing a
detailed analysis of Bangkok’s climatic context.

The ability to forecast maximum rainfall volumes at var-
ious return levels is precious for urban resilience planning.
Accurate predictions of extreme rainfall events enable city
planners and policymakers to design effective drainage
systems, enhance flood protection measures, and develop
emergency response strategies. Given the increasing vari-
ability in weather patterns due to climate change, the in-
sights gained from this study are timely and critical.

The ML method demonstrated strong performance by
efficiently handling the large sample size and providing
accurate parameter estimates for the distribution types
in the rainfall data [13]. While robust, the GML method
showed limitations with small sample sizes, which may
have affected its performance [22]. On the other hand, the
Bayesian method effectively captured the uncertainty in pa-
rameter estimates, especially in the presence of skewed dis-
tributions, which were evident in some of the data points
[40]. The L-moments method, known for its robustness
to outliers and efficiency with small samples, performed
well when the data exhibited high variability [41]. These
variations in performance across methods underscore the
importance of choosing the appropriate estimation tech-
nique based on the data’s specific characteristics, such as
sample size, distribution type, and the presence of outliers.

Future research could expand on this study by exploring
the impact of non-stationarity in climate data, incorporat-
ing climate change scenarios into the generalized extreme
value analysis, and applying the methodology to other ur-
ban areas prone to extreme weather events. Additionally,

integrating other statistical models and machine learning
techniques with the GEVD could enhance extreme value
analysis’s predictive accuracy and reliability. These limita-
tions suggest areas for future research, including expand-
ing the geographical scope, considering non-stationary
models, and exploring additional estimation methods to
improve the robustness and applicability of the findings.

In conclusion, using the GEVD in forecasting maximum
rainfall volumes for Bangkok has demonstrated its effec-
tiveness and provided valuable insights for managing ex-
treme weather risks [42]. It can also serve as a guideline
for forecasting maximum rainfall in other cities, such as
Guwahati, India [43] and Thessaloniki, Greece [44], to plan
urban management appropriate for the expected water vol-
ume. The methodologies and findings presented in this
study offer a robust framework for future research and
practical applications in urban planning and disaster risk
management.

The study’s findings offer critical insights into
Bangkok’s extreme rainfall patterns, which are essential
for effective flood management. These results enable ur-
ban planners and policymakers to improve flood resilience
through better drainage system design, accurate emergency
preparedness forecasting and informed urban development
decision-making. By incorporating this data into planning,
Bangkok can enhance its infrastructure’s ability to handle
extreme weather, reduce flood risks, and contribute to the
city’s long-term sustainability and climate change.

Climate change introduces trends, shifts, and increased
variability in rainfall patterns, making the assumption of
stationarity less valid and potentially leading to inaccu-
rate risk assessments. To address non-stationarity, methods
such as time-varying parameters that adapt to evolving
climate conditions, non-stationary GEV models incorporat-
ing climate covariates, and machine learning techniques
to detect complex rainfall patterns can be employed. Ad-
ditionally, Bayesian approaches provide a framework to
integrate prior knowledge and account for uncertainties
in climate trends, improving the robustness of parameter
estimation.

6. Conclusions

This study explored various methods for parameter esti-
mation of the GEVD, focusing on their application in fore-
casting the maximum rainfall volume in Bangkok, Thai-
land. The critical methods investigated included ML, GML,
Bayesian, and L-moments. Each method was evaluated
based on its ability to provide accurate point estimates for
the GEVD parameters, including location, scale, and shape.
The shape parameter can be verified in Weibull, Gumbel,
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and Fréchet distributions. The simulation study provided
valuable insights into the performance of these estimation
methods. ML demonstrated robust performance in terms
of accuracy and computational efficiency, particularly with
Weibull distribution. GML and L-moments showed their
utility in Gumbel distribution. L-moments and Bayesian
offers valuable guidance on Fréchet distribution. Apply-
ing these methods to the annual maximum rainfall data
for Bangkok from 1993 to 2023, the study highlighted the
practicality of GEVD in modeling extreme rainfall events.
The analysis indicated that the GML and ML could effec-
tively capture the variability of extreme rainfall, providing
reliable estimates for return levels over different periods.
This capability is crucial for urban planning, flood man-
agement, and disaster preparedness in regions prone to
extreme weather events.

In future research, climate change scenarios can be in-
tegrated into extreme value analysis using non-stationary
models that allow parameters to vary over time in response
to changing climatic conditions. Hybrid approaches com-
bining machine learning techniques, such as neural net-
works and random forests, with GEVD could enhance pre-
dictive performance. Additional climate-related covariates,
such as temperature and humidity, may improve return
level estimates. This approach incorporates climate pro-
jections from global or regional climate models to simu-
late future rainfall patterns under various scenarios. By
modeling GEVD parameters like location, scale, and shape
as functions of time or other climate-related factors, the
analysis can more accurately predict the impact of climate
change on extreme rainfall events. This will enhance the
relevance and accuracy of predictions, benefiting future ur-
ban planning and flood management in Bangkok or other
countries.
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