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Abstract

This paper presents the results of a quaternion-based unscented Kalman filtering for attitude

estimation using low cost MEMS sensors. The unscented Kalman filter uses the pitch and roll angles

computed from gravity force decomposition as the measurement for the filter. The immeasurable

gravity accelerations are deduced from the outputs of the three axes accelerometers, the relative

accelerations, and the accelerations due to body rotation. The constraint of the four elements of the

quaternion method is treated as a perfect measurement and is integrated into the system to form a

constrained unscented Kalman filter. The heading angle is obtained from a complimentary filter which

uses the heading signal derived from the magnetic force information from an electronic magnetic

sensor and the GPS-derived heading as the inputs. An experiment using an in-house designed motion

platform is conducted to evaluate the proposed algorithm. The noise characteristics of the sensor

signals are examined using the laboratory data. Approximations of the time-varying noise variances of

the measured signals are obtained through Taylor series expansions. The algorithm is intuitive and

easy to implement. Moreover, the proposed algorithm and the filter design are successfully

demonstrated through a complete set of flight test data.

Key Words: Flight Information Measurement, Nonlinear Kalman Filter, Quaternion,

Complementary Filter

1. Introduction

Obtaining precise attitude information is essential

for aircraft navigation and control applications. With the

maturation and advancement of semiconductor manu-

facturing technology, MEMS sensors are increasingly

used in flight attitude calculations [1�9]. However, accu-

racy requirements usually cannot be satisfied by using

the inexpensive MEMS sensors. Therefore, some forms

of Kalman filtering or complementary fusion algorithms

are normally employed to provide more accurate and

reliable attitude information in the MEMS attitude de-

termination systems [2�6]. A fuzzy logic based closed-

loop strapdown attitude system for UAV is presented in

[7]. A miniature MEMS-based attitude and heading re-

ference system, which makes use of an extended Kalman

filter with adaptive gain, and with accelerometers and

magnetic sensor as the measurements, was presented in

[8]. A precision attitude determination employing a mul-

tiple model adaptive estimation scheme was reported in

[9]. For highly nonlinear systems, the extended Kalman

filter may not provide enough accuracy for air vehicle

attitude estimation. The unscented Kalman filter will

achieve greater attitude estimation performance than the

extended Kalman filter through the use of unscented

transformation [10�13]. In particular, [10] and [12] de-

monstrated the success of the unscented Kalman filter

design for spacecraft attitude estimation through com-

puter simulation. In [11], an unscented Kalman filter for

in-motion alignment of low-cost MEMS-based inertial

measurement unit was discussed. It demonstrated that

the unscented Kalman filter has the capability to deal
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with large and small attitude errors of an inertial naviga-

tion system. In [13], an unscented Kalman filter design

for attitude estimation of the strapdown inertial naviga-

tion system was reported. The simulation results indi-

cated that the performance of the unscented Kalman fil-

ter far exceeds the standard extended Kalman filter.

This study considers the development of a quater-

nion-based unscented Kalman filter for attitude estima-

tion using low-cost MEMS sensors. The filter utilizes the

evolution of the four elements in the quaternion method

for attitude determination as the dynamic model, with

the four elements as the states of the filter. The pitch and

roll angles computed from gravity force decomposition

are considered as the measurement for the filter. In addi-

tion, the constraint of the four elements of the quaternion

method is treated as a perfect measurement and is inte-

grated into the filter computation. The immeasurable

gravity accelerations are deduced from the outputs of the

three axes accelerometers, the relative accelerations, and

the accelerations due to body rotation. The source for the

heading is different from that for the pitch and roll an-

gles. Therefore we use a complimentary filter to compute

the heading angle. The complimentary filter uses the

heading signal derived from the magnetic force informa-

tion from an electronic magnetic sensor and the GPS-

derived heading as the inputs to achieve a long-term

accurate, reliable and less noisy heading information. An

experiment using an in-house designed motion platform

is conducted to evaluate the proposed attitude estimation

algorithm. The noise characteristics of the sensor signals

are examined using the laboratory data. Approximations

of the time-varying noise variances of the measured sig-

nals are obtained through Taylor series expansions.

The proposed attitude estimation algorithm is demon-

strated through a set of flight test data collected from the

in-house designed MEMS-based attitude determination

system. The duration of the flight covers a total of 3,620

seconds. Details of the evolutions of the attitude angles and

some related information such as body axes velocities, an-

gle of attack, and side slip angles are examined and explored

in the paper. The results show the long-term stability and

practicality of the proposed attitude estimation algorithm.

2. Attitude Determination

The determination of attitude considered in this

study is based on a set of signals measured from an in

house-designed Flight Information Measurement Unit

(FIMU) and a GPS receiver. The basic system structure

is shown in Figure 1. The main function of the FIMU

system is to measure the essential data required for atti-

tude estimation including the accelerations, angular rates,

magnetic fields, and information from the GPS in a real-

time and continuous manner. Hence, the navigation com-

puter can use these information to determine the vehi-

cle’s attitude. Details of the design and description of the

MEMS-based FIMU system can be found in [14].

Determination of flight attitude involves the com-

putation of aircraft pitch angle, roll angle, and heading

angle. Pitch angle and roll angle can be computed th-

rough the measured aircraft accelerations and body rates

from accelerometers and rate gyros. The heading angle is

determined by computing the magnetic heading. With

the measured three axes acceleration signals and pitch,

roll, and yaw rate information – the pitch and roll angles

can be determined either by computing the gravitational

acceleration components on the body axes, or by using

the Euler quaternion method [15]. Computation of the

gravitational acceleration components provides long-term

accuracy, although it is accompanied by high noise con-

tents. The quaternion method, however, provides low

noise contents and fast response to changes in the input

signals, but tends to drift with time due to gyro bias er-

rors.

Assume that at a certain instant, the pitch angle of

the aircraft is �, roll angle is �, and the gravitational force

components along the body axes (X-, Y-, and Z-axis) are

gx, gy, and gz respectively. The relationship between the

gravitational acceleration components and the attitude

angle are
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Figure 1. System Structure of the Attitude Estimation Sys-
tem.



(1)

With gx, gy, and gz information, the roll angle � and pitch

angle � can be computed from

(2)

But gx, gy, and gz cannot be measured directly during

flight. The immeasurable gravity accelerations can be

computed from the outputs of the three axes accelero-

meters, the relative accelerations, and the accelerations

due to body rotation. The accelerations measured from

the accelerometers are the total accelerations along the

X-, Y-, and Z-axis (ax, ay, az). The relationship between

the measured accelerations (ax, ay, az) and the gravita-

tional force components are [16]

(3)

where (U, V, W) are the velocities along the X-, Y-, and

Z-axis, whereas (p, q, r) are the pitch rate, roll rate, and

yaw rate, respectively.

For magnetic heading computation, assume that the

components of the Earth’s magnetic field along the X-,

Y-, and Z-axis are Hx, Hv and Hz, respectively. Further-

more, the resolved components of Hx, Hv and Hz, in the

horizontal plane along the heading axis H1 and at right

angles to the heading axis H2 are given by [16]

(4)

(5)

Thus, the magnetic heading of the aircraft �M is

(6)

If the local magnetic declination is �md, the measured

aircraft heading, �m, can be determined from �m = �M +

�md. In this computation, the pitch angle � and roll an-

gle � are assumed to be known. That is, we have to esti-

mate � and � first before computing the aircraft heading.

A common method used to compute the attitude an-

gle in inertial navigation system is the Euler quaternion

method [16], which uses the Euler four symmetrical pa-

rameters (e0, e1, e2, e3) to define the aircraft attitude. The

relationship between the attitude angle and the four pa-

rameters are

(7)

The four parameters are subjected to the following con-

straint equation

(8)

The dynamics of the four parameters regarding the air-

craft body rate (p, q, r) are characterized by the follow-

ing form:

(9)

Therefore, the attitude angles in (7) may be calculated

by solving Equation (9). Only body information � (p, q,

r) directly measured from rate gyros � is required to

solve Equation (9). However, when MEMS gyros are

used for body rate measurement, long-term drift usually

encountered due to gyro bias errors and integral opera-

tion for solving Equation (9).

3. Unscented Kalman Filter Design

In this study, the measured pitch and roll angles are

deduced from the outputs of the accelerometers, gyros,

and the GPS receiver while the heading angle is from the

electronic compass unit. To simplify the design, two fil-

ters are designed for the attitude estimation. The pitch

and roll angles are determined based on a constrained

unscented Kalman filter. The heading angle estimation is
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achieved through a complimentary filter. Design of a

complementary filter for the single variable – heading, is

relatively easier than the design for filtering the coupling

variables � pitch and roll angles. Therefore we concen-

trate on the development of a constrained unscented

Kalman filter in this paper.

As discussed in the previous section, the pitch and

roll angles computed from the gravitational force com-

ponents provide long-term accuracy with high noise con-

tents. The Euler quaternion method, however, provides

less noisy results but suffers from a long-term drift pro-

blem. Either method alone may be inadequate for atti-

tude computation. Hence, in this study, the unscented

Kalman filter [17] is implemented to integrate the atti-

tude computation from the gravitational force compo-

nents and from the Euler quaternion method.

The Kalman filter is a model-based estimation tech-

nique. The dynamics that characterize the relationship

between the aircraft body rate (pitch, roll, and yaw rates)

and the four parameters of the quaternion method de-

scribed in Equation (9) comprises the dynamic model of

the Kalman filter. The relationship between the attitude

angle and the four parameters in (7) is chosen as the out-

put equation of the filter. Thus, the dynamic system can

be expressed as

(10)

where x = [e0 e1 e2 e3]
T is the state of the system, y = [�

� 1]T is the output, and w and � are the precess and mea-

surement noise, respectively. The system matrix A and

output function h(x) are defined as

(11)

The measurements of pitch angle � and roll angle � are

determined from the gravitation force components in

(1). The gravitation force components (gx, gy, gz) are de-

termined from (3), that is

(12)

Besides the measurement of accelerations (ax, ay, az)

and body rates (p,q,r), the velocities (U, V, W) and ve-

locities’ rates ( �, �, � )U V W along the body axes are also re-

quired. The velocities (U, V, W) are determined from the

ground speed information (VN, the north velocity, VE,

the east velocity, and VD, the down velocity of the air-

craft) from the GPS receiver through yaw, pitch, and

roll rotation sequence. Equation (13) expresses the co-

ordinate transformation for (VN, VE, VD) and (U, V, W).

(13)

The transformation matrix R��� is defined as

(14)

Similarly, the velocities’rates ( �, �, � )U V W is computed from

(15)

For real time computation, the dynamical system (10) is

expressed in discrete time representation as

(16)

where F(k) = eA�T, which can be approximated by

(17)
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The sampling time �� is 0.05 seconds in this study.

The attitude estimation problem in this study is non-

linear and time varying. It is usually difficult to trans-

form the probability density function (pdf) of the mean

and covariance of a random variable through a general

nonlinear function. The unscented transformation is an

effective way to approximate how the mean and co-

variance of a random variable change when it undergoes

a nonlinear transformation. It is based on the facts that

performing a nonlinear transformation on a single point

is easy and it is not to hard to to find a set of individual

points in state space whose sample pdf approximates the

true pdf of a state vector [17]. Thus, if we know the mean

x and covariance P of a vector x, we can find a set of de-

terministic vectors called sigma points whose ensemble

mean and covariance are equal to x and P. These obtained

sigma points are used to generate a set of transformed

vectors through the nonlinear function y = h(x). The en-

semble mean and covariance of the transformed vectors

will provide a good estimate of the true mean and

covariance of the random variable y. Suppose the ran-

dom variable x is a n � 1 vector with mean x and co-

variance P, we can choose 2n sigma points x(i) as follows:

(18)

where nP is the matrix square root of nP and ( nP )i is

the ith row of nP . The unscented transformation will

provide more accurate mean and covariance than those

from the linearized transformation. The unscented Kal-

man filters use the unscented transformations for pro-

pagating means and covariances. In this study, the state

variable is x = [e0, e1, e2, e3]
T, that is n = 4. Thus, eight

sigma points are selected for the unscented transfor-

mation.

The details of the computation process for the attitude

estimation algorithm proposed in this study are depicted

in Figure 2, and the unscented Kalman filtering details

are presented in Figure 3. As indicated in Figure 3, the

covariances of the process noise Qk�1 and the measure-

ment noise Rk are required in estimating the a priori error

covariance Pk

� and the covariance of the predicted mea-

surement Py. The process noises are mainly derived from

the outputs of the gyros (p, q, r). Assuming that

p p p� 	 ~, q q q� 	 ~, and r r r� 	 ~ with p q, , and r the

mean of p, q, and r respectively, and ~, ~p q , and ~r are the

deviations of p, q, and r, Equation (9) can be written as

The second term on the right hand side is considered as

the process noise w(t) in this study. The process noise

w(t) in discrete representation, denoted as w(t), is

(19)

It is simple to show that the variance of the process

noise Qk�1 is L Q Lk k k

T

� � �1 1 1

~
with

(20)
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Figure 2. Computation process for attitude estimation



where 
 p

2 , 
 q

2 , and 
 r

2 are the variances of p, q, and r,

respectively.

The characteristics of the sources of the measure-

ment determine the variances of the measurement

noises. The roll angle � and pitch angle � are computed

from

(21)

The deviations of � and � can be decided by expanding

(21) in a Taylor series about the mean of the measured

variables, (ax, ay, az), (U, V, W), ( �, �, � )U V W , (p, q, r) and

neglecting the second order terms. After a tedious de-

rivation, the covariance of the measurement noise Rk

can be expressed as

(22)

where

(23)

(24)
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Figure 3. Unscented Kalman Filtering.



(25)

and 
 �

2 represents the variance of the signal �. Signifi-

cantly, in (25) all noise sources are assumed to be un-

correlated. With all of these information the pitch and

roll angles can be estimated. Utilizing the estimated

pitch and roll angles the heading angle is computed

through a second order complementary filter. The com-

plementary filter uses the heading signal derived from

the measured magnetic force information and the GPS-

derived heading as the inputs to achieve a long-term

accurate, reliable and less noisy heading information.

The filtering system adopted in this design is

(26)

with � = 1 and 0 = 0.4�. The measured �m is the mag-

netic heading corrected with local magnetic declination

and is accompanied by high noise contents. The GPS-

derived heading �GPS is computed from

(27)

The GPS-derived heading is assumed to be subjected to

prevailing wind effect.

4. Laboratory Test

Because there is no primary standard, the proposed

attitude estimation algorithm is tested using a motion

platform under a controlled environment to evaluate per-

formance of the proposed algorithm. An image of the

motion platform and the test arrangement is shown in

Figure 4. A cantilever beam is mounted atop the motion

platform. A movable mounting plate is constructed at the

end of the beam. The movable mounting plate can be

turn to and fixed at a pre-selected angle measured from

the horizontal plane. A MEMS-based inertial measure-

ment unit (IMU) is placed on the specially designed

mounting plate. The orientation of the IMU measure-

ment is as defined in Figure 4. An on-board computer is

mounted on top of the center of the motion platform to

record the outputs from the IMU during the test.

The motion platform is controlled to perform uni-

form circular motion. The parameters selected to per-

form the test are listed in Table 1. The rotating radius,

0.64 m, in Table 1 is the distance from the center of the

IMU to the rotating axis. The IMU is mounted with 0

degree pitch angle and -20 degrees roll angle. Since the

angular velocity and the rotating radius are fixed, the

velocities (U, V, W) and accelerations ( �, �, � )U V W along the

body axes of the IMU can be determined directly.

For uniform circular motion with the parameters set

in Table 1, the velocities (U, V, W) and accelerations

( �, �, � )U V W are U = 0.4466 m/sec, V = W = 0 m/sec, and
� � �U V W� � � 0m/sec2. Using these velocity and accelera-

tion information together with the accelerations mea-

sured from the accelerometers and the body rates from

the gyro outputs, the pitch angle and roll angle can be de-

termine from the gravity force components or from the

Euler quaternion method. The results from the gravity

force decomposition are shown in Figure 5. The results

in Figure 5 indicate that the gravity force decomposition

will provide accurate results of 0 degree pitch angle and

-20 degrees roll angle but suffer from noisy contents.

The results from Euler quaternion method are shown in

Figure 6. In Figure 6, roll angle is correctly deduced
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Figure 4. The motion platform and the test arrangement

Table 1. Parameters for the Lab test

angular velocity  rotating

radius R

Pitch

angle �

Roll

angle �

0.873 (rad/sec) 0.64 (m) 0� -20�



from the quaternion computation with less noisy con-

tents. However, the pitch angle tends to diverge. The re-

sults using the proposed unscented Kalman filtering are

presented in Figure 7. It provides both accurate and less

noisy results for the pitch and roll angles.

5. Evaluation Using Flight Test Data

To verify the practicality of attitude estimation algo-

rithm presented in the paper, the algorithm is tested using

a complete set of flight test data from an ultra-light air-

craft. A flight test was conducted using an ultra-light air-

craft as the test bed with the MEMS-based Flight Infor-

mation Measurement Unit installed on the aircraft. The

field data, taken from an in-house designed MEMS-based

Flight Information Measurement Unit, includes the three

axes body rates (p, q, r), accelerations (ax, ay, az), mag-

netic field (HX, HY, HZ), and information from GPS re-

ceiver. The flight was performed in Central Taiwan at

approximately 120.44 degrees East Longitude and 23.77

degrees North Latitude area. The weather was clear with

wind roughly from the north. The airplane flew in the

low altitude region. Thus the horizontal component of

the wind would be the major part to affect the aircraft

operation. The flight trajectory is shown in Figure 8. The

evolutions of the attitude, including pitch, roll, and head-

ing angles are shown in Figure 9. The attitude angles

(directly generated from the measured data and com-

puted after filtering) are both shown in Figure 9. The

duration of the flight covers a total of 3,620 seconds. The

results are further examined and discussed below. Much
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Figure 7. Attitude determination using unscented Kalman
filter.

Figure 5. Attitude determination using gravity component
method.

Figure 6. Attitude determination using quaternion method. Figure 8. Trajectory of the complete flight.



of the noisy signals of the attitude angles in the follow-

ings figures are the results deduced from the measure-

ment, whereas the less noisy signals are the results of the

filtered signals.

The results for the climbing up condition are shown

in Figures 10�12. During the time period of 1,420 to

1,430 seconds, the airplane climbed from 1,009 m to

1,019 m height. Figure 10(d) indicates that the heading

was around 0 degrees. That is, the airplane flew to the

north during this period. The velocities (U, V, W) along

the body axes are recomputed using equation (14) after

the attitude estimation and are shown in Figure 11. The

lateral velocity V in Figure 11 is around zero because the

wind was from the north. Figure 12 is the result for the

computed angle of attack � and angle of sideslip. Nearly

zero sideslip angles confirm that the wind is from the

north. The results for nearly level flight with wing wig-

gling (intentionally commanded) are shown in Figures

13�15. In this phase, the altitude was sustained at ap-

proximately 392 to 393 meters height, as shown in Fig-

ure 13(a). The roll angle, as shown in Figure 13(c), re-

sponded as commanded. Figure 13(d) shows the ten-

dency of turning to the left. The average of the roll angles

in Figure 13(c) is negative, which confirms that the air-

plane is turning left slowly. The lateral velocity V in Fig-

ure 14 and sideslip angle � in Figure 15 are both positive

due to the effect of the north wind.
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Figure 11. Velocities along body axes (1420�1430 sec).

Figure 12. Angle of attack and angle of sideslip (1420�1430
sec).

Figure 9. Evolutions of the attitude angles. The much noisy
signals are the results deduced from the measure-
ment, whereas the less noisy signals are the results
of the filtered signals.

Figure 10. Attitude for climbing-up condition. The much no-
isy signals are the results deduced from the mea-
surement, whereas the less noisy signals are the re-
sults of the filtered signals.



During the time period from 2,810 to 2,900 seconds,

the airplane made an S-turn. Evolutions of the attitude

angles during this maneuver are shown in Figure 16. Fig-

ure 16(a) shows the trajectory of the S-turn maneuver

from the GPS data. The arrow in Figure 16(a) shows the

direction of flight. During this particular maneuver, the

airplane makes a left turn before following with a right

turn. Figure 16(c) shows that the roll angle turns to a neg-

ative value first, then returns to zero degrees for the left

maneuver, which verifies that the airplane was making a

left turn. Thereafter, it turns positive before returning to

zero degrees for a right turning operation. The heading

angle shown in Figure 16(d) starts from approximately

340 degrees and gradually decreases to roughly 25 de-

grees, then increases back to 335 degrees, which cor-

rectly corresponds to the S-turn operation. Figures 17

and 18 are the corresponding body axes velocities (U, V,

W) and the angle of attack and sideslip angles during this

particular maneuver.

From the above examinations, we verified that the

proposed attitude determination algorithm estimates the

attitude angles successfully. The algorithm is also reli-

able for long-term and high-dynamic maneuvers.

6. Conclusions

This study presented a constrained unscented Kal-
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Figure 15. Angle of attack � and angle of sideslip � (2745�
2755 sec).

Figure 16. Attitude evolutions during an S-turn maneuver. The
much noisy signals are the results deduced from the
measurement, whereas the less noisy signals are the
results of the filtered signals.

Figure 13. Nearly level flight with wing wiggling. The much
noisy signals are the results deduced from the mea-
surement, whereas the less noisy signals are the re-
sults of the filtered signals.

Figure 14. Velocities along body axes (2745�2755 sec).



man filter design for attitude estimation using low cost

MEMS-based flight information measurement unit. The

proposed attitude estimation algorithm is intuitive, easy

to implement, and reliable for long-term high dynamic

maneuvers. The algorithm utilized the evolution of the

four elements of the quaternion method as the dynamical

model for the Kalman filter. The pitch and roll angles

computed from gravity force decomposition are con-

sidered as the measurement for the filter. In addition, the

constraint of the four elements of the quaternion method

is treated as a perfect measurement and is integrated into

the system to form a constrained unscented Kalman fil-

ter. The immeasurable gravity accelerations are deduced

from the outputs of the three axes accelerometers, the

relative accelerations, and the accelerations due to body

rotation. The heading angle is obtained from a compli-

mentary filter. The complimentary filter uses the heading

signal deduced from an electronic magnetic sensor and

the GPS-derived heading as the inputs to achieve a

long-term accurate, reliable and less noisy heading infor-

mation. An experiment using an in-house designed mo-

tion platform is conducted to evaluate the proposed atti-

tude estimation algorithm. The noise characteristics of

the sensor signals are examined using the laboratory

data. Approximations of the time-varying noise vari-

ances of the measured signals are obtained through Tay-

lor series expansions. The proposed algorithm is suc-

cessfully verified through a set of flight test data col-

lected from the in house-designed MEMS-based attitude

determination system.
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